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An application of the continued fractions for vD
in solving some types of Pell’s equations

BELA ZAY

Abstract. In this paper we study the positive solutions of the Diophantine equa-
tion z?—Dy*=N, where D and |N| are natural numbers, [N|<v/D and D is not the square
of a natural number. Let VD=(ay,a1,..78,) be the representation of VD as a simple con-
tinued fraction expansion. We prove that if the n-th convergent to VD is }—;ﬁ-z(ao,...,an),
then

I{(n+2)a+r:2}13—lH(n+X)s+r+(_‘1)s+1Hns+r
and
H(ﬂ+2)s+r=2115—1,((n+1)s+r+(_1),+1Kns+r-

In cases of D=(2k+1)?>~4 (for any k>2), D=(2k)*—4 (for any k>3), D=k*—1 (for any
k>2) and D=k?+1 (for any k>1) we give all positive solutions of z?—~Dy*=N (INI<\/5)
with the help of Binet formulae of the sequences (H,,4,) and (Kn,+,) (for any r=1,2,...,s).

Introduction

In this paper we consider the equation
(1) 2 -~ Dy* =N

and its solutions in natural numbers, provided D and /N are rational integers,
D > 0, furthermore D is not the square of a natural number. Many authors
studied these Diophantine equations. Among others D. E. FErRGUSON [1]
solved the equations 22 —5y% = +4, V. E. HOGATT, JR. and M. BICKNELL-
JoHNsSON [2] solved the equations

(2) z? — (A* +4)y" = +4
where A is a fixed natural number. K. LiPTAl [4] proved that if there is a

solution to (1) then all solutions can be given with the help of finitely many,
well determined second order linear recurrences.

Research supported by Foundation for Hungarian Higher Education and Research and
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4 Béla Zay

Auxiliary results

The purpose of this paper is to give such second order linear recurrences
in case of |N| < v/D and in some special cases.
We shall use a lemma of P. Kiss [3] and some theorems from {5] and

[6].

Let v be a real quadratic irrational number and let

(3) Y= ((lo,(ll,(lg,...) = (ao,al,...,at-l,at,...,aHs_l)

be the representation of v as a simple periodic continued fraction, where s
is the minimal period length of (3). P. Kiss proved:

If the n-th convergent to 7 is }ﬂ(n = (ag,@a1,...,a,) and the n-th con-
vergent to vo = (@7, ..., Grgs—1) I8 %,': = (a¢, @141, - - -, Geqn ), then (as it was

proved by P. Kiss [3])

(4) H(n+2)s+r = (hs-1 + ks—Z)}{(n+1)s+r + (—'1)5+1Hns+rv
and

(5) I{’(n+2)s+r = (h's—l + ks—Z)I\"(n+l)s+r + (‘1)s+1 I"’ns+r7
where n > 0,7 =0,1,...,s — 1 and we assume, that k_; = 0.

In the special case of ¥ = v/D we prove the following lemma.

Lernma 1. Let D be a positive integer which is not a square of a
natural number and let

(6) VD = (ap, @, 5)

be the representation of v/ D as a simple continued fraction expansion, where
s is the period length of (6). If the n-th convergent to /D is

Hy,
_I;'— = (ao,ala"'aan)
then
(7) If(n+2)s+r = 2I{s—-1 H(n+1)s+r + (_1)s+1 Hns+r
and
(8) Al’(n~+—2)s-+—r = 2Hs—ll((n+1)s+r + (_1)s+1]1ns+r

for every integer n > 0 and r (0 < r < s—1).
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The first 2s terms of sequences (/) and (X’,) can be got from the
following well known relations

(9) Hm:amHm-1+Hm——21 H—I:I, H0:a07
and
(10) Kp=anKpn 1+ Knoy, K_1=0, Ky =1,

for any m > 0.
The following algorithm for representing the number v/D as a simple

continued fraction is well known (see in [6], p. 319): We set ap = [\/—lﬂ,

4

b1 = ag, ¢1 = D — a} and we find the numbers a,_1, b, and c, successively
using the formulae

D - b?

n

[ao + bn—l
p_y = | ———

} 5 by = Qp-1Cpn—-1 — bn—-h Cpn =
Cn-1

Cn—1

Now consider the sequence

(bzacZ)a (b3,C3), (b4>C4)7---

and find the smallest index s for which b,4; = by and c¢s4; = ¢;. Then the
representation of v/D as a simple continued fraction is

\/5: (ao,al,az,...,as).

We shall use two other results from [5] (pp 158-159).

Lemma 2. If D is a positiv integer, not a perfect square, then H2 —
DK? = (—1)""'cpy4 for all integer n > —1.

Lemma 3. Let D be a positive integer not a perfect square, and let
the convergents to the continued fraction expansion of VD be H,/K,. Let
N be an integer for which |[N| < D. Then any positive solution ¢ = u,y =t
of ¥ — Dy? = N with (u,t) = 1 satisfies u = H,,t = K, for some positive
integer n.

Recalling that ¢, = ¢,45 in the Lemma 2., we can formulate Lemma 4.
which is a consequence of the first three lemmas.

Lemma 4. Let D be a positive integer not a perfect square, and let

VD = (ap,a1,---,a5)
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be the representation of /D as a simple continued fraction. Suppose that
N is a non-zero integer with |[N| < v/D, and let

(11 H,=1, Hy=a9, Hn=anHp 1+ Hp_2, 1<m<2s,
(12) K 1=0, Kg=1, Kpn=anKpn_1 + K2, 1 <m<2s,
(
(

~—

13) ]I(n+2)s+r = 2HS-—1H(71,+1)5+T + (_1)s+1Hns+'ra 1<r< s n >0,
14) K(ny2)sir = 2Hs 1 K(ng1)ys4r + (-1 "' Kgpr, 1< <8, 020,

B
a.

(15)  Cpspre1 = (1) TTTHHE - DK2), 1<r<s.

If1 <r<s,c41 #0 and 4/ g—?—lc)’;—:”! is a natural number then let d, =

‘/(_—_16)_;:1qu. Denote by M the set of positive solutions (z,y) of 22 — Dy* =
N. Then

(16) M= {(1‘7 y): T = d'ans+ra y= d'r‘](ns-f-m n>0,1<r< 5}-

This also means that: If there exists no natural numbers d, (1 < 7 < s)

which satisfy the above conditions then there isn’t integer solution z =
u, y=1tof 22 — Dy = N (|N]| < D), that is M is the empty set.
Theorems

Applying Lemma 4. for some special equations we obtain the following
results.

