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A b s t r a c t . Let G be a linear recursive sequence of order k satisfying the recursion 
G„ = A 1 G n _ H MfcG„_jfc. In the case k=2 it is known that there are. only finitely many 
perfect powers in such a sequence. 

Ribenboim and McDaniel proved for sequences with /c=2, G 0 = 0 and G^—l that in 
general for a term Gn there are only finitely many terms Gm such that GnGm is a perfect 
square. P. Kiss proved that for any n there exists a number q0, depending on G and n, 
such that the equation GnGx=wq in positive integers x,w,q has no solution with x>n 
and q>qo• We show that for any n there are only finitely many x\,x2,--.,Xk ,x,w,q positive 
integers such that Gn GXl •••GXf, Gx =wq and some conditions hold. 

Let R = R(A, B, Rq, Ri) be a second order linear recursive sequence 
defined by 

Rn = ARn-i + BRn-2 (n > 1), 

where A, B, Rq and Ri are fixed rational integers. In the sequel we assume 
that the sequence is not a degenerate one, i.e. a j ß is not a root of unity, 
where a and ß denote the roots of the polynomial x2 — Ax — B. 

The special cases R( 1,1, 0,1) and R(2,1, 0,1) of the sequence R is called 
Fibonacci and Pell sequence, respectively. 

Many results are known about relationship of the sequences R and per-
fect powers. For the Fibonacci sequence Cohn [2] and Wylie [23] showed 
that a Fibonacci number Fn is a square only when n = 0,1, 2 or 12. Pethő 
[12], furthermore London and Finkelstein [9,10] proved that Fn is full cube 
only if n = 0,1, 2 or 6. From a result of Ljunggren [8] it follows that a Pell 
number is a square only if n — 0,1 or 7 and Pethő [12] showed that these 
are the only perfect powers in the Pell sequence. Similar, but more gene-
ral results was showed by McDaniel and Ribenboim [11], Robbins [19,20] 
Cohn [3,4,5] and Pethő [15]. Shorey and Stewart [21] showed, that any non 
degenerate binary recurrence sequence contains only finitely many perfect 
powers which can be efHctively determined. This results follows also from a 
result of Pethő [14]. 
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Another type of problems was studied by Ribenboim and McDaniel, For 
a sequence R we say that the terms Rm, Rn are in the same square-class if 
there exist non zero integers x, y such that 

Rm% — RnV 1 
or equivalently 

RmRji — t 5 

where t is a positive rational integer. 
A square-class is called trivial if it contains only one element. Riben-

boim [16] proved that in the Fibonacci sequence the square-class of a Fibo-
nacci number Fm is trivial, if m ^ 1,2, 3, 6 or 12 and for the Lucas sequence 
L( 1 ,1,2,1) the square-class of a Lucas number Lm is trivial if m / 0 ,1 ,3 
or 6. For more general sequences R(A, B, 0,1), with (A, B) = 1, Ribenboim 
and McDaniel [17] obtained that each square class is finite and its elements 
can be effectively computed (see also Ribenboim [18]). 

Further on we shall study more general recursive sequences. 
Let G = G(Ai,..., A/-, G0, • • •, G/e-i) be a kth order linear recursive 

sequence of rational integers defined by 

Gn = A\Gn—i + A2Gn-2 + • • • + AkGn-k (n > k - 1), 

where and Go, • • •, Gk-\ are not all zero integers. Denote by 
a = cti, a2,..., as the distinct zeros of the polynomial xk — A\Xk~l — 
A2xk~2 — • • • — Afc. Assume that a , a2,..., a s has multiplicity l,m2,..., ms 

respectively and |a | > |ct̂ ] for i = 2 , . . . , s. In this case, as it is known, the 
terms of the sequence can be written in the form 

(1) Gn = aan + r2(n)a% + • • • + r s ( n ) < > 0) , 

where T{(i = 2, . . . , ő ) are polynomials of degree m; — 1 and the coeffici-
ents of the polynomials and a are elements of the algebraic number field 
Q(a , c*2,... , as). Shorey and Stewart [21] prowed that the sequence G does 
not contain qth powers if q is large enough. This result follows also from [7] 
and [22], where more general theorems where showed. 

