Some identities and congruences for a special
family of second order recurrences

JAMES P. JONES* and PETER KISS**

Abstract. For a fixed integer a with |a|>2let Y(n) and X(n) be second order linear

recursive sequences defined by
Y(n)=aY¥Y(n-1)-Y(n-2) and X(n)=aX(n-1)-X(n-2)

respectively, where the initial terms are Y{0)=0, Y(1)=1, X(0)=2 and X(1)=ga. In this
paper we prove identities for these sequences which yield some congruences for the terms

th

Y(kn) and X(kn), where the modulus are a power of the n*® terms.

Let Y(n), n = 0,1,2,..., be a second order linear recursive sequence
defined by
Y(n)=a¥(n-1)-Y(n —2),

where a is a given integer with |a| > 2 and the initial terms are Y(0) = 0
and Y (1) = 1. Its associated sequence will be denoted by X (n) which is
defined by

X(n)=aX(n—-1)—-X(n—-2)

and by initial terms X (0) = 2, X (1) = a. It is well known that the terms of
these sequences can be expressed as

& v =0 awd Xy =an 4,
a—f
where
7 _ S
a_a+ a 4 and ﬁ:a a 4
2 2

are the roots of the polynomial z% — az + 1.
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The sequences X (n) and Y (n) have important applications to Diophan-
tine equations and Hilbert’s tenth problem since they give all solutions to
the polynomial identity

X?P—(a®—4)y* =14

(see [4]). These sequences are special cases P = a and = 1 of more
general linear recurrent sequences V,, and U, of Lucas which was defined
by the recursion U, = PU,_; — QU,_,. Consequently many identities and
congruence properties are know for our sequences X, Y and also for more
general sequences (see, e.g. (1], [2], [3] and [5]). For example it is well known
that

Y(kn) =0 (mod Y(n))

for any natural numbers & and n. Lucas [3] also showed many properties
of these sequences, e.g. he showed that Y (2n) = X(n)Y (n) and X (2n) =
X(n)? — 2 and so

X(2n) = -2 (mod X(n)?).

The purpose of this paper is to prove some congruences involving Y (kn)
and X (kn), where the modulus is a power of the n'* term. In the proofs
we use formulas of (1) but sometimes we give other methods not using the
Binet formula. Specifically we prove the following congruences:

Theorem 1. Let k& be an even positive integer. Then
k 3
Y(kn) = 5Y(2n) (mod Y (n)”)

for any integer n > 0.
Theorem 2. Let & be an odd positive integer. Then

Y (kn) = kY(n) (mod Y (n)®)

for any integer n > 0.
Theorem 3. Let k£ be an odd positive integer. Then

X(kn) = k(-1)7 X(n) (mod X (n)?)

for any integer n > 0.

Theorem 4. Let k be an even positive integer. Then

X(kn) = 2(-1)*?  (mod X (n)?)
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for any integer n > 0.

We prove some summation identities for the sequences which will be
used for the proofs of the above theorems.

Lemma 1. If £ is an even positive integer, then

Vi) = gY(Qn) = (0" = 4Y(2) ) Y(n (g ~ 2+ 1>>2

1<i<[4]

for any natural number n.

Proof. Since k is even, we can write k = 2t.
Let first ¢ be an odd integer. By (1), using a—f = va? — 4 and o8 = 1,

we have

a2tn _ /BZtn

Yikn) = —0—5—
_ aln — p2n <a2n(t—1) 4otn(t=Dgem Ly 62n(t—1))
a—

= Y(2n) 1+ ZT: <a2n(t—2i+1) + ﬁ2n(t—2i+1))

1

—_— T ) ) 2
=Y(2n) |1+ 2% + Z (an(t—21+1) _ ﬂn(t—21+1)>

=Y(2n) i—:a - 4)Y t—2z+1))

From this the lemma follows in the case ¢ is odd.
Now let t be even, i.e. t = 25 for some j. Then

( o2M=1) | g 2r(t=2) gan __'+ﬂ2n(t—l)>

t/2
— <a2n(t-—2i+1) +ﬂ2n(t—2i+1))
i=1
t/2
—92- 4 Z (an(t—21+1) gt 22+1))
i=1
t)2



6 James P. Jones and Péter Kiss

and so, similarly as above

t/2
Y(kn):Y(Qn)( (a® — 4) ZY t—2t+1))>

follows which implies the lemma.

Lemma 2. If k£ is an even positive integer, then

Y (kn) — gY(2n) (a® — 4)Y Z Y (ni)Y (ni + n)

for any natural number n.

Proof. The identity will be proved by induction on k. The lemma
holds for k£ = 2 since both sides of the identity are 0 in this case. Now let
us suppose that the identity holds for an even positive integer k. We prove
that then it holds also for k£ + 2. To this and by the induction hypothesis,
it is enough to prove that

(Y ((k + 2)n) -"ﬁy(z )) - (Y(kn) - gy(%))

=(a’ — )Y (n)Y (gn) Y (-I;-n + n) ;

Y (kn + 2n) — 2 (kn) — 2 (2n)
= 2(a? - )Y (n)Y (gn) y (gn ; n) .

To prove this we need the equations

or equivalently

(2)

(3) Y (2n) = X(n)Y (n),

4) X(@2n)= (' -4Y(n)' +2=X(n)" -2,
6) ¥ (n + m) = ¥ (0)X (m) + X (n) (m)

and

(6) 2X(n 4+ m) = X(n) X (m) + (a® — 4)Y (n)Y (m).
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These are old identities known to Lucas [3], which can be proved easily using
(1) and the fact that (o — B) = a? — 4.
To verify (2), by (3), (4) and (5) we get

2Y (kn + 2n) — 2Y (kn) — 2Y (2n)
=Y (kn)X(2n) + X (kn)Y (2n) — 2Y (kn) — 2Y (2n)
=Y(2n)(X(kn) —2) + Y(kn) (X(2n) — 2)
= Y (n)X(n) (X (kn) — 2) + Y (kn)(a® — 4)Y (n)®

= Y(n)X(n)(a® = 4)Y <§n>2 +Y <§n> X (gn) (a® — 4) Y(n)®

= (> —4) Y (n)Y (§n> (Y (§n> X(n)+ X (gn) Y(n))
=2(a® - 4)Y(n)Y (gn> Y (gn + n) :

So (2) holds and the lemma is proved.

Lemma 3. If k£ is an even positive integer, then

(1) Y(n) ZY(M)Y(M +n)=Y(2n) ) Y(” (g' St 1))2

1<i<[§]

and

® 3 VVinito) - X(o V(n(z - 1>>

1=0 1313[%]

for any natural number n.
Proof. (7) follows from Lemma 1 and 2 and (8) follows from (7) using
(3)-

Lemma 4. If k£ is an odd positive integer, then

Y (kn) = kY (n) = (a® — 4)Y (n) Y ¥ (ni)’

1=0

for any natural number n.
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Proof. The proof could be carried out by using the Binet formula (1),
but we follow another way similar to the proof of Lemma 2.

The lemma holds for £ = 1, because then both sides are 0. Assume that
the identity holds for an odd k. We have to show that then it holds also for
k + 2. By the induction hypothesis we have to prove that

(Y ((k + 2)n) = (k + 2)Y (n)) = (Y (kn) — kY (n))

= (a® — )Y (n)Y (”(L;-}l) 2

or equivalently

2Y (kn 4+ 2n) — 2Y (kn) — 4Y (n)

9) = 2(a® — )Y (n)Y (M) 2.

By (3), (4), (5) and (6) we have

2Y (kn + 2n) — 2Y (kn) — 4Y (n)
=Y(kn)X(2n) + X (kn)Y (2n) - 2Y (kn) — 4Y (n)
= X(kn)Y (n)X(n) + (X (2n) —2)Y(kn) — 4Y(n)
=Y(n)X (kn)X (n) + (¢ — 4)Y (n)*Y (kn) — 4Y (n)
=Y (»)(X (kn)X (n) + (a® — 4)Y (kn)Y (n)) — 4Y (n)
=2Y(n)X(kn +n) —4Y(n) =2Y(n)(X(kn +n) — 2)

= 2Y (n)(d? — 4)}/(’“”; ”)2 - 2(a* — )Y (n)Y (2“%_9)2

Thus (9) holds which proves the lemma.
Now we can prove the theorems.

Proof of Theorem 1. The theorem follows from Lemma 1 or Lemma
2 since Y (tn) is divisible by Y (n) for any positive integers ¢ and n.

Proof of Theorem 2. Similarly as above, the theorem follows from
Lemma 4 since Y (n) | Y (ni).

Proof of Theorem 3. Let £k = 2¢ + 1 (¢ > 0). We prove the theorem
by induction on ¢. For ¢ = 0 and ¢ = 1 the theorem can be seen directly.
Suppose that ¢ > 1 and that the theorem is true for numbers less than g¢.
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Then using af = 1 we have
X(kn) = X (n(2¢ + 1)) = a™29tl) 4 gn(29+1)
_ (an(Zq—l) +ﬁn(2q—1)) (a2n + ﬁZn) _ (an(Zq—a) +ﬁn(2q—3)>
= (-1)"7 (2 - 1)(a" + A7) + 5")
= (-1)"*(2¢ - 3)(a™ + ") (mod (a” + B")).
But 02" + 32" = (a" + ")’ —2= -2 (mod X(n)?) and so

X (kn) = (o + 87) (-2(-1)"" (2g = 1) = (=1)"*(2¢ - 3))

= (o™ + 4")(-1)" (220 — 1) - (2¢ - 3))
= (-1)7(2¢ + 1)(@" + ") (mod (a™ + 8™)?).
From this the theorem follows since & = 2¢q + 1.

Proof of Theorem 4. Let k = 2¢ (q > 0). We prove Theorem 4 also
by induction on ¢. By (4) the theorem can be easily verified for ¢ = 1 and
g = 2. Assume that ¢ > 2 and that the theorem holds for ¢ — 1 and ¢ — 2.
Then by the hiphothesis, using (1) and (4), we have

X(kn) = X(2nq) = a?ne 4 pine
— (azn(q—l) _+_ﬂ2n(q-—1)) (0271 +ﬁ2n) _ (a2n(q—2) + ﬂ?.n(q—?.))
= —4(-1)"" —2(-1)""* = 2(-1)? (mod X(n)?)

which proves the theorem.
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