Theorem 1. Let k (k > 2) be a natural number with D = (2k+1)* —4.
Let o and 3 denote the zeros of fi(z) = z? — (2k + 1)z + 1 and let o > j.
Denote by M the set of positive (z,y) solutions of 2 — Dy* = N.

a) IfFN =41 and 1 {1 <[ < /%) is a natural number, then
2

M= {(‘“’y): z =™ +0"), y:l%’ mzl}'

(b) EN = (2 1) and 1 <1< 5+ 1/ then

I

(l _ _;_) (03m+3 + 63m+3) ,

3m+43 _ 43m+43
e

M:{(z,y):z

Y
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(c) If N =1 — 2k then
— 1Na3mt+l! - 3m+1

2 3
)= (Ol . 1)a8m+1 - (ﬁ _ 1)ﬁ3m+l’ . 2 1} .

2(a - f)

(dy If1 < |N| <2k, N #1—2k and N isn’t a square of a natural number
then M = () (empty set).

Theorem 2. Let k (k > 3) be a natural number and D = (2k)% — 4

Let a and 8 denote the zeros of f,(z) = 2% — 2kz + 1 with a > 3. Denote
by M the set of positive (z,y) solutions of z? — Dy? = N.

() If N =4 and | (1 << /52

>—) Is a natural number then

M= {(x,y); z=l(a™ +5™), y=li—:§_m’ ™2 1}'

(b) If N = (20 —1)* and [ is a natural number (1 <1< } + vk? — 1) then
1 2m 2m
M=<(z,y): z= 1—5 (™ + 5%,
1 a2m_52m
N R
1= (1-3) = ey

(c) If1 < |N| < 2k and N isn’t a square of a natural number then M = 0.

Theorem 3. Let k (k > 2) be a natural number and D = k* — 1. Let
« and (3 denote the zeros of f3(z) = z? — 2kz + 1 where o > 3. Denote by
M the set of positive solutions of 22 — Dy* = N.

(a) If N =1? and 1 <[ < vk —1 then

' 3 I n N _ l(a"“ —,Bn+1)
M= {(w,y)w—g(a gty = e B mzl}.

(b) If 1 < |N| < 2k —1 and N isn’t a square of a natural number then
M =0. '
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Theorem 4. Let k (k > 1) be a natural number and D = k? + 1. Let
a and f denote the zeros of fy(z) = z? — 2kz — 1 with a > 3. Denote by

M the set of positive solutions of 2 — Dy* = N.
(a) If N = 1% and 1 < [ < vk then

2n+1 _ A2n+1
M{(a:,y):a::é(aznﬂﬁ-ﬂz”“),y:l(a a__,g ),m21}.

(b) If N = —1? and 1 < | < Vk then

2 a-—f3

(c) If 1 <|N| < k and |N| isn’t a square of a natural number then M = 0.

2m _ A2m
o {u,y):z: Lam s gim), g = L0 mzl}'

Proofs
To prove Lemma 1. we need the following two lemmas.

Lemma 5. Let foy,(z1,22,...,2,) and gny2(21,22,...,2,) be the
polinomials which are defined by recurring relations

fn+2($17---7$n) = xn.fn+1(z1)-'-azn-1)+fn(zla---7l'n—2)a n>1
and

Gnt2(Z1s- .y Tn) = T1gns1 (T2, Zn) + gn(Z3, ..., Zn), n 21
respectively, where f; = g1 = 0 and f, = g, = 1. Then
fn+2(x1>" 'ax’n) = gn+2(xla H "xn)) n 2 -1

also holds.
Proof. We can easily verify that

fi =91, fa =92, fa(z1) = 21 = g3(21)
falzy,22) = 22 fa(1) + fo = ga(z2)z1 + g2 = ga(zy, 72).
Assume that n > 3 and

fn+z—z'($1 seeny 33n—1) = 9n+2-z‘(171 y .- -:xn—l)

holds for + = 1, 2, 3, 4.
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Using the definitions and the last assumptions we can finish the proof
by induction for n:

frr2(@r, . 20) = 2o fagi(zr, o Ta1) + frlr, 0 20 2)
=Zpgnt1(T1,. 3 Tno1) + gn(Z1,. .., Tn2)
=ZnZ19n(T2,. .y Tn1) + Tngn-1(T3,. .., Tp_1)
+21gn-1(Z2,.. ., Tn_2) + gn-2(T3,...,Tn_2)

=z (zpfrl(z2, . Tno1) + faci(z2, .., 2ns2))
+(znfno1(zs, s Tno1) + faoz(z3, .o, Zro2))
:xlfn+1(zZa . ~axn—1a‘rn) + fn(zlh . "azn—laxn)

FT19n41(T2, ., T0) + gnlZs, ..o, T0) = gny2(z1, ..., 20).
Lemma 6. If z; = z,45_; holds for every i (1 < i < n+ 1) then
fn+2($1, S ,fEn) = fn+z($2, . -,$n+1)
is also valid for every integer n (n > —1).
Proof. This is evident for —1 < n < 2, because
fH=0,fa=1, fs(z1) = 21 = 2 = f3(22)
and
fa(z1,22) = 2201 + 1 = 2325 + 1 = fa(z,,23) (since z; = z3).
Let n > 2. Assume that if y; = y,_; holds for every ¢« (1 < ¢ < n — 1) then
fn(yla- . ayn—-2) = fn(yZ,- . 'ayn——l)
is also valid. Let y; = 7,4, for every 7 (1 < i< n—1).
Then
Yi = Tigl = Tp42-(i4+1) = Tn—itl = Yn—i
and so
fn(a:Zv ce 7'7:71‘1) = fﬂ(xiia o '7xn)~

Using this equation, Lemma 5. and the relation z; = z,4; we obtain,
that

fn+2(zl" . 'amn)
=Gnt+2(z1,...,%n) = T1gn1 (T2, .-+, Tn) + gn(23, .., 20)
:$n+1fn+l($21- . wxn) + fn($37-- -:l'n)

:xn+1fn+1(m2’- . -azn) + fn(z27~ . "rn—l)

:fN+2(x2a' "’In+1)
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which completes the proof of the lemma.

Proof of Lemma 1. It is well known [see in [6] p. 317] that in
the representation of VD as a simple conntinued fraction, the sequence

ai, @y, ...,a,—11s symmetric, that is a; = a,_;, for every 2 (1 < ¢ < s-1)
and

(17) as = 2agp.