Kiss [6] generalized the square-class notion of Ribenboim and McDaniel. 
For a sequence G we say that the terms Gm and G^n. are in the same qth-
power class if GmGn ~ wq, where w,q rational integers and q > 2. 

In the above mentioned paper Kiss proved that for any term Gn of the 
sequence G there is no terms Gm such that m > n and G n , Gm are elements 
of the same g th-power class if q sufficiently large. 



Pure powers in recurrence sequences 3 7 

The purpose of this paper to generalize this result. We show that the 
under certain conditions the number of the solutions of equation 

GnG XxG x2 • • • GXkGx = wq 

where n is fixed, are finite. 
We use a well known result of Baker [1]. 

Lemma. Let 71,..., jv be non-zero algebraic numbers. Let Mi,.. ., Mv 

be upper bounds for the heights of 7 1 , . . . , 7 v , respectively. We assume that 
Mv is at least 4. Further let b\,... ,6^-1 be rational integers with absolute 
values at most B and let bv be a non-zero rational integer with absolute 
value at most B'. We assume that B' is at least three. Let L defined by 

L = bi log 7! + b M o g 7 „ , 

where the logarithms are assumed to have their principal values. If L 0, 
then 

|Z| > exp(—C(log B' log Mv + B/B')), 

where C is an effectively computable positive number depending on only 
the numbers M i , . . . , M v _ i , 71 , . . . ,~/ v and v (see Theorem 1 of [1] with 

= 1 IB'). 

Theorem. Let G be a kih order linear recursive sequence satisfying 
the above conditions. Assume that a / 0 and G{ / aal for i > tlq. Then 
for any positive integer n, k and K there exists a number qo, depending on 
n, G, K and k, such that the equation 

(2) GnGXlGX2 • • •GXkGx = wq (n < xi < • • • < xk < x) 

in positive integer X\, x2,..., xk, x, w, q has no solution with xk < Iin and 
Q > Qo-

Proof of the theorem. We can assume, without loss of generality, 
that the terms of the sequence G are positive. We can also suppose that 
n > no and n sufficiently large since otherwise our result follows from [20] 
and [7]. 

Let x i , x 2 , . . . , x k , x , w , q positive integers satisfying (2) with the above 
conditions. Let e m be defined by 

:= i r 2 ( m ) f ^ - ) m + i r 3 ( m ) f ^ ) m + - . . + i r s ( m ) f ^ ) m (m > 0). 
a \ a J a \ a / a \ a / 
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By (1) we have 
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(1 + en) (1 + ex) n (1 + ^ ) ak+2an+x+x>+-+x" = w* 
i=i 

from which 

(3) 

qlog w = (k + 2)log a + ^n + x + ^ log a + log (1 + £n) 

k 
+ log(l + £x) + ^bg(l + ex.) 

i=1 

follows. It is obvious that x < n-\-x-(- ^ X{ < (k + 2)x. Using that log |1 -f£7 
i=i 

is bounded and lim - r i ( m ) ( S L i - ) m = 0 (i = 2 , . . . , 5), we have 
m -—i rv^ ^ \ Ot / 

(4) 
X X 

CL — < log w < c2 -
q q 

where C\ and c2 are constants. 
Let L be defined by 

L := log 
G nGX l G x 2 • • • GXk aa3 = |log(l + £X)\. 

By the definition of £x and the properties of logarithm function there exists 
a constant C3 that 

(5) L < e -c3x 

On the other hand, by the Lemma with v = k + 4, Mk+4 = w,B' = q and 
B — x we obtain the estimation 

(6) L= q log to —log log GXi - l o g a-x log a ^ > e - C ( l o g q l o g u j + x / q ) 

where C depends on heights. By x^ < Kn heights depend on G n , . . . , Gj<n> 
i.e. on n, Ii,k and on the parameters of the recurrence. By (4), (5) and (6) 
we have c^x < C(log <7 log w + x/q) < C4 log q log w, i.e. 

