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Abstract. We introduce (generalized) proximities in the same way as (gen-
eralized) uniformities in paper of Weil. We prove the equivalence of our new
definitions with classical ones.

Using these analog definitions, we compare the properties of (generalized)
proximities and (generalized) uniformities. The main parts of this paper
are examples of an (X, R) relator space such that R* is uniformly (and
proximally) transitive, but neither R nor R? is proximally (or uniformly)
transitive.

For this, we summarize the essential properties of relators, using their
theory from earlier works of A. Szaz.
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1. Introduction

At the beginning of the 20th century some mathematicians tried to define abstract
topological structures. The most relevant results are Poincaré 1895, Fréchet 1906,
Hausdorff 1914, and Kuratowski 1922.

Uniform spaces in terms of relations were introduced by Weil in 1937 [13].

Proximities were first investigated by Riesz in 1909 [9], Effremovi¢, and Smirnov
in 1952 [2] and [10].

After the works of Davis, Pervin, and Nakano [1], [8], and [4] in 1987, Széz [11]
introduced the notion of relator and relator space in the following way.
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Definition 1.1. A nonvoid family R of relations on a nonvoid set X is called a
relator on X, and the ordered pair (X, R) is called a relator space.

In the last decades, a few authors investigated the interpretation of well-known
topological properties in terms of relators. In 2021, Pataki introduced the gen-
eral definition for (generalized) uniformities and (generalized) proximities in [5],
moreover quasi-uniformities in [6].

For more details, see, for instance [5-7, 12], but for the readers’ convenience,
we summarize the necessary notions and notations.

Remark 1.2. With the usual notations, R is a relator on X means that
X #0, 0#RcCExp(X?),

where Exp(X) is the power set of X, and X2 = X x X.
If R is a relation on X, x € X, and A C X, then the sets

R(z)={ye X :(x,y) € R}, and R[A]= U R(x)
€A

are called the images of x and A under R, respectively.

2. Preliminary concepts

Definition 2.1. If R and S are relations on X, then the composition of R and S
can be defined, such that (R o S)(z) = R[S(z)] for all x € X.

Moreover, let R7! = {(y,z) : (z,y) € R}, R® = Ax = {(z,z) : € X} and
R"=RoR" ! foralln=1,2,.... Finally, we say that R is

o reflexive if R C R, o symmetric if R~ C R, e transitive if R C R.
Lemma 2.2. If R is a relation on X, and A, B C X, then
RIAJCB < R 'X\B]CX\A.
Definition 2.3. If R is a relator on X, then the relators
R*={Sc X?:3RcR:RC S},
and

R* ={SCX?:YAC X:3RecR:R[A] C S[A]},

are called the uniform and the proximal refinements of R, respectively. For more
details, see [7].
Moreover, for all n = —1,0,1,2,..., we define

R"={R":ReR}.
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Remark 2.4. x and # are really refinements as we defined in [7]. That is, they
are self-increasing in the sense that

RCS" < R*CS" and RCS* < R* cS*,
or equivalently, they are expansive, increasing, and idempotent, in the sense that
RCR*, RCS — R*CS", R =R"*

and
RCR¥, RCcS = R¥ c 8%, R** = R¥,

for all R and S relators on X.
Moreover, # is *-dominating, *-invariant, *-absorbing, and *-compatible, that
is

R* C R¥, R¥ =R#**, RF¥=R*, R =R,

For all n = —1,0,1,2,... the mapping R — R" of relators on X is increasing.
Finally, * and # are inversion-compatible, that is, for all R relators on X

R*1=R"Y and R#¥!=R"
And we have that for all relators on X
RQ* — R*Q*.
The following example shows that the analog assertion is not true for #.

Example 2.5. Let X ={1,2,3,4}, and
R ={AxU{(1,2),(4,2),(2,1),(2,4)} Ax U{(1,3),(4,3),(3,1),(3,4)}}

is an elementwise reflexive and symmetric relator on X. Now, R#2? ¢ R?#, since
R=X?\{(1,4),(4,1)} € R#? however R ¢ R*#.