If %: is the n** convergent of (a1,as,...) = (@1, @z, ..., ds) then

hoy =1, hy=a1, hp=appr1hng+hn2, n>1
and
k1=0, ko=1, kp=apnp1bkp_1+ kn—2, n>1

Using this last definition and (10) by Lemma 6. we obtain, that
ks—Z - fs(a2) s ,(15_1) = fs(al P .,as_g) = A,s——2~

It is known (and it is easy to see by induction for n) that

(19) Kn=hoq, n>0
and
(20) H, = agh,1 + "Cn—la n > 0.

By (19), (12), (17), (18) and (20)

hs—l + ks—2 = I{s + kz:—-Z = asA's—l + Afs—Z + ks-—?
:20“011’5__1 + 2ks_2 = 2(a0hs..2 + ks—Z) = 2H5

Using this equation we obtain (7) and (8) from (4) and (5) respectively.
Thus the theorem is proved.

To proofs of the Theorem 1., Theorem 2., Theorem 3. and Theorem 4.
we use the Lemma 4. and the representation of v/D as a simple continued
fraction:

Lemma 7. Let k be a rational integer. Then

Il

(2k +1)? — 4
(2 )2 4
~1

(2k,1,k-1,2,k — 1,1,4k) for k > 2.
(2k —1,T,k—2,1,4k —2) for k >3,
(k-1,1,2k—2) fork>?2,

= (k,2k) fork> 1.

=

]T
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Proof. f z = (1,k~ 1,2,k — 1,1,4k) then z > 1,

1
r=1+4

k—1+

2+
k—1+4

and so

1\? 1
(—) +4k= — (4k—3) =0
T T

from which (using X > 0) we can see that
1
(2k +1)2 —4 =2k + —
T

It is known that VD = /(2k + 1) —4 = (ap,a;,...,a; ) where ag =
[\/—D—} = 2k, and

1
VD =ay+ —, where z= (a5, .-,a;)
T

Every Irrational number can be expessed in exactly one way as an
infinite simple continued fraction. Thus the first part of the lemma is proved.
The proof of other three parts is carried out analogously. We can see these
formulae in [6] p. 321., too.

Proof of Theorem 1. We have only to apply the Lemma 4. and
Lemma 7. By (22)

VD = /(2k +1)> —4=(2k, 1,k = 1,2,k - 1,1,4k), k>2

and so the representation of v/ D as a simple continued fraction has a period
consisting of s = 6 terms. This terms are

ag =2k, a1 =1, aa=k-1,0a3=2, ap, =k -1, as =1, ag = 4k.
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By the formulas (9), (10), (13) and (14) we can verify that

a3n+1 _ ﬂSn-}-l

H6ﬂ+1 - a3n+1 + /Bsn+1a ](6'!1-#1 = o — ,6 )
a—1 03n+1 -+ -1 3n+41
PRBCED CieE LR il
koL, (am o = (51
'Y =
e 2(a - B) !
H6n+3 = a3"+2 + ﬁ3"+3’ I(Sn+3 — M
a-—0 ’
po . (a2 4 (5 2)p
n+ 9 )
- a -~ 2)a®"t? - (8 - 2)33ntE
Kentq = ( ,
2(a - B)
for n > 0 and
B a3n+3 + ,63"+3 . B a3n+3 _ ﬂ3n+3
Hepnys = — 5 Kents = — 5
Honro = (2a — 1)+ 4 (28 — 1)p3n+3
n+ 2 N
- (2a — 1)an+3 — (26 — 1)p3n+3
Kente = ,
2(a - B)
for n > —1. From these equations we obtain, that
1, forr =5
2 -2 4 forr=1or3 L
Honer = DRenir = 4 - 2k, forr =2 == e

3— 4k, forr =46

for any n > 0. From (25) and (16) we can easily verify that the statements
of Theorem 1. are valid.

The proofs of the Theorem 2., Theorem 3. and Theorem 4. are carried
out analogously to the proof of the preceding theorem. For brevity we write
only few formulas (without details) in this proofs.

Proof of Theorem 2.

VD = \/(2k)* —4=(2k-1,1,k - 2,1,k —2), for k>3
a2n+1 _ﬁ2n+l

_ 2n+1 2n+1 - _
= ot 4 g Ky = ———,
a-f

Hynpa
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(a _ 2)a2n+1 + (ﬁ _ 2)ﬁ2n+1

H4n+2 = 2 )
I% (Q—2)Cl2n+1 . (ﬁ_z)ﬁ2n+1
iy =
C1271+2 + ﬁ2n+2 02n+2 _ ﬁ2n+2
Hippg = ———— | Kyyg=—n—"
4n+3 9 L4n43 2(a — [3)
for n > 0 and

(2a = 1)a?™t? 4 (26 — 1)p?n+?
Hinyq = 5 s
. (2a . 1)a2n+2 _ (2[3 _ 1)ﬂ2n+2
1\4n+4 = >
2(a - )
for n > —1 and

1 for r =3
Hfl - DK,zl = {4, forr =1 } = (—1)7'_1cr+1, n > 0.
5—4k, forr=2or 4

Proof of Theorem 3.

VD =k —=1=(k-1,1,2k—2), fork>2

an+1 +ﬂn+1 i an+1 _ /Bn+1
Hopngr = — Kont1 = Tasg
(a _ 1)an+2 + (ﬂ _ 1)ﬂn+2
Hynys = 2 ,
N (O‘—- l)an+2 _(,8__1)/371-1-2
[\2n+2 = o — ﬂ 9

for n > -1 and

. 1, forr=1 _
Hongr — 1)A§n+r = {2/__ % forr =0 } = (__1)1' lcr-{-ls n 2> 0.

Proof of Theorem 4.

VD = k? +1 = (k,2k), for k> 1

o O1n-‘i—1 +ﬁn+1 K- an+1 _Ign+l
n = 9 ) n o — ﬁ

13
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H: - DK: = (=)™ = (=1)"'c.y1, (that is ¢,y = 1 for any n).
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Bounds for the zeros of Fibonacci-like polynomials

FERENC MATYAS

Abstract. The Fibonacci-like polynomials G,(z) are defined by the recursive
formula G.(z)=2G,_1(z)+Gn_2(x) for n>2, where Go(z) and G,(z) are given seed-
polynomials. The notation G,(z)=G,(Go(z),G1{z),z) is also used. In this paper we de-
termine the location of the zeros of polynomials G, (a,z+b,z) and give some bounds for
the absolute values of complex roots of these polynomials if a,b€R and a#0. Our result

generalizes the result of P. E. Ricct who investigated this problem in the case a=b=1.