(7) x < C5 log q log w 
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with some C3, 04,05. Using (4) and (7) we get ceqlogw < x < c5 log glog w, 
i.e. q < C7logg, where Cq and C7 are constants. But this inequality does not 
hold if q > g0 = qo{G, n, K, A;), which proves the theorem. 

References 

[1] A . BAKER, A sharpening of the bounds for linear forms in logarithms 
II, Acta Arithm. 24 (1973), 33-36. 

[2] J . H. E . COHN, On square Fibonacci numbers, J. London Math. Soc. 
39 (1964), 537-540. 

[3] J . H. E. COHN, Squares in some recurrent sequences, Pacific J. Math. 
41 (1972), 631-646. 

[4] J . H. E. COHN, Eight Diophantine equations, Proc. London Math. 
Soc. 16 (1966), 153-166. 

[5] J . H. E . COHN, Five Diophatine equations, Math. Scand. 21 (1967), 
61-70. 

[6] P . KLSS, Pure powers and power classes in recurrence sequences, (to 
appear). 

[7] P . KLSS, Differences of the terms of linear recurrences, Studia Sei. 
Math. Hungar. 20 (1985), 285-293. 

[8] W . LJUNGGREN, Zur Theorie der Gleichung x2 + 1 = Dy4, Avh. 
Norske Vid Akad. Oslo 5 (1942). 

[9] J . LONDON and R . FINKELSTEIN, On Fibonacci and Lucas numbers 
which are perfect powers, Fibonacci Quart. 7 (1969) 476-481, 487, er-
rata ibid 8 (1970) 248. 

[10] J . LONDON and R . FINKELSTEIN, On Mordell ' s equa t ion y2-k = z3, 
Bowling Green University Press (1973). 

[11] W . L . MCDANIEL and P . RLBENBOIM, Squares a n d double-squares 
in Lucas sequences, C. R. Math. Acad. Sei. Soc. R. Canada 14 (1992), 
104-108. 

[12] A . PETHŐ, Full cubes in the Fibonacci sequence, Publ. Math. Debre-
cen 30 (1983), 117-127. 



40 Kálmán Liptai and Tibor Tómács 

[13] A. PETHO, The Pell sequence contains only trivial perfect powers, 
Coll. Math. Soc. J. Bolyai, 60 sets, Graphs and Numbers, Budapest, 
(1991), 561-568. 

[14] A. PETHO, Perfect powers in second order linear recurrences, J. Num-
ber Theory 15 (1982), 5-13. 

[15] A. PETHO, Perfect powers in second order recurrences, Topics in Clas-
sical Number Theory, Akadémiai Kiadó, Budapest, (1981), 1217-1227. 

[16] P . RLBENBOIM, Square classes of Fibonacci and Lucas numbers, Por-
tugáliáé Math. 46 (1989), 159-175. 

[17] P . RlBENBOIM and W . L. MCDANIEL, Square classes of Fibonacci 
and Lucas sequences, Portugáliáé Math., 48 (1991), 469-473. 

[18] P . RlBENBOIM, Square classes of (an — l ) / (a — 1) and a n + l , Sichuan 
Daxue Xunebar 26 (1989), 196-199. 

[19] N. ROBBINS, On Fibonacci numbers of the form px2, where p is prime, 
Fibonacci Quart. 21 (1983), 266-271. 

[20] N. ROBBINS, On Pell numbers of the form PX2, where P is prime, 
Fibonacci Quart. 22 (1984), 340-348. 

[21] T . N . SHOREY and C . L . STEWART, On the Diophan t ine equa t ion 
ax2t + bxty + cy2 = d and pure powers in recurrence sequences, Math. 
Scand. 52 (1983), 24-36. 

[22] T . N . SHOREY and C . L. STEWART, Pure powers in recurrence 
sequences and some related Diophatine equations, J. Number Theory 
27 (1987), 324-352. 