Note, that R = {E E} and R = .

Definition 2.6. Let R be a relator on X, and O € {x,#} is a refinement for
relators on X. We define the followings.

e R is O-reflexive, if R C 7'\’,0[’;

e R is O-symmetric, if R C R‘lD;
e R is [-transitive, if R C R2D;

e R is O-fine, if R = RE.

For instance, we say that R is uniformly symmetric or proximally transitive
instead of #-symmetric or #-transitive.
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Following Weil, we say that the relator R on X is a generalized uniformity/
generalized proximity on X, and the ordered pair (X,R) is a generalized uniform
space/generalized proximal space if it is

o uniformly/proximally reflexive;
« uniformly/proximally symmetric;
o uniformly/proximally transitive;

o uniformly/proximally fine.

Following the notations of [3], in [6] we introduced quasi-uniformities, and now,
we define generalized quasi-uniformities/generalized quasi-proximities.

We say that the relator R on X is a generalized quasi-uniformity/generalized
quasi-proximity on X, and the ordered pair (X,R) is a generalized quasi-uniform
space/generalized quasi-proximal space if it is

o uniformly/proximally reflexive;
o uniformly/proximally transitive;

o uniformly/proximally fine.

Definition 2.7. Let A be a family of sets, or equivalently A C Exp(X) for some
set X. We call

P(A) = {ﬂB :0#£BC A and Bis ﬁnite}

the filtered family of sets generated by .A.
Moreover, we say that A is filtered if ®(A) = A.

Remark 2.8. Since ® is a refinement for relators on X, we write R® instead of
®(R), if R is a relator on X. Note that R is filtered iff R® C R.

Moreover, note that ® is an inversion-compatible refinement for relators on X.
That is if R is a relator on X, then R~1® = R®-1.

Finally, if R is finite, then R®* = {R}".

Lemma 2.9. IfR is a relator on X, then R*® = R®*, R?*® ¢ R*?*, and R*** C
RE2%#,

Definition 2.10. If [J is a refinement for relators on X, then we say that the R
relator on X is C-filtered if there exists an S relator on X such that S® ¢ SY = RY.

We use the uniformly filtered and proximally filtered notions instead of *-filtered
and #-filtered.

Definition 2.11. If the generalized uniformity/generalized proximity (generalized
quasi-uniformity/generalized quasi-proximity) R on X is also

o uniformly/proximally filtered,

then we say that R is a uniformity/proximity (quasi-uniformity/quasi-proximity)
on X, and (X, R) is a uniform space/proximal space (quasi-uniform space/quasi-
proximal space).
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3. Main example

Example 3.1. For alli € Nlet X; = {3¢—2,3i —1,3¢} and m; 0, 1, ..., ™5 are
the all bijections of {1, 2,3} to X; such that m; ¢ is the only increasing one of them.
Moreover, let

Rik = {(mix(1),mi1(2)), (i 1(2), 7 1(3)) } UAx,

for all € Nand k € {0,...,5}.
Furthermore, for all n € N let S,, = UieN R; .., where v; is the ith digits of
(n — 1) in a positional base 6 numeral system, that is n —1 =3, v; - 671
The following figure shows the main part of the graph of Sy4791, where 44790 =
Z?Z()i -6¢ and
ma(l) =4, m1(2)=6, m2(l)=8, m22)=7, m3(l)=11,
7T4,3(2) = 127 7T5’4(].) = 157 7T5’4(2) = ].3, 7T675(1) = ].87 7T675(2) =17.

X1 Xo X3 X4 X5 Xo X7 Xg Xo X10X11 X12X13 "

Finally, let X = N = (J,cy X; and R = {S,, : n € N} is an elementwise reflexive
relator on X. Then R# = {Ax}* is a uniformly transitive relator on X, but
neither R nor R? is proximally transitive. Namely,

Si=AxuU |J {6,i+1)}eRCR®,
i€X\3X

but we show that if A = {3i—2:i € X}, then Q*[4] ¢ S1[A] = AU(A+1) for all
Q € R®, that is S; ¢ R®*# and hence S; ¢ R**.
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To prove this let § # S C R finite, such that @ = (| S. Then there exists a
greatest m € X such that S, € S. If ¢ is large enough then v; = 0 for all elements
of S, therefore R; o C (S = Q, and then 3i € R? ((3i — 2) C Q*(3i — 2) C Q?[A].

We can change the above example to be symmetric.

Example 3.2. Namely, for all i € N let X; = {5i —4,5i — 3,5i — 2,5i — 1,5¢} and
Ti05 i, - - -, Ti119 are the all bijections of {1,2,3,4,5} to X; such that m; o is the
only increasing one of them. Moreover, let

Ri g = {(mi k(1) mik(2), (mik(2), 70,6 (1)), (70,1(2), 701 (3)), (mi8(3), ik (2)) U AKX,

for all i € N and k € {0,...,119}. Furthermore for all n € N let S,, = U,y Ri,vi
where v; is the ith digits of (n — 1) in a positional base 120 numeral system, that
isn—1=>,yvi- 1201 Now R = {S, : n € N} is an clementwise reflexive,
elementwise symmetric relator on X = N = [ J,.y X; with the same properties.

4. A finite example

Lemma 4.1. Let R be a finite relator on X. Now, R® is prozimally transitive iff
the relation [\ R s transitive.

Proof. If R is finite, then Remark 2.4 and 2.8 yield that

RO _ ppbu2e _ {QR}”* _ {ﬂR}Z*

therefore

RO _ P2t _ {m R}Q*# _ {ﬂR}z# _ {ﬂR}Q* _ RO

By using the self-increasingness of * we have that

(N®) cNr = {Nr}c{NR}" = {Nr} (N7} —

— R®”* c R®?*” «— R® c R®?*» — R® c R, O

Theorem 4.2. If R is a finite relator on X, then uniform transitivity of R¥*
implies proximal transitivity of R®.

Proof. Assume to the contrary that R® is not proximally transitive that is, by
using the above Lemma, there exists an (z, z) € (VR)*\ [ R. It means that there
exist z,y, 2 € X such that

(a) y € (NR)(2);
(b) z € (NR)(y);
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(©) z ¢ (NR)(z).

For all S € R¥ there exists an R € R such that R(z) C S(x). For such an
R € R, by using (a), it is easy to see, that y € (R)(z) C R(z).

In a similar way (b) implies that z € S(y) for all S € R* and (c) implies that
z ¢ R(x) for some R € R.

In summary we have that
JReR:VSeR”:5*¢ R

that is R ¢ R#2*. This is a contradiction, because uniform transitivity of R#*
means that R C R# C R#2*. O

The following examples show that uniform transitivity of R# does not imply
proximal transitivity of R even if the space X is finite.

The appendix shows the graphs of all 24 R elements of the R relator in the
following example.

Moreover, we can see the graphs of B2 and S, elements of S, which is the
smallest relator on X such that S* = R#.

Finally, in appendix we can also see S7 € §? examples for all S,, € S such that
S22 C Sy.

Example 4.3. Let X ={1,2,3,4} and
Ry ={(n(1),n(1)), (w(1),7(2)), (n(2),7(2)), (x(2),7(3))}

for all 7 permutation of X. Moreover, let R = {R, : 7 is a permutation of X }.

At first, we investigate R#. For this end, let Q € R¥ be arbitrary. By defi-
nition, there exists a 7 permutation of X, such that 7[{1,2,3}] = R,[X] C Q[X],
that is Q[X] has at least 3 elements. Moreover, if A C X has 3 elements, then
(1) € Aor m(2) € A when 7 is a permutation of X such that R.[A] C Q[4], that
is Q[A] has at least 2 elements.

In summary, a Q relation on X is an element of R# iff it satisfies at least one
of the following conditions.

o There exists o and S permutations of X such that 8(i) € Q(a(i)) for all
ie{1,2,3}.

o There exists « and 3 permutations of X such that {5(i)} € Q(«(¢)) for all
i €{1,2} and B8(3) € Q(a(1)).

Now, we show that R¥ is uniformly transitive. For this end, let Q € R¥ be
arbitrary. This is possible in the following ways.

Q - Axl

(1) There exists an « permutation of X such that («(1), a(1)), («(2), a(2)) € Q.
In this case

P = {(a(1),a(1)), (a(2), a(2)), (a(3), a(4))} € R* and P2 C Q.
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Q C X2 \ Axi
(2) There exists an « permutation of X such that («(1), a(2)), («(1),a(3)) € Q.
In this case

P = {(a(1),a(2)), (a(1), a(4)), (a(4), a(2)), (a(4), a(3))} € R* and P? C Q.

Or
(3) there exists an « permutation of X such that (a(1), a(2)), (a(3),a(4)) € Q.
In this case

P ={(a(1),a(3)), (a(2),x(4)), (a(3),(2))} € R# and P? C Q.

Or
(4) there exists an « permutation of X such that (a(1),a(2)), («(2),a(3)),
(a(3), (1)) € Q. In this case

P = {(a(1).a()). (a(2),a(1), (a(3), a(2))} € R* and P C Q.

Q¢ Ax and Q ¢ X?\ Ax:
(5) There exists an « permutation of X such that («(1), a(1)), («(1), a(2)) € Q.
In this case

P = {(a(1),a(1)), (a(1),a(3)), (a(2), a(4)), (a(3), a(4))} € R* and P? C Q.

Or
(6) there exists an a permutation of X such that (a(1), (1)), («(2),a(3)) € Q.
In this case

P = {(a(1),a(1)), (a(2),a(4)), (a(4),a(3))} € R* and P* C Q.

Finally, we show that R is not proximally transitive. For this, note that for any
7 permutation of X

Ri[{1,3,4}] ¢ {152} = RAX [{17374}]

Note that Ra, = #Z.

Unfortunately, the above relator is neither reflexive nor symmetric. We can
make a reflexive one.

Example 4.4. Let X ={1,2,3,4}, Y ={1,2,3,4,5,6,7,8} and

Ry = {(w(1), 7(1)), (w(1), 7(2)), (w(2), 7(2)), (w(2),7(3)) }

and

Spr =R U{(r(1)+4,7(1)), (7(1)+4,7(2)), (7(2) +4,7(2)), (7(2) +4,7(3)) JUAYy
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for

all m permutation of X.
Moreover, let S = {S, : 7 is a permutation of X} be an elementwise reflexive

relator on Y. Now S* is uniformly transitive, but S is not proximally transitive.

Note that
0 [
N NN
Say = = @] .
e~ Y
Ray,  BRay Ay

We do not know whether if a symmetric finite R relator is not proximally

transitive, then can R# be uniformly transitive.
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Appendix

List of elements of R of Example 4.3, with using the notation m(1)m(2)m(3)7(4)

the m permutation of X.

Rig34 =

Rigo3 =

R34 =

R3104 =

R3412 =

R4213 =

eRIESeEE Baleif

Rigy3 =

Riyzz =

Rozg =

R3142 =

R3421 =

R4231 =

AR I

Ri304 =

Rai34

oS Hiee et

Rosi3

R3z14 =

Ry103 =

R4312 =

Ri340 =

Ry143 =

Roy31 =

R3g41 =

Ryi132 =

R4321 =

List of elements of R? of Example 4.3, with using the notation 7 (1)7(2)7
for the m permutation of X.

2 —
R1234 -

2
R1423

Saam T

2 —
R2314 -
2 —
R3124 -
2 —
R3412 -

2 —
R4213 -
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R%432 =
R5341 =
R§142 =
R§421 =

2 —
R4231 -

R e
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[ ]
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w
B~
Il

i Ee
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—
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3
—
I
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EEafeds, oo
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In Example 4.3, S is the smallest relator on X, such that S* = R#
We draw the graph of elements of S with marked the required member of S,

which implies the S C S?* inclusion.
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