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Abstract. Let F G denote the group algebra of a group G over a field F
of characteristic 2, and let U(F G) denote its group of units. The classifica-
tion of finite groups G for which U(F G) is metabelian is known, while the
corresponding problem for infinite groups is considerably more delicate. We
first complete the classification for torsion groups by removing the nilpotency
assumption from an earlier result of Catino and Spinelli. We prove that, for
a non-abelian torsion group G, the unit group U(F G) is metabelian if and
only if either G′ is a central elementary abelian group of order 2 or 4, or F
is the field of two elements and G is an extension of an elementary abelian
3-group by a group of order 2 acting by inversion. Thus, in the torsion case,
the classification coincides with that known for finite groups. We also in-
vestigate non-torsion groups and prove that if F G is modular and U(F G)
is metabelian, then G must be nilpotent. This substantially restricts the
possible new cases in the remaining non-torsion setting.
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1. Introduction
Denote by FG the group algebra of a group G over a field F of characteristic p > 0,
and by U(FG) its group of units. A classical line of research in group theory is
the study of groups satisfying certain group identities. Such identities are useful,
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for example, in characterizing solvability and the metabelian property. Indeed, a
group is metabelian if and only if it satisfies the identity

((x1, x2), (x3, x4)) = 1,

where (xi, xj) = x−1
i x−1

j xixj denotes the commutator of the group elements xi and
xj . Over the past decades, many authors have studied the solvability of U(FG).
The most general result was obtained by Bovdi [1], who classified the group algebras
of arbitrary groups having a solvable group of units in the modular case, that is,
when G contains an element of order p. For the sufficiency, the usual assumption
that G modulo its torsion subgroup is a u.p. group must be imposed.

A natural problem following the characterization of solvability of U(FG) is to
determine its derived length, dl(U(FG)). One possible approach is to characterize
all groups G for which dl(U(FG)) has a prescribed value. Clearly, dl(U(FG)) = 1 if
and only if G is a nontrivial abelian group. The case dl(U(FG)) = 2 leads naturally
to the study of group algebras whose group of units is metabelian. The first result
in this direction, due to Shalev [16], states that if G is a finite non-abelian group
and p ≥ 3, then U(FG) is metabelian if and only if p = 3 and G′ is central of order
3. The cases where the characteristic of the field is 2 or the group G is infinite
remained open. Shalev already pointed out, however, that the case p = 2 is more
delicate and would require a different treatment. Kurdics [10] and, independently,
Coleman and Sandling [3] confirmed this expectation. They proved that if G is a
finite non-abelian group and p = 2, then U(FG) is metabelian if and only if either
G′ is a central elementary abelian group of order 2 or 4, or G belongs to a certain
class of non-nilpotent groups.

It is important to note that in all of the metabelianity results mentioned so far
the group G is assumed to be finite. On the other hand, the solvability problem for
U(FG) has also been studied for infinite groups, which naturally raises the question
of whether the above classifications can be extended beyond the finite case. The
first step toward solving the general problem was taken by Catino and Spinelli
[2]. They proved that Shalev’s result remains valid when G is an arbitrary torsion
group. For p = 2, they obtained the corresponding result under the additional
assumption that G is nilpotent. The most general result for odd characteristic is
due to Juhász and Spinelli [9]. They proved that if G is a non-abelian group and
FG is modular, then U(FG) is metabelian if and only if G is nilpotent of class 2
and one of the following conditions holds:

• p = 3 and G′ has order p;

• p = 3 and G′ = Sylp(G) is elementary abelian of order p2;

• p = 5 and G′ = Sylp(G) has order p.

Thus, new cases arise once the assumption that G is torsion is removed.
The metabelian case is also the starting point for a more general problem con-

cerning the structure of the commutator subgroup U(FG)′. In odd characteristic,
this direction has recently been pursued by Juhász and Sahai. In [7], necessary and
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sufficient conditions were obtained for the unit group of a modular group algebra
to be centrally metabelian. More recently, in [8], the problem was considered under
the more general assumption that U(FG)′ is nilpotent of class at most 2, and a
complete characterization was obtained in odd characteristic. These results sug-
gest that, beyond the metabelian case, the study of the nilpotency class of U(FG)′

provides a natural framework for further generalizations of the problem considered
here.

In characteristic 2, however, even the metabelian case is not yet completely
understood. In this paper, as a first step toward a general classification, we remove
the nilpotency assumption from the result of Catino and Spinelli for torsion groups.

Theorem 1.1. Let F be a field of characteristic 2 and G a non-abelian torsion
group. Then U(FG) is metabelian if and only if one of the following conditions
holds:

1. G′ is a central elementary abelian group of order 2 or 4;

2. F is the field of two elements, and G is an extension of an elementary abelian
3-group H by a group ⟨b⟩ of order 2, with

b−1ab = a−1

for every a ∈ H.

Consequently, for torsion groups G, the classification is the same as in the finite
case. For non-torsion groups, however, new cases arise. For example, according to
[5], if

G =
⟨︁
a, b, c | c4 = 1, b−1ab = ac, ac = ca, bc = cb

⟩︁
and p = 2, then dl(U(FG)) = 2. Thus, when G is non-torsion, the group U(FG)
may be metabelian even when G′ is cyclic of order 4. Further exceptional cases can
be derived from [4], but a complete classification still appears to be out of reach.

Observe that the group G in the preceding example is nilpotent. Our second
main result shows that this phenomenon is unavoidable: in the non-torsion case,
metabelianity of U(FG) forces G to be nilpotent.

Theorem 1.2. Let F be a field of characteristic 2 and G a non-torsion group such
that FG is modular. If U(FG) is metabelian, then G is nilpotent.

2. Preliminaries
The aim of this section is to introduce some notation and collect the results needed
in the proofs of our main theorems.

For a, b ∈ G, we write ab = b−1ab for the conjugate of a by b. We also write
γi(G) for the terms of the lower central series of G, with γ1(G) = G, and ζ(G) for
the center of G. Our starting point is the following theorem.
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Theorem 2.1 (Kurdics [10], Coleman and Sandling [3]). Let F be a field of char-
acteristic 2 and G a finite non-abelian group. Then U(FG) is metabelian if and
only if one of the following conditions holds:

1. G′ is a central elementary abelian group of order 2 or 4;

2. F is the field of two elements, and G is an extension of an elementary abelian
3-group H by a group ⟨b⟩ of order 2 with b−1ab = a−1 for every a ∈ H.

The unit group U(FG) can also be studied via the Lie structure of FG. This
approach is useful, in particular, for obtaining upper bounds for dl(U(FG)).

Let δ(0)(FG) = FG, and for i ≥ 1, let δ(i)(FG) denote the associative ideal
generated by all Lie commutators [x, y] = xy − yx with x, y ∈ δ(i−1)(FG). The
algebra FG is said to be strongly Lie solvable if δ(i)(FG) = 0 for some i. The
least such i is called the strong Lie derived length of FG and will be denoted by
dlL(FG).

Since (x, y) = 1 + x−1y−1[x, y] for all x, y ∈ U(FG), we have U(FG)′ ⊆ 1 +
δ(1)(FG). An easy induction then yields

U(FG)(i) ⊆ 1 + δ(i)(FG)

for every positive integer i, where U(FG)(i) denotes the ith term of the derived
series of U(FG). Consequently, if FG is strongly Lie solvable, then U(FG) is
solvable and

dl(U(FG)) ≤ dlL(FG).

The following theorem characterizes strongly Lie solvable group algebras.

Theorem 2.2 (Theorem 5 of [15]). Let F be a field of characteristic p and G a
non-abelian group. Then FG is strongly Lie solvable if and only if p > 0 and G′ is
a finite p-group.

If N is a normal subgroup of G, let ∆(G, N) denote the kernel of the natural
homomorphism FG → F (G/N), and put ∆(G) = ∆(G, G). Then ∆(G, N) consists
of the F -linear combinations of elements of the form g(h − 1), where g ∈ G and
h ∈ N . It is well known that ∆(G) is nilpotent if p > 0 and G is a finite p-group
[11, Lemma 1.1.1]. Let t(G) denote the nilpotency index of ∆(G). In particular, if
G is an abelian group of order pn, then 1 + n(p − 1) ≤ t(G) ≤ pn. Equality holds
on the left if and only if G is elementary abelian, and on the right if and only if G
is cyclic.

The following theorem is useful for computing the strong Lie derived length.

Theorem 2.3 (Proposition 1 of [6]). Let F be a field of characteristic p and G
a nilpotent group whose commutator subgroup G′ is a finite p-group. If γ3(G) ⊆
(G′)p, then

dlL(FG) = ⌈log2(t(G′) + 1)⌉.
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It follows immediately that if the condition (1) of Theorem 2.1 holds, then
U(FG) is metabelian even without assuming that G is finite. Indeed, t(G′) = 2 if
|G′| = 2 and t(G′) = 3 if |G′| = 4, so by Theorem 5, the strong Lie derived length
of FG is 2, and hence dl(U(FG)) ≤ 2.

We shall also need some facts concerning dimension subgroups. For their general
theory, we refer to Chapters 3 and 11 of [13]. Define

Dn(G) = {g ∈ G | g − 1 ∈ ∆n(G)}.

Clearly, D1(G) = G, and by [13, Theorem 11.1.19],

Dn(G) = (Dn−1(G), G)Di(G)p, (2.1)

where i is the smallest integer satisfying ip ≥ n.
We shall also use the following consequence of Theorem 3.3.7 and Lemma 3.3.5

of [13].

Lemma 2.4. Let F be a field of characteristic p > 0 and G a finite p-group. If
a, b ∈ G are such that a, b ∈ Dm(G) \ Dm+1(G) and aDm+1(G), bDm+1(G) are
independent in Dm(G)/Dm+1(G), then (a − 1)(b − 1) ∈ ∆2m(G) \ ∆2m+1(G).

Finally, recall that solvability is inherited by subgroups and quotient groups.
For unit groups of group algebras, however, the relation between a group and its
quotient is more subtle. The following lemma provides the particular implication
that we shall need.

Lemma 2.5. Let F be a field of characteristic p > 0 and N a finite normal p-
subgroup of G. If dl(U(FG)) = n, then dl(U(F (G/N))) ≤ n.

Proof. The argument in the proof of [12, Lemma 2.1] applies verbatim.

3. Proof of the Theorems
We are now ready to prove our main results.

Proof of Theorem 1.1. Suppose first that U(FG) is metabelian. Since G is non-
abelian, there exist g, h ∈ G such that (g, h) ̸= 1. Since G is torsion and solvable,
it is locally finite. Hence H = ⟨g, h⟩ is a finite subgroup of G. Moreover, U(FH)
is metabelian and therefore, by Theorem 2.1, H contains an element of order 2.
Thus FG is modular.

Since U(FG) is solvable, by [1, Theorem 6], G contains a finite normal 2-
subgroup N such that G/N contains an abelian subgroup A of index 2 and one of
the following conditions holds:

1. G′ is a 2-group of bounded exponent.
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2. F = F2 is the field of two elements, G/N is an extension of an abelian group A
by a group ⟨b⟩ of order 2, where A = B × W , B is a bounded abelian 2-group
of finite exponent, W is an elementary abelian 3-group, and b−1ab = a−1 for
every a ∈ W .

Suppose first that case (1) holds, so that G′ is a 2-group of bounded exponent.
For arbitrary g, h ∈ G, the subgroup ⟨g, h⟩ is finite. Since G′ is a 2-group, ⟨g, h⟩′ is a
2-group as well, so case (2) of Theorem 2.1 cannot occur; hence, by Theorem 2.1(1),
⟨g, h⟩′ is central and therefore ((g, h), h) = 1. Since g and h were arbitrary, G is a
2-Engel group. By Levi’s Theorem [14, p. 12.3.6], γ3(G)3 = 1. On the other hand,
γ3(G) ⊆ G′, and G′ is a 2-group. Consequently, γ3(G) = 1 and G′ is central.

It remains to determine the structure of G′. Suppose that some commutator
(g, h) has order greater than 2. Since G is locally finite, the subgroup L = ⟨g, h⟩
is finite. Moreover, U(FL) is metabelian, and L′ is a 2-group, so Theorem 2.1(1)
applies and L′ is elementary abelian, contradicting the assumption that (g, h) has
order greater than 2. Consequently, every commutator in G has order at most 2.
Since G′ is central, it follows that G′ has exponent 2. Suppose now that |G′| > 2.
Then there exist a1, a2, a3, a4 ∈ G such that x = (a1, a2) ̸= 1 and y = (a3, a4) /∈ ⟨x⟩.
Thus ⟨x, y⟩ ∼= C2 × C2. Let g, h ∈ G be arbitrary and consider the finite subgroup
H = ⟨a1, a2, a3, a4, g, h⟩. The group U(FH) is metabelian, so by Theorem 2.1, H ′ is
a central elementary abelian group of order 2 or 4. Since x, y ∈ H ′ are independent,
we have |H ′| ≥ 4, and therefore H ′ = ⟨x, y⟩. In particular, (g, h) ∈ ⟨x, y⟩. Since
g, h ∈ G were arbitrary, every commutator of G belongs to ⟨x, y⟩. Hence

G′ = ⟨x, y⟩ ∼= C2 × C2.

Therefore G′ is a central elementary abelian group of order 2 or 4.
Conversely, suppose that G′ is a central elementary abelian group of order 2

or 4. Then FG is strongly Lie solvable by Theorem 2.2. Since γ3(G) = 1 and
t(G′) ≤ 3, Theorem 2.3 yields dlL(FG) = 2. Therefore dl(U(FG)) ≤ 2, that is,
U(FG) is metabelian.

Now suppose that case (2) holds. Thus

G/N = A ⋊ ⟨b⟩ = (B × W ) ⋊ ⟨b⟩.

By Lemma 2.5, the metabelianity of U(FG) implies that U(F (G/N)) is also
metabelian. Choose 1 ̸= a ∈ W , and let c ∈ B. Consider the subgroup K = ⟨a, b, c⟩
of G/N . The group K is finite and U(FK) is metabelian. Since ⟨a, b⟩′ ∼= C3, the
commutator subgroup K ′ is not a 2-group. Hence case (1) of Theorem 2.1 cannot
hold for K and therefore K satisfies case (2). It follows that c = 1. Since c ∈ B
was arbitrary, we obtain B = 1. Consequently,

G/N = W ⋊ ⟨b⟩.

Let L be the subgroup of G such that L/N = ⟨a, b⟩. Since both ⟨a, b⟩ and N are
finite, L is finite. Moreover, U(FL) is metabelian. Since (L/N)′ ∼= C3, case (1) of
Theorem 2.1 cannot hold for L. Hence L satisfies case (2). In particular, L has no
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nontrivial normal 2-subgroup. Since N is a normal 2-subgroup of L, it follows that
N = 1. Therefore

G ∼= W ⋊ ⟨b⟩,

as desired.
Conversely, suppose that condition (2) holds. Let K be a finitely generated

subgroup of G. Since G is solvable and torsion, so is K, and therefore K is finite.
If K is abelian, then FK is commutative, and hence U(FK) is abelian. If K is
non-abelian, then

K = (K ∩ W ) ⋊ ⟨c⟩

for some involution c ∈ K \ W , where K ∩ W is an elementary abelian 3-group
and c acts on it by inversion. Thus K satisfies condition (2) of Theorem 2.1, and
consequently U(FK) is metabelian. Now let u1, u2, u3, u4 ∈ U(FG). The supports
of these units and their inverses are contained in a finitely generated subgroup
K of G. Hence u1, u2, u3, u4 ∈ U(FK). By the preceding argument, U(FK) is
metabelian. Therefore

((u1, u2), (u3, u4)) = 1.

It follows that U(FG) is metabelian.

Before proving Theorem 1.2 we establish the following lemma.

Lemma 3.1. Let F be a field of characteristic 2 and G a non-abelian group such
that U(FG) is metabelian. If G contains a central element of order 2, then G is
nilpotent of class at most 4.

Proof. Let g, h ∈ G such that (g, h) = d ̸= 1, and let c ∈ ζ(G) be an element of
order 2. We first show that (d, g) ∈ ⟨c⟩.

Since c is central and has order 2, the element 1 + (c + 1)g is a unit of order 2.
Hence

(1 + (c + 1)g, h) = (1 + (c + 1)g)h−1(1 + (c + 1)g)h
= (1 + (c + 1)g)(1 + h−1(c + 1)gh)
= 1 + h−1(c + 1)gh + (c + 1)g + (c + 1)2gh−1gh

= 1 + (c + 1)g((g, h) + 1)
= 1 + (c + 1)g(d + 1).

Since U(FG) is metabelian, the elements (1 + (c + 1)g, h) and d = (g, h) commute.
Therefore

0 = [(1 + (c + 1)g, h), d]
= [1 + (c + 1)g(d + 1), d]
= (c + 1)[g, d](d + 1)
= (c + 1)gd((d, g) + 1)(d + 1).
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Since gd is a unit, it follows that (c + 1)((d, g) + 1)(d + 1) = 0. Expanding this
equality gives

1 + d + (d, g) + d(d, g) + c + cd + c(d, g) + c(d, g)d = 0.

Since the elements of G form an F -basis of FG and char F = 2, every group
element occurring in this sum must occur an even number of times. Assume that
(d, g) ̸= 1. Then c must coincide with one of the other terms in the sum. Clearly,

c ̸= 1, c ̸= d, c ̸= cd, c ̸= c(d, g).

If c = d(d, g), then c = dg, which is impossible, because c is central and d ̸= c.
If c = c(d, g)d, then dg = 1, which is impossible since d ̸= 1. Hence the only
remaining possibility is c = (d, g). Thus (d, g) ∈ ⟨c⟩.

Now (d−1, g) = (h, g, g) and

(d−1, g) = ((d, g)−1)d−1
= d(d, g)−1d−1 = (d, g)−1 ∈ ⟨c⟩,

because (d, g) ∈ ⟨c⟩ ≤ ζ(G). Therefore (h, g, g) ∈ ⟨c⟩ for all g, h ∈ G. Consequently
G/⟨c⟩ is a 2-Engel group and hence, by Levi’s Theorem, is nilpotent of class at most
3. Since ⟨c⟩ is central in G, it follows that G is nilpotent of class at most 4.

Proof of Theorem 1.2. Suppose that U(FG) is metabelian, but G is not nilpo-
tent. Let P be a Sylow 2-subgroup of G. By our modularity assumption, P is
nontrivial. We first show that G contains a finite non-trivial normal 2-subgroup H.

Since U(FG) is metabelian, it is solvable. We distinguish two cases according
to whether P is finite or infinite. If P is finite, then, by [1, Theorem 4], P is normal
in G, and we may take H = P .

Suppose now that P is infinite. By [1, Theorem 6], there exists a finite normal
2-subgroup N of G such that G/N contains an abelian subgroup A of index 2. We
claim that N ̸= 1.

Suppose, to the contrary, that N = 1. Then G = ⟨A, b⟩ with b2 ∈ A, and G is
the disjoint union of A and bA. We show that A contains no element of order 2.
Suppose that x ∈ A has order 2. By Lemma 3.1, x cannot be central in G, since
otherwise G would be nilpotent. Hence xb ̸= x. Since A is abelian, xxb has order
2. Moreover, xxb belongs to A and is fixed by conjugation by b:

(xxb)b = xbxb2
= xbx = xxb,

because b2 ∈ A. Thus xxb is central in G and has order 2, contradicting Lemma 3.1.
Therefore A contains no element of order 2.

It follows that A ∩ P = 1. Since G = A ∪ bA, every nonidentity element of P
must therefore belong to bA. As P is infinite, we can choose c, d ∈ P \ {1} such
that cd ̸= 1. But c, d ∈ bA implies cd ∈ A. At the same time, cd ∈ P , and hence
cd ∈ A ∩ P = 1, a contradiction. Thus N ̸= 1, and we may take H = N .

We may further assume that H is abelian. Indeed, since G is not nilpotent,
Lemma 3.1 implies that H ∩ ζ(G) = 1. If H is non-abelian, choose 1 ̸= a ∈ H.
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Then a /∈ ζ(G), so there exists g ∈ G such that (a, g) ̸= 1. Since H is normal in
G, 1 ̸= (a, g) ∈ G′ ∩ H. The subgroup G′ ∩ H is finite, nontrivial, and normal in
G. Moreover, it is abelian because G′ ≤ U(FG)′ and U(FG)′ is abelian. Thus,
replacing H by G′ ∩ H if necessary, we may assume that H is abelian.

Since H is a finite abelian 2-group, it follows from (2.1) that D1(H) = H and
Dn(H) = H2k , whenever 2k−1 < n ≤ 2k. Choose s such that Ds(H) ̸= 1, but
Ds+1(H) = 1. Then, for some α ≥ 0, Ds(H) = H2α ̸= 1 and Ds+1(H) = H2α+1 =
1. In particular, Ds(H) is an elementary abelian 2-group.

Choose 1 ̸= y ∈ Ds(H). Since H ∩ ζ(G) = 1, the element y is not central in G.
Hence there exists g ∈ G such that x = (y, g) ̸= 1. Since Ds(H) is characteristic
in H and H is normal in G, the subgroup Ds(H) is normal in G. Therefore
x ∈ Ds(H). Again, x /∈ ζ(G), so there exists a ∈ G such that (x, a) ̸= 1. By the
normality of Ds(H), (x, a) ∈ Ds(H) \ {1}.

Consider the unit v = 1 + a(x + 1) and put u = (v, a). Then

u = 1 + v−1a−1[a(x + 1), a]
= 1 + v−1[x, a]
= 1 + v−1ax((x, a) + 1).

Since x + 1 ∈ ∆s(H), we have v ≡ 1 (mod ∆s(G, H)) and hence

v−1 ≡ 1 (mod ∆s(G, H)).

Moreover, x ≡ 1 (mod ∆s(G, H)). Since (x, a) + 1 ∈ ∆s(H), it follows that

u ≡ 1 + a((x, a) + 1) (mod ∆s+1(G, H)).

Thus we may write u = 1 + a((x, a) + 1) + λ, for some λ ∈ ∆s+1(G, H).
The commutator (x, a) cannot be central in G, because 1 ̸= (x, a) ∈ H and

H∩ζ(G) = 1. Hence there exists b ∈ G such that (x, a, b) ̸= 1. Thus (x, a)b ̸= (x, a).
Since x ∈ G′ and G′ is abelian, the commutator identities give (a, xb) = (a, x)b.

We now compute the Lie commutator of u and xb. Since xb + 1 ∈ ∆s(H), we
have

[λ, xb] = [λ, xb + 1] ∈ ∆2s+1(G, H).
Therefore

[u, xb] = [a((x, a) + 1), xb] + [λ, xb]
≡ a[((x, a) + 1), xb] + [a, xb]((x, a) + 1)
= axb((a, xb) + 1)((x, a) + 1)
= axb((a, x)b + 1)((x, a) + 1) (mod ∆2s+1(G, H)).

Now (a, x)b and (x, a) are nonidentity elements of Ds(H), whose images are inde-
pendent in Ds(H)/Ds+1(H) = Ds(H). By Lemma 2.4,(︁

(a, x)b + 1
)︁(︁

(x, a) + 1
)︁

/∈ ∆2s+1(H).
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Since ∆2s+1(G, H) ∩ FH = ∆2s+1(H), it follows that [u, xb] ̸= 0, and hence
(u, xb) ̸= 1. On the other hand, u = (v, a) ∈ U(FG)′ and xb ∈ G′ ≤ U(FG)′.
Thus two elements of U(FG)′ do not commute, contradicting the assumption that
U(FG) is metabelian. This contradiction completes the proof.
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