[23] O. WYLIE, In the Fibonacci series Fx = 1 , F2 = l,Fn+i = Fn + Pn-i 
the first, second and twelvth terms are squares, Amer. Math. Monthly 
71 (1964), 220-222. 

KÁLMÁN LIPTAI and T I B O R TÓMÁCS 
ESZTERHÁZY KÁROLY T E A C H E R S ' TRAINING COLLEGE 
DEPARTMENT OF MATHEMATICS 
LEÁNYKA U. 4 . 
3 3 0 1 E G E R , P F . 4 3 . 
HUNGARY 
E-mail: liptaik@gemini.ektf.hu 

tomacs@gemini.ektf.hu 


	PHONG, B. M., A characterization of the identity function����������������������������������������������������������������
	KALLOS, G., The generalization of Pascal's triangle from algebraic point of view���������������������������������������������������������������������������������������
	GRYTCZUK, A., On, some connections between Legendre symbols and continued fractions������������������������������������������������������������������������������������������
	GRYTCZUK, A., Remark on Ankeny, Artin and Chowla conjecture .��������������������������������������������������������������������
	JONES, J. P. and Kiss, P., Some congruences concerning second order linear recurrences���������������������������������������������������������������������������������������������
	LIPTAI, K. and TÓMÁCS, T., Pure powers in recurrence sequences���������������������������������������������������������������������
	ZAY, B., A generalization of an approximation problem concerning linear recurrences������������������������������������������������������������������������������������������
	SZALAY, L., A note on the products of the terms of linear recurrences����������������������������������������������������������������������������
	MÁTYÁS, F., The asymptotic behavior of the real roots of Fibonacci-like polynomials������������������������������������������������������������������������������������������
	FEHÉR Z.: Két kombinatorikai identitás általánosítása������������������������������������������������������������
	RÓKA S.: Független metszőrendszerek II���������������������������������������������
	KlRALY, B., Residual Lie nilpotence of the augmentation ideal��������������������������������������������������������������������
	SZAKÁCS, A., Unitary subgroup of the Sylow 2-subgroup of the group of normalized units in an infinite commutative group ring�����������������������������������������������������������������������������������������������������������������������������������
	HOFFMANN, M. and VÁRADY, L., Free-form curve design by neural networks�����������������������������������������������������������������������������
	GÁT, G., On the Fejér kernel functions with respect to the Walsh-Paley system������������������������������������������������������������������������������������
	CERETKOVÁ, S., FULIER, J. and TÓTH J. T., On the certain subsets of the space of metrics
	GRYTCZUK, K., General solution of the differential equation ...����������������������������������������������������������������������
	DR. OROSZ GY.-NÉ: A tanulók viszonya a matematika tantárgy tanulásához�����������������������������������������������������������������������������
	SZÍLAK A.-NÉ: Vírusok a tanulók matematikai gondolkodásában������������������������������������������������������������������
	Oldalszámok������������������
	_1���������
	_2���������
	1��������
	2��������
	3��������
	4��������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������
	20���������
	21���������
	22���������
	23���������
	24���������
	25���������
	26���������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������
	35���������
	36���������
	37���������
	38���������
	39���������
	40���������
	41���������
	42���������
	43���������
	44���������
	45���������
	46���������
	47���������
	48���������
	49���������
	50���������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������
	60���������
	61���������
	62���������
	63���������
	64���������
	65���������
	66���������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������
	82���������
	83���������
	84���������
	85���������
	86���������
	87���������
	88���������
	89���������
	90���������
	91���������
	92���������
	93���������
	94���������
	95���������
	96���������
	97���������
	98���������
	99���������
	100����������
	101����������
	102����������
	103����������
	104����������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������
	122����������
	123����������
	124����������
	125����������
	126����������
	127����������
	128����������
	129����������
	130����������
	131����������
	132����������
	133����������
	134����������
	135����������
	136����������
	137����������
	138����������
	139����������
	140����������


