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1. Introduction

Over the last few decades, various sequences of numbers have been the subject of
investigation by many researchers. In this field of research, the study of numerical
sequences has stood out. A clear example is the study of sequences of numbers
known as balancing. The notion of balancing numbers under the name of numerical
centers was introduced by the first time in the work of Finkelstein [7]. In this
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work, a very well-known problem found in many books of puzzles (see, e.g. [8]) was
solved. This sequence was studied in [1], it is denoted by {B,,},>0 and defined by
the recurrence relation

Bn+2 = GBn+1 - Bn, (11)

with the initial conditions By = 0 and By, = 1.

Since then, several studies have emerged as a result of this work. For example,
in [2], a new explicit formula for square-triangular numbers was presented and a
link with balancing numbers was established. In [4], some formulas were explic-
itly given for the numerical sequences of balancing, Lucas-balancing, cobalancing
and Lucas-cobalancing. Another expression was also given for the general term
of each of these sequences, using the ordinary generating function. In [13], some
properties of balancing, modified Lucas-balancing and Lucas-balancing sequences
were studied, and their Binet formulas, generating functions and Simson formulas
were presented. Summation formulas for these sequences were also presented. In
[14], studies were carried out on balancing and Lucas-balancing numbers, where in
particular the application to cryptography of these numbers through their recur-
rence relations was examined. In [9], some interesting properties and results about
balancing, cobalancing and all kinds of generalized balancing number sequences
were analyzed. In [10], the links between the balancing and cobalancing num-
bers with the Pell numbers and the associated Pell numbers were established. In
[12], study was made on balancing numbers, where some connections of balancing
numbers and cobalancing numbers with Pell numbers and associated Pell numbers
were presented. Some important properties of balancing numbers and sequences of
numbers related to them were also presented.

The bidimensional version around the balancing numbers has also been the
subject of research. For example, in [5], a brief study was made of this new sequence,
in particular, the authors defined it as a sequence denoted by {B(;,,;m)}n,m>0 that
satisfies the following recurrence relations

{B(n+1,m) = 6B(n,m) - B(nfl,m)7
B(n,erl) = 6B(n,m) - B(n,mfl)v

with the initial conditions By = 0, B(1,0) = 1, Bo,1) = %, B1,1) = 1 + 4 and
i?> = —1. Chimpanzo et. al. [5], give the following explicit form for the entry
Bn,m) ,

B(n,m) = Bn(Bm - Bm—l) + (Bn - Bn—l)Bml
that will be useful in part in the proof of some results stated in the next Section of
this article. Finally, in [6], a brief study of bidimensional Lucas-balancing numbers
(a special case of balancing numbers) was also made. In this study, in particular, the
authors defined this new number sequence as a sequence denoted by {C(, 1) }n,m>0
that satisfies the following recurrence relations

C(n+1,m) = 6C((n,m) - C(nfl,m)v
C(n,m+1) = GC(TL,TTL) - C(n,m—l)v
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with the initial conditions C(O}O) = 1, C(I,O) = 3, C(O,l) =1+ i, C(l,l) =3+1.

Therefore, these and other works served as motivation for the study of a new
tridimensional version of the balancing numerical sequence.

This article is structured as follows: in the next section, the recurrence relations
of tridimensional balancing numbers will be presented. In addition, some of their
properties will be presented. Section 3 will be devoted to studying some sum
identities of the tridimensional sequence of balancing numbers. Finally, we finish
with a brief conclusion of this work.

2. Tridimensional balancing numbers

Based on the studies carried out in [5], where B(n,m) denotes the bidimensional
balancing numbers, in this section we introduce the tridimensional version of these
numbers by adopting the following definition.

Motivated by the 2D case studied in [3], we decided to dedicate to the 3D case
and we adopt the following definition through this text.

Definition 2.1. The numbers B(n,m,p) represent the tridimensional balancing
numbers that satisfy the following recurrence relations, where n, m and p are non-
negative integers

6B(n—1,m,p) — Bin-2,mp) forall m, pandn > 2,
Bnmpy = § 6Bn,m—1,p) — Bnym—2,p) for all n, p and m > 2,
6B(n,mp—1) — Bnmp—2) forallm, n and p > 2,

Wlth the 1n1t1a1 COHditiOHS B(0,070) = O7 B(l,O,O) = 1, B(07170) = B(070,1) = 7:7
Bu,1,00 = B,y =1+14, By =1+ 24, Bo,i,1) = 2i.

Note that these initial conditions are chosen as a particular case and taking into
account the construction adopted in 2D case (see, [3]). Since B(g1,0) = B(0,0,1)
and B(1,1,0) = B(1,0,1) We can interpret this information as there exist a reflection
symmetry on the plane y = z if one consider the location of the value B, ;, ;) as
the point (n,m,p) in the 3D Cartesian system.

The Definition 2.1 above is correct in the sense that B, ) does not depend
on the path we use for calculation. For example, to find By 3 2y, we see that

6B(1,22) — B2 (path 1);
B(2,2,2) = 6B(2,172) — B(270,2) (path 2),
6B2,2,1) — B2,2,0) (path 3).

Using path 1 we obtain that

B _ 63(1’1,2) - B(1,0,2) (subpath ay),
1,2,2) =
22 6B8(1,2,1) — B(1,2,0) (subpath as),
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and

B2y =6B1,1,1) — B, = 6(1+2i) — (1 +1i) =5+ 114,
B(1,072) == 6B(1,071) - B(L0,0) == 6(1 + l) - ]. = 5 + 6’&

Therefore, using subpath a; we get
B1,2,2) = 6(5 + 11i) — (5 + 6i) = 25 + 60i.
On the other hand,

B(i,2,1) = 6B1,1,1) — Ba1,o,1) = 6(1 +2i) — (1 +14) =5+ 114,
B(1,270) = 6B(1,170) - B(L0,0) = 6(1 + 'L) - ]. = 5 + 6’L
Since B(12,1) = B(1,1,2) and B(1,20) = B(1,0,2), the value of B; 3 2) coincides in

both supaths a; or az and is given as B( 32y = 25 + 60:.
Once more, using path 1 we have

_ [6B.12) ~ Booa (subpath by),
@28 7 6Boan) — Boao) (subpath by).

Some computation gives us that

{B(o,l,z) = 6B0,1,1) — B(o,1,0) = 6(2i) — i = 114,
B0,0,2) = 6B0,0,1) — B(0,0,0) = 6 — 0 = 61.
Therefore, using subpath b; we get

B,2,2) = 6(11i) — 6i = 60i.
On the other hand,

B,2,1) = 6B0,1,1) — B(o,0,1) = 6(2i) —i = 114,
B(O,Z,O) == GB(O,I,O) — B(O,O,O) == 67/ — O - 62

Since B(O,Q,l) = B(O,172) and B(O,?,O) = B(O,072)7 the value of B(O,2,2) coincides in
both supaths by or by and is given by Bg 2 2) = 60i. Hence, using path 1,

B(Q_]ng) = 6B(11272) — B(O,2,2) == 6(25 + 602) — 602 == 150 + 3OOZ (21)

Similarly, by the use of path 2, we get that

_ )6Ba1,2) — Bo,1,2),
2,1,2) —
( ) 6B(2,1,1) - B(Z,l,())'

Considering the first subpath we conclude that

B(2’172) = 6B(1,172) — B(071,2) = 6(5 + 112) - 11’L == 30 + 557/ (22)
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Take into account the second subpath,

B,1,1) = 6B1,1,1) — Bo,1,1) = 6(1 + 2i) — 20 = 6 + 104,
B(Z,I,O) == 68(171)0) - B(O,I,O) = 6(1 —|— 21) - Z - 6 + 5’L

Hence

B2,1,2) = 6B2,1,1) — B2,1,0)
= 6(6 + 10i) — (6 + 5i)
=30 + 551

which coincides with (2.2).
In order to calculate B(3,2) we have the following ways

_ 6B(1,0,2) — B(0,0,2);
2,0,2) =
( : 6B8(2,0,1) = B(2,0,0)-
In the first subpath B(g,2) = 6B0,0,1) — B(0,0,0) = 67 and so
B(2,0,2) = 6B(1,0,2) — B(o,0,2) = 6(5 + 6i) — 6i = 30 + 30i (2.3)

In the second subpath Bs01) = 6B(1,0,1) — B,0,1) = 6(1+1i) —i = 6 + 5i and
B2,0,0) = 6B(1,0,0) — B(0,0,0) = 6. Hence

B(2,0,2) == 63(2,0’1) - B(Q’0,0) - 6(6 + 52) - 6 = 30 + 302
which is equal to (2.3). Therefore, using path 2,

B22.2) = 6B2,1,2) — B(2,0,2)
= 6(30 + 551) — (30 + 307)
= 180 + 330¢ — 30 — 30z
= 150 + 3007

which coincides with (2.1).
Finally, using path 3, we have

B _ J6Ba,21) — Bo,2,1)s
@21 6B(2,1,1) — B(2,0,1)

and B(12,1) = 5+ 114, B(g2,1) = 117 as already calculated in path 1. So,
B(2,2,1) = 6B(1,2)1) - B(072,1) = 6(5 + 112) — 112 =30 + 591. (24)
By the use of second subpath,

B(271’1) = 63(1’1’1) — B(O,l,l) = 6(1 + 2i) — 21 =064 1041,
B(2’071) = 63(17071) - B(O,O,l) == 6(1 + 'L) - Z = 6 + 5Z
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and so,
B2,2,1) = 6B(2,1,1) — B2,0,1)
— 6(6 + 10i) — (6 + 57)
=36+4+607 — 6 — 57
=30 + 551

which is equal to (2.4). On the other hand,

B _ J6B@,20) — Bo,2,0),
2,2,0) =
@29 7\ 6B21.0) — Bro)-

Using the first subpath we have By 2,0y = 5+ 64, B(o,2,0) = 6i as already calculated
in path 1. So,
B(2,2,0) = 6(5 + 6i) — 6i = 30 + 304. (2.5)

Using the second subpath, B3 2,0) = 6 + 5i, B(2,0,0) = 6 as we have calculeted in
path 2 and therefore
B2,2,0) = 6B2,1,0) — B2,0,2)
=6(6+5i) —6
=30 + 302

which is exactly the same value found in (2.5). Hence, using path 3 we conclude
that

B(2,2,2) = 6B(2,2,1) - B(2,2,0)
= 6(30 + 55i) — (30 + 304)
= 180 + 330i — 30 — 30i
— 150 + 300i

which, once more, coincides with (2.1).
Next, we will present some properties related to tridimensional balancing num-
bers.

Lemma 2.2. Considering one unknown the following properties are valid for tridi-
mensional balancing numbers

1. Bn,0,0) = Bn;

2. Bo,m,0) = B(0,0,m) = Bmi;

3. Bn,1,00 = Bn,0,1) = Bn + (Bn — Bn_1)3;
4. Bn,1,1) = Bn + 2(Bn — Bn-1)i;

5. B1,m,0) = Ba,o,m) = (Bm = Bi—1) + Bui;
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6. Bo,m,1) = Bo,1,m) = (2Bm — Brm—1)3;
7. Bi,m,1) = (B — Bm-1) + B(o,m,1);
8. B(l,lm) = (Bp - Bp—l) + B(o,l,p)-

Proof. 1. The statement is trivial since the initial values are 0 and 1, and this
provides the sequence of balancing numbers.

2. The proof is done by induction on m.

For m = 0 and, again, given the value of By we have that B 0,0y = 0 = Byt
and the proposition is true.

For m =1 and, once again, considering the value of By we have that B 1,0) =
B(0,0,1) = © = B1i and the proposition is also true.

Suppose the proposition is true for any integer less than or equal to m. Let us
prove that it remains true for m + 1.

Then, using the reflection symmetry on the plane y = z, B(g m+1,0) = B(0,0,m+1)
and hence

B0,m+1,0) = B0,0,m+1) = 6Bt — By 11
— (6B, — Bin_1)i
- Bm-‘rli)

which ends the proof 2.

3. The proof is done by induction on n.
For n = 0 and given that By = 0 and B_,, = —B,, in [5] and given one of the
initial conditions of the sequence {B(;, m p) tn,m.p>0 We have that

Bo,1,0) = B0,0,1) = i = Bo + (Bo — B_1)i,

and the proposition is true.
For n = 1 and, once again, taking into account the values of By =0 and B; =1
we have that
Ba,1,0) = By =1+i= B1+ (B1 — Bo)i,

and the proposition is valid.

Suppose the proposition is true for all values less than or equal to n. Let us
show that it is still valid for n + 1.

Then, by the symmetry property mentioned before B(,41,1,0) = B(n41,0,1) and
hence

Bn41,1,00 = Bny1,0,1) = 6(Bn + (B — Bn—1 ) By_1+ (B,- Bn—2)i>
=68, +6(B, — Bn_1)i — Bp—1 — (Bn—1 — Bn—_2)i
— (6By, — By1) + (6B — Bu_1)i — (6Bn_1 — By_s)i
— Byt + (Buy1 — Bu)i,
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and thus the property 3 is valid.

4. The proof is performed by induction on n.
For n = 0 and, once again, given that By = 0 and B_,, = —B,, in [5] and taking
into account one of the initial conditions of {B(;, m p)}n,mp>0 We have that

Bo,1,1) = 2i = By +2(Bo — B_1)i,

and the proposition is valid.
For n = 1 and again, given that By = 0 and B; = 1 and also one of the initial
conditions of {B(;,,;m.p) }n,m,p>0 We have that

B(l,l,l) == 1 + 22 == B]_ + 2(31 —_ BO)Z‘,

and the proposition is true.
Suppose the proposition is true for any integer £k < n. Let us prove that it
remains true for n + 1.
Then, by the first recurrence relation of Definition 2.1, by the induction hy-
pothesis and by the recurrence relation expressed in (1.1), we get
Buy11,1) = 6B, — Ban-1,1,1)
= 6<Bn +2(By — Bn_l)i) f(Bn_l 2By — Bn_g)i)
=6B, +12(B,, — By-1)i — Bp—1 — 2(Bn—1 — Bp—2)i
= (6B, — Bp—1) +2(6B,, — By,—1)i — 2(6B,,—1 — B,,—2)i
= Bn+1 + 2(Bn—&-l - Bn)la
so the property 4 is valid.
Since the results of items 5, 6, 7 and 8 are similar to the previous ones, we have

omitted their respective proofs. Note that item 5 comes directly from item 3 via
the symmetry. O

Lemma 2.3. Considering two unknowns the following properties are wvalid for
tridimensional balancing numbers

L. Binm,0) = Bm,o,m) = Bn(Bm — Bm—1) + (Bn — Bn—1) Bii;
2. Bo,m.p) = BmB(0,1,p) — Bm-1Bypi;

3. Biu,m,1) = Bn(Bm — Bm-1) + (Bn — Ba_1)Bo,m,1);

4. B(np) = Bn(Bp — Bp-1) + (Bn — Bn-1)B(0,1,p);

5. B(t,mp) = (Bm = Bm-1)(Bp = Bp-1) + B(o,m p)-

Proof. 1. The proof is done by induction on m.
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For m = 0 and, once again, given that By = 0 and B_,,, = —B,, in [5] and by
item 1 of Lemma 2.3 we have that

B(n,O,O) =B, = Bn(BO - B*l) + (Bn - anl)BOi;

and equality is true.
For m = 1 and again, given the values of By = 0 and By = 1 and Lemma 2.3,
item 3 we have that

B(n,l,O) = B(n,O,l) =B, + (Bn - anl)i = Bn(Bl - BO) + (Bn - anl)Bla

which is true.

Suppose the proposition is valid for any integer less than or equal to m. Let us
prove that it remains true for m + 1.

Then, using the second recurrence of Definition 2.1, the induction hypothesis
and the recurrence relation expressed in (1.1), we get

B(n,m+1,0) = 6B(n,m,0) - B(n,mfl,O)
= 6B(n,0,m) - B(n,O,m—l)
= B(n,07m+1)7

thus
B(n,erl}O) = B(n,O,erl) = G(Bn(B’m - Bm—l) + (Bn - Bn—l)Bmi)

- (Bn(Bm,1 — Byps) + (Bn — Bn,l)Bm,li)
= 6B, (B — Bim—1) +6(By, — Bp—1)Bpi

— By(Bm—1 — Bp—2) — (By — By_1)Bp_1i
= By(6By, — 6Bm_1 — Bm_1 4+ Bm_2)

+ (Bn — Bu—1)(6Bn — Bm—1)i
= Bn(Bm—H - Bm) + (Bn - Bn—l)Bm+1i7

as we wanted to prove.

2. The proof is first done by induction on p.
For p = 0 and, again, given the value of By, the value of B(q 1,9y and Lemma 2.3,
item 2 we have that

B(0,m,0) = Bmi = BnB0,1,0) — Bm-1Bot,

and the equality is valid.
For p = 1 and, once again, taking into account the value of By and item 6 of
Lemma 2.3 we have that

B(o,m,1) = 2Bm — By-1)i = B Bo,1,1) — Bm—1B1i,
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and the equality holds.

Suppose that the proposition is true for any integer k£ < p. Let us prove that
it remains true for p + 1. Then, by the third recurrence relation of Definition 2.1,
the induction hypothesis and the recurrence relation (1.1), we get

Bo,mp+1) = 6B0.mp) = Bomp-1)
= 6(BmB(0,1,p) - Bmlepi) - (BmB(OJ,p—l) - Bmlepfli)
= 6B,nB(0.1,) — 6Bm—1Byi — BBo.1p-1) + Bm-1Bp-1i
= B (63(0,147) - B(0,17p—1)) — Bim—1(6B, — By—1)i

= BimB0,1,p+1) — Bm-1Bpt1t,
what we wanted to prove.

3. The proof is first performed by induction on m.
For m = 0 and again, given that By = 0 and B_,, = —B,;, in [5] and using
Lemma 2.3, item 3 we have that

Bn,0,1) = Bn + (B — By—1)i = By(Bo — B_1) + (B — Bn1)Bo,0.1),

and the equality is valid.
For m = 1 and again, given that By = 0 and By = 1 in [5], given the value of
Bo,1,1) and item 4 of Lemma 2.3 we have that

B,y = Bn +2(Bn — Bn1)i = Bu(B1 — Bo) + (Bn, — B-1)B(o,1,1)

which is correct.

Suppose that the proposition is valid for any integer £ < m. Let us show that it
is still valid for m + 1. Then, using the second recurrence relation from Definition
2.1, the induction hypothesis and recurrence relation (1.1), we get

Bnm+1,1) = 6Bn,m,1) = Banm-1,1)
= G(Bn(Bm —Bp1) 4+ (Bn — Bn—l)B(O,m,1)>
- (Bn(Bm—l — Br—2) + (B — Bn—l)B(O,m71,1)>
= 6B,(Bm — Bin1) + 6(By — Bu_1)Bio,m1)
— By(Bm—1— Bm-2) = (By = Bn-1)Bo,m—1,1)
= Bn((6Bm = Bp—1) = (6Bp—1 — Bm—2))

+ (By = Bn-1)(6B(0,m,1) — B(o,m—1,1))
- Bn(Bm+1 - Bm) + (Bn - anl)B(O,m+1,1)a
what we wanted to show.
Because the proof of items 4 and 5 is also done in the same way as the proof

of the previous results, we have omitted their corresponding demonstrations. Note
that item 5 is essentially the same as item 4 again via the symmetry. O

10
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The following result is a relation that the balancing tridimensional numerical
sequence satisfies.

Theorem 2.4. For the non-negative integers m, n and p, the tridimensional bal-
ancing numbers are described in the form

B(n,m,p) = Bn(Bm - Bmfl)(Bp - Bpfl)
+ (Bu = Bu-1)(Bu(By ~ By1) + (Bu — Bu-1)B, )i
Proof. We start by doing the induction on p, with n and m fixed.

For p = 0 and, again, given that By = 0 and B_,, = —B,, in [5] and given item 1
of Lemma 2.3 we have that

B(n,m,(]) = Bn(Bm - Bmfl) + (Bn - anl)BmZ
= Bn(Bm - Bmfl)(BO - B*l)
+ (B — Bn_l)(Bm(Bo — B_1)+ (B — Bm_l)Bo)z’,
and equality is verified.

For p = 1 and again, given that By = 0 and B; = 1 and according to Lemma 2.3,
items 6 and 3 we have that

B(n,m,l) = Bn(Bm - Bm—l) + (Bn - Bn—l)B(O,m,l)
- Bn(Bm - Bm—l) + (Bn - Bn—l)(2Bm - Bm—l)i
= Bn(Bm - Bmfl (Bl - BO)

+ (Bn — Bn—l)(Bm(Bl — Bo) + (Bm — Bm—l)Bl)ia

which is true.

Suppose that the proposition is valid for any integer k < p. Let us show that it
is still valid for p + 1. Then, by the third recurrence relation of Definition 2.1, the
induction hypothesis and the recurrence relation described in (1.1), we get

Bn,m.pt1) = 6Bm,m.p) = Bin.m.p-1)
= 6(Bu(Bu ~ Bu-1)(By — By1)
4 (By — Bp_1) (Bm(Bp — Byp1) + (B — Bm_l)Bp>i)
= (Bn(Bm — Bm-1)(Bp-1 — Bp-2)
+ (B — Bn_l)(Bm(Bp_l — By_s)+ (B — Bm_l)Bp_1>i)
= 6B,(By — Bm-1)(By — Bp-1)
+6(By — Bn,l)(Bm(Bp — Bp_1) + (B — Bm,l)Bp)i
- Bn(Bm - Bm—l)(Bp—l - Bp—2)

11
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— (B — Bn,l)(Bm(Bp,l — By_s) + (B — Bm,l)Bp,l)i
= Bu(Bu — Bu1) ((6B, = By-1) = (6By-1 — By-2))

+ (B = Buot) (B (6B, = Byos) = (6B,-1 — B, 2))

+ (B — Bi_1)(6B, — Bp,l))z'
= Bn(Bm — Bim-1)(Bpt1 — Bp)

+ (B = Buet) (Bu(Byis = By) + (B = Buu1) By )i

as we wanted to prove. Therefore, the theorem is valid. O

3. Some identities of tridimensional balancing num-
bers

From now on, we will explore some identities of this tridimensional sequence, using
certain properties inherent to it. For the proof of the following results, we need
some results concerning the sequence of balancing numbers, namely, items (a) and
(b) of Corollary 2.3.6 in [11] and items of Proposition 2.6 in [4]. In order to facilitate
to understand the end of the proofs for the reader, we present here these results.

Lemma 3.1 (Corollary 2.3.6 in [11]). If n is a natural number, then
1. Bl+B3+.‘.+B2n,1 :BZ,
2. Bo+By+...+ By, = B,Bpy1.

Lemma 3.2 (Proposition 2.6 in [4]). If B;, C; and ST; are the jth terms of
the balancing sequence, Lucas-balancing sequence and square triangular sequence,
respectively, then

1. By, = 20, Ba;

ST; = By;

C2 =8B2 +1=8ST, + 1;
Cap = 16B2 + 1;

Bn+2 — B2 = B(I,O,m) = 12Cna
n —1—-B,+Bn41,
0. Zj:() Bj = fﬂv

n _ 2-Cn+Chny1,
7, O = PO,

n R —1—ST7L+STH+1—277,
8. ijo ST; = 75 .

12
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The next results are related to sums of tridimensional balancing numbers.
Proposition 3.3. The sum of the first p numbers B, ,,+) of odd index t is given
by

Z B(n,m,2q71) = (Bn(Bm - Bmfl) + (Bn - anl)Bmz) (Bf; - Bpo+1 + B2p)

q=1
+ (Bn — Bn—1)(Bm — Bm—-1)Bji.

Proof. By Theorem 2.4, we have

P P
ZB(n,qufl) = Z(BR(BHL - Bm—l)(BQq—l - B2q—2)
qg=1 qg=1

+ (Bn - anl) (Bm(Bqul - BQq72) + (Bm - Bmfl)Bqul)i)-

Thus,
p
ZB(n m,2qg—1) — B Z B2q71 - BQq72)
qg=1
P
(By, — Bn-1 (Bm Z(BQq 1 — Bag—2)
q=1
p
+ —Bm71)Zqu 1)
qg=1
P
= Bn m m—1 (Z B2q—1 ZBZq 2)
q=1 q=1
p p
+ (Bn Bn 1) (Bm Z B2q71 Z B2q2>
g=1 g=1
P
+ (Bm — Bin—1) Z qu—1> i
qg=1
p p—2
= By(Bm — Bim-1) (Z Bag—1 — <Bo +) qu>>
g=1 q=1
P p—2
+ (Bn - Bn—l) (Bm ZBQq—l - <BO + ZB2q>>
qg=1 q=1
p
+ (Bm - Bmfl) Z B2q1> 1
q=1
The result follows, using items (a) and (b) of Lemma 3.1 and By = 0. O

13
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Proposition 3.4. The sum of the first p numbers By, ) of even index t can be
described by

> Bwmza) = (Bu(Bm = Bu-1) + (By = Bu-1)Bui ) (ByByi — BY)

g=1
+ (Bn — Bn-1)(Bm — By—1)ByBpi1i.

Proof. Applying Theorem 2.4, we have

P
> Bnm.2g) = Z(Bn(Bm — Bp—1)(B2g — B2g-1)
g=1

Thus,
P P
Z B(n,m,Zq) = Bn(Bm - Bm—l) Z(BQq - B2q—1)
q=1 q=1
P
+ (Bn - anl)(Bm Z(BQQ - BQQ*l)
q=1
P

+ (B~ Bru1) Y Bay )i

q=1

P
- Bn(Bm - Bm—l) (Z B2q - ZB2q—l>
q=1 q=1
P P
+ (Bn anl) (Bm Z B2q - Z B2q1>
q=1 q=1
P

+ (B — Bm_1) ZBQQ>Z

q=1

By items (b) and (a) of Lemma 3.1, the result follows. O

The third identity is the last one for the sum of the first m terms and is related
to the third component of the index, this index being any generic number. It
can also be understood as the identity relating to the sum of the first components
of the even and odd indices, i.e. the identity resulting from the sum of the first
components of the even and odd indices.

Proposition 3.5. The sum of the first p numbers By, 1), with index t a non-
negative integer, can be described as follows

P
Z Bnm.q) = By (Bm — By—1)Bp + (Bn — Bn-1) (Bme
qg=1

14
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1 ‘
+ (B = Bun1)(Byi1 = By - 1))1.

Proof. Using Theorem 2.4, we have

p

Z Bnm,q) = Z(Bn(Bm — Bin—1)(Bg — By-1)

q=1 q=1

+ (Bu = Bu-)(Bu(By = By-1) + (B — Brn1)By)i ).

q=1 g=1
P
+ (Bn Bn—l) (Bm Z(Bq Bq—l) + (Bm Bm—l) ZBG{)Z
q=1 q=1
p P
= B,(Bm — Bm—1) (Z B, — ZBq_1>
qg=1 q=1
P
+ (By — Bn_1) <Bm (Z By— > Bq_1> + (B — Bm—1) ZBq>z
q=1 q=1 q=1
p—1
= Bn(Bm — Bm_1) (Z B, — <Bo + ZBq>>
g=1 g=1
P p—1
+ (Bp — Bp_1) (Bm (Z B, — (BO + ZBq>>
qg=1 qg=1
+ (B — Bm—1) ZBq>i.
g=1
The result follows Lemma 3.2 and the fact that By = 0. O

Since Bn,m,2g-1) = Bn,2q-1,m)s B(n,m,29) = B(n,24,m) a4 B(n,m.q) = B(n,g,m)
by the symmetry property, then immediately the results of Propositions 3.6, 3.7
and 3.8 follow.

Proposition 3.6. The sum of the first m numbers By ;) of odd index t can be
described by

ZB(n,Zlfl,p) = (Bn(Bp - Bpfl) + (Bn - anl)Bpi) (ng - BmBm+1 + B2m)
=1

+ (Bn — Bn—l)B?n(Bp - Bp—l)i-

15
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Proposition 3.7. The sum of the first m numbers B, ; ) of even index t is given
by

m

>~ Biwots = (Ba(By = By-1) + (Bu = Bu-1)Byi ) (B Bn1 — B
=1

+ (Bn - Bn—l)BmBm+1(Bp - Bp—l)i-

Proposition 3.8. The sum of the first m numbers B, ; ), with index t a non-
negative integer, is given by

Z B(n,l,p) = Ban(Bp - Bp—l)
=1

1 ‘
4 (Bn — Bu_1) (E(Bm+1 — B —1)(B, — By_1) + Bme>z.

We have omitted the proofs of the following results since they are analogous to
the identities concerning partial sums mentioned before.

Proposition 3.9. The sum of the first n numbers B ,, ) of odd index t is given
as follows

Z B(2k—1,m,p) = B721(Bm - Bmfl)(Bp - Bpfl)
k=1

+ (B2 = BBy — Bay) (Bm(Bp — Byp1) + (B — Bm_l)Bp)i.

Proposition 3.10. The sum of the first n numbers B m, ) of even index t can be
described by

n

ZB(WWW,P) = ByBny1(Bm — Bm-1)(By — Bp-1)
k=1
+ (BaBuss = B2) (Bu(By = By-1) + (B — Bu)By )i

Proposition 3.11. The sum of the first n numbers B m, p), with t a non-negative
integer, can be described by

- 1
Z B(k,m,p) = Z(Bn+l =B, —1)(Bn — Bm—l)(Bp - BP—l)
k=1
+B, (Bm(Bp — Bp1) + (B — Bm_l)Bp)i.

4. Conclusion

This article continues the work related to the n-dimensional versions of the balanc-
ing number sequence. We introduce the tridimensional recurrence relations of the
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balancing number sequence and study some of its properties, as well as some of its
sum identities. The results presented in this article are considered a contribution
to the field of mathematics and offer an opportunity for researchers interested in
number sequences.
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