Introduction

Let Gy(z) and Gy(z) be polynomials with real coefficients. For any
n € N\ {0,1} the polynomial G, (z) is defined by the recurrence relation

1) Gn(z) = 2Gn-1(2) + Gnz(2)

and these polynomials are called Fibonacci-like polynomials. If it is nec-
essary then the initial or seed polynomials Go(z) and G(z) can also be
detected and in this case we use the form G,(z) = G,(Go(z),G1(z),z).
Note that G,(0,1,1) = F,, where F), is the n'M Fibonacci number.

In some earlier papers the Fibonacci-like polynomials and other poly-
nomials, defined by similar recursions, were studied. G. A. MOORE [5]
and H. PRODINGER [6] investigated the maximal real roots (zeros) of the
polynomials G,(-1,z — 1,z) (n > 1). HONGQUAN YU, Y1 WANG and
MINGFENG HE [2] studied the limit of maximal real roots of the polynomi-
als G,(—a,z —a,z)if a € R, as n tends to infinity.

Under some restrictions in [3] we proved a necessary and sufficient
condition for seed-polynomials when the set of the real roots of polynomi-
als G,(Go(z),G1(z),z) (n =0,1,2,...) has nonzero accumulation points.
These accumulation points can be effectively determined. In (4], using this
result, we proved the following

Theorem A. If a < 0 or 2 < a then, apart from 0, the single accu-
mulation point of the set of real roots of polynomials G,(a,z +a,z) (n=

Research supported by the Hungarian OTKA Foundation, No. T 020295,
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S ds £ a(2 a) , while in the case 0 < a < 2 the above set has no nonzero
accumulat:on pomt

According to Theorem A, apart from finitely many real roots, all of the
real roots of polynomials G,(a,z £ a,z) (a € R\ {0}, n =1,2,...) can be
found in the open intervals

<ia(_2:_a_) —s,iM + E) or (-—¢,¢),

a—1 a—1
where ¢ is an arbitrary positive real number.

Investigating the complex zeros of Fibonacci-like polynomials V. E.
HoGATT, JR. and M. BICKNLLL (1] proved that the roots of the equation
Gn(O 1 a:)wOa.re Tp = 2icos &8 (k =1,2,...,n—1),ie. apart from 0if n
is even, all of the roots are purely imaginary and their absolute values are
less than 2. P. E. Riccl [7] among others studied the location of zeros of
polynomials G,(1,z + 1,z) and proved the following result.

Theorem B. All of the complex zeros of polynomials G, (1,z + 1,z)
(n=1,2,...) are In or on the circle with midpoint (0,0) and radius 2 in the
Gaussian plane.

The purpose of this paper is to generalize the result of P. E. Riccl
for the polynomials G.(a,z + b,z) where a,b € R and a # 0, i.e. to give
bounds for the absolute values of zeros. To prove our results we are going
to use linear algebraic methods as it was applied by P. E. Ricc1 [T7], too.

At the end of this part we list some terms of the polynomial sequence
Gn(z) = Gpla,z + b,z) (n=2,3,...). We have

Gs(z) = 22 4 bz + a,

Gs(z) = z° + bz? + (a4 1)z + b,

Ga(z) = 2* + bz® + (a + 2)z* + 2bz + q,

Gs(z) = 2° + bz* + (a + 3)z> + 3bz? + (2a + 1)z + b,

Gelz) = 2% + bz° + (a + 4)z* + 4b2® + (3a + 3)z? + 3bz + a.

Known facts from linear algebra

To estimate the absolute values of zeros of polynomials G,(a,z +
b,z) (n > 1) we need the following notations and theorem. Let A = (a;;)
be an n X n matrix with complex entries, A; (1 = 1,2,...,n) and f(z) de-
note the eigenvalues and the charecteristic polynomial of A, respectively. It
is known that

(2) f(xi) =0
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and
3) max [ ;] < [|Al},

where ||A|| denotes a norm of the matrix A. In this paper we apply the
norms

(4) |All; = nmax|a;|

and

©) Al = /3 lal”

Using the so called Gershgorin’s theorem we can get a better estimation
for the absolute values of the roots of f(z) = 0 and it gives the location of
zeros of f(z), too. Let us consider the sets C; of complex numbers z defined
by

(6) Ci=A{z: |z —ai| <ri},

where 1 = 1,2,...,n and

(7) re= Y lagl (n>2)
e

So C; is the set of complex numbers z which are inside the circle or on
the circle with midpoint a;; and radius r; in the complex plane. These
sets (circles) are called to be Gershgorin-circles. Using these notations we
formulate the following well-known theorem.

Gershgorin’s theorem. Let n > 2. For every i (1 < i < n) there
exists aj (1 <j < n) such that

(8) A; € Cj
and so

(9) {Al,/\z,...,/\n}CC1UC2U"'UC”.
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Theorems and the Main Result

Let us consider the n X n matrix

-b —az 0O --- 0 0 O
- 0 - -~ 0 0 0
o - 0 --- 0 0 O
An = . . I
0 0 0 -1 0 —
0 0 0 0 -2 0

where b € R and ¢ € R\ {0}.
Further on we prove the following

Theorem 1. Let n > 1 and a,b € R (a # 0). The characteristic
polynomial of matrix A, is the polynomial G,(a,z + b, z).

Let n>2and a,b € R (a #0). If Ap1, An2,..., Ann denote the zeros
of the polynomial G, (a,z+b,z) then, using the norms defined by (4) and
(5) for the matrix A,, one can get the following estimations by (2),(3) and
Theorem 1.

| <
(10) lrgiagn |Ani| < nmax([a[,lb] ,1)
and

| < 2 2 - 3.
(11) lréllaéxnlx\ml <V +b+2n -3

From (10) and (11) it can be seen that these bounds depend on a,b
and n but using the Gershgorin-circles we can get a more precise bound for
[Ani| and this bound depends only on a and b.

We shall prove

Theorem 2. Let n > 2 and a,b € R (a # 0) and let us denote by K,
the set K = {z: |2+ b| < |a|} and by K, the set K, = {z: |z| < 2} in the
Gaussian plane. Then

(12) AnlsAnz, s Ann € K1 U K.

Now we are able to formulate our main result.
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Main Result. Foranyn > 1 anda,b € R (¢ # 0) if G,(a,z+b,2) = 0,
then

(13) |z < max(|af + [b],2),

Le. the absolute values of all zeros of all polynomial terms of polynomial
sequence Gp(a,z+b,z) (n =1,2,3,...) have a common upper bound, and
by (13) this bound depends only on a and b in explicit way.

We mention that Theorem B can be obtained as a special case (a =
b = 1) of our Main Result.
Proofs

Proof of Theorem 1. It is known that the characteristic polynomial
fn(z) of matrix A, can be obtained by the determinant of matrix zI, — A,
where I, is the n X n unit matrix. So

z+b at 0 0 0 O

? z 1 0 ¢ 0

0 Tz 0 0 0

(14) fo(z) = det (zI, — A,) = det . . Co
0 0 0 - 1 x 1

0 0 0 -~ 0 17 =z

We prove the theorem by induction on n. It can be seen directly that fi(z) =
z+4+b=Gi(a,z +b,z)and fo(z) = 22 + bz + a = Ga(a,z + b,z). Let us
suppose that f,_»(z) = Gp_2(a,z + b,z) and f,_1(z) = Gr_1(a,z + b, 2)
hold for an integer n > 3. Then developing (14) with respect to the last
column and the resulting determinant with respect to the last row, we get

fr(@) = 2 fuor(z) = tifa2(z) = Tfr1(2) + fr-2(z),
i.e. by our induction hipothesis
fa(z) = 2Gr-1(a,z + b2} + Gr_a(a,z + b, 2)

and so by (1)
fn(z) = Grla,z + b, 2)
holds for every integer n > 1.

Proof of the Theorem 2. From the matrix A, we determine the so-
called Gershgorin-circles. By the definition of A, and (6) now there are only
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two distinct Gershgorin-circles. The midpoints of these circles are —b and 0
in the Gaussian plane, while by (7) their radii are |a| and 2, respectively, i.e.
they are the sets (circles) Ky and A';. (We omitted the circle with midpoint
0 and radius 1, because this circle is contained by one of the above circles.)
Since G (a,z + b, z) is the characteristic polynomial of the matrix A,
and Apni, Anz,..., An, are the zeros of it so from (8) and (9) we get that

A'nl? ATLZ, CRCIE A'n,'n, c ]\”1 U 11'2.
This completes the proof.

Proof of the Main Result. We have seen in the proof of Theorem 2
that the Gershgorin-circles K; and K, don’t depend on n if n > 2, therefore
for any n > 2 the zeros of the polynomials G, (a, z + b, z) belong to the sets
(circles) Ky and K,. Le. if G,(a,z + b,2) = 0 for a complex z, then

(15) o} < max(|a] + [6],2).

Since Gy{a,z + b,z) = 0 if £ = —b therefore (15) also holds if n = 1. This
completes our proof for every integer n > 1.
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Representation of integers as terms of a
linear recurrence with maximal index

JAMES P. JONES! and PETER KISS?

Abstract. For sequences H,(a,b) of positive integers, defined by Ho=a, H;=b and
Hu=H,_1+H,_3, we investigate the problem: for a given positive integer N find positive
integers o and b such that N=/,(a,b) and n is as large as possible. Denoting by R(N)=r
the largest integer, for which N=H,(a,b) for some a and b, we give bounds for R(N) and

a polynomial time algorithm for computing it. Some properties of R(N) are also proved.

Introduction

Let H,(a,b) be a sequence of positive integers defined by H, = a,
H, = band H, = H,-1 + H,_, where a and b are arbitrary positive
integers (the parameters). The sequence H,(a,b) occurs in a problem of
Coun [1]: Given a positive integer N, find positive integers a and b such
that N = H,(a,b) and n is as large as possible.

CoHun (1] actually formulated the problem slightly differently, replacing
‘n is as large as possible’ by ‘a+b is as small as possible’. However this makes
little difference. We shall consider the problem as stated above,

Let R = R(N) be the largest integer R such that N = [[(a,b) for some
a,b > 1. The function R is well defined. For any N > 1, there exist integers
a,b and n such that N = H,(a,b), 1 < a,1 < b. Since N = II1(1,N), we
canletn=1,a=landb=N.If2< N,wecanalsoleta=1,6=N -1
and n = 2so N = Hy(1, N — 1). Thus there always exist integers n, a and
b such that N = H,(a,b),1 <aand 1 <b.

It is also easy to see that there exist a,band r such that N = H,(a,b),
1 <a,1<bandris maximal. f N = H,(a,b), 1 < a and 1 < b, then
r < H,.(a,b). Hence for all such r,a and b, 7 < N. Thus all possible values
of r are bounded above by N.In fact this argument shows that R(N¥) < N
for all V.

1 Research supported by National Science and Research Council of Canada Grant No. OGP
0004525.
2 Research supported by Foundation for Hungarian Higher Education and Research and

Hungarian OTKA Foundation Grant No. T 16975 and 020295.
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The first few values of R are given by R(1) =1, R(2) = 2, R(3) = 3
R(4) = 3, R(5) = 4, R(6) = 3, R(7) = 4, R(8) = 5, R(9) = 4, R(10) = 4,
R(11) = 5, R(12) = 4 and R(13) = 6. Note that the function R is not
increasing. That is, N < M does not imply R(N) < R(M).

Since R(N) is well defined, Cohn’s problem becomes one of giving an
algorithm to compute R(N). In this paper we shall give a simple algorithm
which solves this problem. We shall also show that this algorithm is polyno-
mial time, that is the time to find R(/NV) is less than a polynomial in In(¥).
We also prove some theorems about the number of N such that R(N) =7
and about the number of pairs (a,b) such that H,(a,b) = N. First we need
some lemmas.

1. Representation of N in the form N = H,(a,b) with r maximal

We use |z| to denote the floor of z, (integer part of z). [z] denotes
the ceiling of z, [z] = —|—z]. F,, denotes the n'* Fibonacci number, where
Fo=0,Fy =1and Fiy3 = F; + Fiy,. L, denotes the n** Lucas number,
defined by .o = 2, Iy =1 and L1y = L; + Liy1. We define H_,(a,b) by
H_,(a,b)=(-1)""*H,(~a,b - a).

Below we shall use many elementary identities and inequalities such as
Loy = 2F, + Fn—H.) L,+1< Fn+2 for 1 < n and Fn+1 < Ly, for 2 < n.
We shall also need the following well known identity due to HorADAM [3].

Lemma 1.1. For all integers n,a and b, H,(a,b) = aF,_1 + bF,.

Proof. By induction on n using F;ys = F; + Fi+1. The result can also
be seen to hold for negative n since H_,(a,b) = (-1)*(aF41 — bFy).

Lemma 1.2. H,(a,b) = Hp(a+ F,, b— Fr_1) and H,(a,b) = Hp(a —
Fasbt Fasy).

Lemma 1.3. For all integers n,k,a and b, we have

(7) Hp(a,b) = Hy1(bya +b).
(1) ( b) = Hn_k(Hi(a,b), Hiyr(a, b)),
(727) 1.(a,b) = Hpp1(b —a,a).
(iv) ( ,0) = Hpyk(H-ok(a,b), Hi_k(a,b)).

Proof. They follow from the definitions.
Lemma 1.4. If N = H,(a,b),1<a,1 <band R(N)=r, thenb < a.

Proof. Suppose R(n) = 7 and N = H,(a,b). If a < b, then by Lemma
1.3 we would have N = H.(a,b) = H.41(b — a,a) so that r + 1 < R(N),
contradicting 7 = R(N).
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Earlier we saw that n = 1 is realizable as a value of n such that N =
H,(a,b) for a > 1, b > 1. In the next lemma we shall show that all values
of n < R(N) are realizable as values of n such that N = H,(a,b). We shall
call this the Intermediate Value Lemma (IVL).

Lemma 1.5. (LV.L.) If n < R(N), then there exist a,b such that
N =H,(a,b),1<aand1<b.

Proof. Suppose 7 = R(N) and n < 7. There exist ¢ > 1, b > 1
such that ¥ = H.(a,b). Let £k = r — n. Then 0 < k. By Lemma 1.3
(i), N = H(a,b) = H,_ (Hi(a,b), Het1(a,b)) = Hy(Hi(a,b), Hepi(a,b))
where 1 < Hy(a,b) and 1 < Hyyq(a,b), since 0 < k and a,b > 1.

Lemma 1.6. If n > 1 then R(F,41) = n.

Proof. Let r = R(F,4+1)- Since Fryy = Fooy + Fp = Ho(L,1),n < 7.
Conversely, F,y1 = H.(a,b) = aF_y + bF, > F,_; + F, = F,4;. Hence
n > r. Therefore n = 7.

Lemma 1.7. If n > 2, then R(Lp41) =n + 1.

Proof. Here we need the inequality L1141 < F,43. Let r = R(Lp41).
Since L, may be defined by Lo = 2,1, = 1and L,y = Ly + Lpyr, we
have I, = H,(2,1) and so L,41 = H,4+1(2,1). Hence n+1 < r. Conversely,
Lnyr = He(a,b) = abooy + 08, > Fo_y + Fr = Fryq. Hence Fryy < Loy
Therefore Fryy +1 < Lpy +1 < Foys and so Frypy < Fy43. Therefore
r+1 < n+3. Hencer < n+ 2. Therefore »r < n+1. Sor = n+ 1 and
R(]/n+1) =n-+ 1.

Lemma 1.8. If N < Fy41, then R(N) < n.

Proof. Let R(N) = r. Then there exist a,b > 1 such that N = H,(a,b).
Hence we have Fj,1y > N = H.(a,b) = aF,_y + bF, > Fr_y + F, = Fr41.
Thus F,41 > Fr4,. Hence we have n41 > 741 so that n > r. In otherwords
n > R(N).

Corollary 1.9. If 1 < n and N < F, 41 F,42, then R(N) < 2n.

Proof. If 1 < n, then F, s < Lpy1. Hence Frop1 Frys < Frp1Lpp =
Fyniy. Therefore N < Fy,42. Hence by Lemma 1.8, R(N) < 2n + 1. There-
fore R(N) < 2n.

Lemma 1.10. Let A be an arbitrary positive integer and suppose 0 <
n. Then

(1) n=RAF41) if ALKy,
(1) n< R(AFn,41) if Fp, < A.
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Proof. AF, 4y = A(Fp1 + Fo) = AF,1 + AF, = H,(A, A) implies
n < R(AF,41). For (i) suppose A < F, and n+1 < R(AF,41). By the
Intermediate Value Lemma there exist ¢ > 1 and d > 1 such that AF,,; =
cFn + dFoyy. Then Fiyy | ¢F, and (Fy, Fryq) = 1 imply F,4y | c. Hence
Fp41 < cso that d = 0. Hence R(AF,4+1) = n. For (ii) suppose F, < A.
Then there exist b and ¢ such that A = tF, + 6,1 <band 1 <t Leta=
tFn+1. Then Al‘jn_f_l = (tFn+1 )Fn + bFn_+_1 = Hn+1(tFn+1b) = Hn+1(ll, b),
1<aand1<b Hence n+1< R(AF,4+1) so that n < R(AF,41).

Corollary 1.10. For all n > 0, R(F,, Fr41) = n.
Lemma 1.11. If F,, F,,4; < N, then n < R(N).

Proof. Suppose F,F,41 < N. We shall show that n +1 < R
finding a and b such that N = H,y1(e,b) = aF, + bFp41, 1 < a and
1 < b. Let b be the least positive solution to the congruence N =
(mod F3,), (taking b = F,, if F,

N, so that b > 1). We claim
(1.12) bFny1 + £, < N.

This inequality (1.12) will be proved by considering two cases:

Case 1. N =0 (mod F,). Then b= F,. Since F, | N and F,F41 <
N, we have [, (Fpo41 +1) < N. So we have o 1b+ Fy = Fpop Fn + F =
Fo(Fns1 +1) < N, and so (1.12) holds.

Case 2. N #0 (mod F,). Then 1 < b < F,,sob< F, — 1. Therefore
bFn+1 +Fn S (}:171 - 1)Fn+1 +Fn = anin-f-l +(Fn —Fn+1) S FnFn+1 < N
and so again (1.12) holds.

Now that (1.12) is established, let a = (N — bF,41)/F%. Then a is an
integer, N = aF, + bF 41 = Hp11(a,b) and (1.12), implies 1 < a.

Corollary 1.13. If 1 < n and Fy, < N, then n < R(N).

Proof. By Lemma 1.11. ¥ 1 < n, then F,41 < L, and Fp, Fl41 <
F,L,=1F,, <N.

Lemma 1.14. If 1 < N, then R(N) < (|1 + 2.128 - In(N))].

Proof. Let r = R(N). The inequality holds for N = 1, since R(1) = 1.
Suppose N > 2. Then 2 < r. Let k¥ = r + 1. Then 3 < k so that we can use
the inequality

(1.15) (8/5)F% < Fy (3 < k).

(This inequality, which is well known, is easy to prove by induction on
k > 3, using the fact that if z = 8/5, then 2% < z + 1). Using the inequality
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with £ = r 4+ 1, by Lemma 1.8 we get (8/5)""! < F,;; < N. Taking logs
of both sides we have (r — 1)In(8/5) < In(N). Hence we have r — 1 <
In(N)/In(8/5) < In(N)/(47/100) < In(N) - 2.128, proving the lemma.

Lemma 1.16. If 1 < N, then [1.5+ .893 - In(N)] < R(N).

Proof. Let »r = R(N). Lemma 1.11 implies N < F,. F, ;. If N < 6, the
inequality can be checked by cases. Suppose 7 < N. Then 4 < r. We will
use the following elementary inequality which is easy to prove using the fact
that 22 > z + 1 for z = 7/4.

(1.17) Fp < (7/4)? (3 < k).
Using the inequality twice, with £ = 7 and k = r + 1, we get
(1.18) N < FFoqq < (7/4)773(7/4)77F = (7/4)* 73,

Taking logs of both sides, In(N) < (27 — 3)In(7/4). Hence In(N)/In(7/4) <
2(r — 1.5). Therefore 27! - In(N)/In(7/4) < r — 1.5. Consequently 1.5 +
27! - In(N)/In(7/4) < 7. Hence [1.5 4+ 27! . In(N)/In(7/4)] < r. Therefore
1.5+ .893 -In{N)] < 7.

Corollary 1.19. For N > 1,
1.5+ .893 -In(N)] < R(N) < |1+ 2128 -In(N)].

Proof. By Lemma 1.14 and Lemma 1.15.

Corollary 1.20. If R(N) =7, then Fr41 < N < F.F.4,.

Proof. Suppose R(N) = r. By Lemma 1.8, F;4; < N.By Lemma 1.11,
N < F.Foy,.

The equation N = H,(a,b) sometimes has two solutions (a,b) in pos-
itive integers with r = R(N). E.g. if N = 6, then R(6) = 3, 6 = H3(2,2)
and 6 = Hj(4,1).

Definition 1.21. N is called a double number if there exist a,b,¢,d > 1
such that N = H.(a,b) = H.(c,d),a # c or b # d, (equivalently if a # ¢
and b # d), where r = R(N). If N is not a double number, then N is called
a single number.

Examples 1.22. Some representations of N in the form ¥ = H.(a,b)

with R = R(N):
N=1, R =1, a=1, b=1,
N =10, R =4, a=2, b=2,
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N = 100, R=71, a=6, b= 4,

N = 1,000, R =12, a=S8, b=2,

N = 10,000, R =12, a = 80, b = 20,
N = 100, 000, R = 14, a = 269, b= 99,
N = 1,000, 000, R = 19, a = 154, b= 144,
N = 10, 000, 000, R =19, a = 1540, b = 1440,
N = 100, 000, 000, R = 23, a = 5143, b= 311,
N =1,000,000,000, R = 23, a = 51430, b = 3110.

N = 1,000,000, 000 happens to be an example of a double number. For
we have N = I ,(c,d) also for ¢ = 22773 and d = 20821, besides a = 51430
and b = 3110. Other examples of double numbers are 15 = H4(6,1) =
H4(3,3) and 32 = H5(9,1) = Hs(4,4).

In the next section we shall prove that the equation N = H.(a,b) never
has three solutions (a,b) in positive integers with »r = R(N). (Of course it
may have other solutions when r < R(N). E.g. for N = 6 and r = 3 we have
6 = H,(1,5) = H2(2,4) = H,(3,3) where 2 < r.) Thus there is no concept
of a triple number.

2. An algorithm for R(N)

In this section we shall show that there exists an algorithm for comput-
ing R(N). In fact we shall prove that there is a polynomial-time algorithm
for computing R(/N). We give a procedure which finds, given .V, the value
of R(N) and also a and b. Since the number of steps in the procedure will
be less then a polynomial in In(/NV), the number of bit operations needed to
compute R(N) will be less than a polynomial in In(N).

Suppose N is given. To compute R(/N ), begin with any sufficiently large
value of r, satisfying r > R(N ). For example by Corollary 1.19 we can take
r=|1+2.128 -In(N)|. Then proceed as follows.

Step 1: Find a positive solution b to the congruence
(2.1) N =bF, (mod F,_;), (1 < b).

This congruence is solvable in natural numbers since (F}, F,_1) = 1. Hence
there is a solution b in the range 1 < b < F,._;. Take the least such b in this
range.

Step 2: Check whether
(2.2) bF, < N.

If this is the case, put a = (N — bF;)/F._,. Then a is an integer by (2.1).
Also we have N = aF,_, + bF, and condition (2.2) implies 1 < a. In this
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case the algorithm terminates and B(N) = r. If (2.2) does not hold, then we
decrease r by 1 and return to Step 1. We iterate steps 1 and 2, decreasing
r until (2.2) holds. Since iitially R(N) < |1 + 2.128 - In(N)| < r, the
algorithm must terminate after at most |1 + 2.128 - In(/N)]| iterations.

We claim that this computation is polynomial time. Certainly the num-
ber of operations needed at each step is less than or equal to a polynomial
in In(N). Calculation of ¥} requires time exponential in In(r), i.e. propor-
tional to a polynomial in 7. However r is less than or equal to a polynomial
in In(NV), since F. < N. So this is polynomial time.

In addition to finding r, the algorithm also finds (a, b) such that H,(a,b)
= N. The pair (a, b) is not uniquely dependent upon N. There is sometimes a
second pair (c, d) such that H,.(c,d) = N. As sketched above the algorithm
finds the pair (a,b) with least b. It can easily be extended also to find
the second pair (c,d), when that exists. After (a,b) has been found, let
d =b+ F,_y and ¢ = a— F,. Then N = H,(c,d) by Lemma 1.2. d is
positive. If dF,. < N, then ¢ will also be positive and (¢, d) will be a second
pair. If not, then there is no second pair, i.e. N is a single.

The algorithm can be simplified to yield a more explicit formula for
r = R(N) and explicit formulas for a, b, ¢ and d. For this we shall use an old
identity of Lucas [4]:

(2.3) F2 | —Feg Fy=(=1).
Multiplying both sides of (2.3) by (—1)" N and rearranging terms we get
(2.4) (1) F,_1N - Fy_y — (=1)"F,_yN - F, = N.

Equation (2.4) provides a solution to the linear diophantine equation
aF._y + bF, = N.It shows that AF,_; + BF, = N will hold if we put
A= A.(N)and B = B.(N), where

(2.5) A (N)=(=1)"F,_,N and B.(N)= —(~1)"Fr_yN.

Thus a = A,(N) and b = B,(N) is a particular solution of the equation
aF,_y +bF, = N. Since (F,, Fr41) = 1, from a particular solution we may
obtain all solutions (a,b) by

(2.6) a=A(N)=tF., b= B.(N)+tF,_y, (t=0,41,%2,43,...).

Then by Lemma 1.1 H,(a,b) = N for all integers . Now define g,(/N) and
h.(N) by

1) F N +1
(2.7 go() = ZEr2
r—1

and
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(1) F,_;N —1

(2'8) he(N) = F.

Then ¢.(N) and h,(N) are reals. For a and b6 as in (2.6), we have 1 < a
iff t < hy(N)and 1< biff g,(N) <t Hence (a,b) is a positive solution of
alk,_1 +bF, = N iff

(2.9) 0(N) < t < ().
Since t is integer valued, condition (2.9) is equivalent to
(2.10) gr(N) < [g:(N)] <t < [A(N)] < he(N).
Condition (2.9) is in turn equivalent to [¢.(N)] < h.(N) and also to
gr(N) < [ho(N)].
From (2.3), (2.7) and (2.8), it is easy to see that

N - Fo
11 h.(N) - g, = —.
(2 ) 7"( ) g (N) Fr—lFr

The functions g,(N) and h.(N) give us a new algorithin to compute R(N).
We have

Theorem 2.12. Suppose N > 1. Then R(N) is the largest integer
r > 1 such that

ow [ArEa] s

Fr—l Fr

Furthermore, the set of r > 1 satisfying (2.12) is the set {2,3,..., R(N)}.
Hence (2.12) can be used as an algorithm to calculate R(N).

Proof. By Lemma 1.8, if r < R(N), then F,4; < N and hence by
(2.11), g-(N) < hy(N). Thus

(2.13) r < R(N) = g.(N) < hy(N).

By (2.9) and the IVL, for all r < R(N), there exist ¢ (g,(N) < t < h.(N)),
and this implies [g-(N)] < |A(N)]. On the other hand, by (2.9), when
R(N) < r, there is no integer ¢ such that ¢g,(N) <t < h,(N) and so we
have not [g-(N)] < |h(N)].

This shows that the set of r > 1 satisfying (2.12) is an interval.
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This approach to R(N), thru g.(N) and A,(V), also gives a new algo-
rithm to decide whether N is a single or a double. From (2.9) and (2.10) we

have

(2.14) N is asingle iff [g.(NV)] = [h(N)].
Also
(2.15) N is adouble iff [g.(N)] < |h (N)].

From (2.5), (2.6), (2.7) and (2.8) we can obtain explicit formulas for a,b,c
and d:

(2.16) a=A,(N) —[g(N)]F; and b= B(N)+ [g:(N)]Fr_1,
(217) ¢ = A (N) = |h(N)|F, and d= B.(N)+ |Ar(N)] Fr_i.

If Nisasingle,c =aand d = b.If N is adouble,c =a—F, and d = b+ F,_;.
Thus when r = R(N), formulas (2.16) and (2.17) can be used as definitions
of a,b,c and d. The ratio on the right side of (2.11) is not always less than 2
however, even when r = R(N). In this case, when r = R(N), we have only
the weak inequality
. N —-F.4

(2.18) R(N)S’I‘ﬁﬁ(&-%l.
Here a = (1 4+ v/5)/2 = 1.61803 ... so that @ + 1 = 2.61803 ... . The idea of
the proof is the following: From Lemma 1.11 we see that R(N) < r implies
N < F Foyy. Then (FrFryy — Fr1)Fr21Fr < o+ 1 can be shown using
FP < abF Froy + Frgr.

Next we shall prove that there are no triples. The following lemmas will
be used.

Lemma 2.19. If 1 < r, then I‘}F,-.*.l < (1 + Q»Fr+1 )l".r—l + f’,
Proof. If 1 < r, then F,. <1+ 2F,._,. Hence

Fobp <(+2F4)Fryy = Frpy +2F 1 - Frpy
= f'r—1 +2Fr——1 'Fr+1 + k= (1 +2Fr+1)Fr—-l + Fr.
Lemma 2.20. Suppose 1 < N, N = H.(a,b), R(N) = r and 1 < b.
Then a < 2F;.
Proof. Let r = R(N) and N = H,(a,b). Since 1 < N and r = R(N),

we have 1 < r. We claim

(221) a<hb + 2]:}4.1.
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If not, then b+ 2F,4; < a. Since 1 < band N = H,(a,b), by Lemma 2.19
and Lemma 1.11 we have

N =aF. 1 +bF, > (b+2F, 41 ) Froq +b0F > (14 2F 1) Fr o+ Fr > FoFrgy.

But this contradicts Lemma 1.11 which says that N < F,.F,.;, since r =
R(N). Hence (2.21) holds. Now it is easy to see that

N =aFe_y +bF, = (b+2F 41 — a)F, + (a — 2F,)F,y,.

Supposing 2F; < a and using (2.21), we get the contradiction R(N) > r+1.
So a < 2F;.

Theorem 2.22. If R(N) = r, then the equation N = H.(a,b) has at
most two solutions in positive integers a,b. There are no triples.

Proof. Suppose the equation N = H,(a,b) has three solutions in pos-
itive integers, say (a,b),(c,d) and a third solution (z,y). Then ¢ = a — F},
d=b+F,_1,z =a—2F, and y = b+ 2F,_;. But by Lemma 2.20, a < 2F,.

Hence z < 0, a contradiction.

From Theorem 2.22, if r = R(N), then |h(N)] < [g-(N)] +1. And so
in (2.15), when [g,(N)] < [h(N)], we have [g.(N)] +1 = [h(N)].

Following F,, F, 41 there is a very long interval consisting entirely of
singlels.

Suppose R(N) = r. Recall from Corollary 1.20 that if R(N) = r, then
N must lie in the interval F,.y < N < F,.F,4;. We can show that most N
in this interval are singles.

Theorem 2.23. If F,,Fy,s1 < N < FpFpy1 + F2 + Foyp, then N is a
single.

We won't prove this result, (Theorem 2.23.). However it will be clear
how to do so after we have proved Lemma 3.1 in the next section.

Taking a limit as n — 00, one finds that the interval [F,, Fy 41, FrFpp1+
I? + F, ;4] occupies some 38% of the interval (I}, Fypy, Fry1 Friz). (8% =

(1 - \/5)/2)2 = (—.61803)* = .381966...) Thus on average more than 28%
of N are singles. Actually, in the next section, we shall prove that 92.7% of
N are singles.

3. The number of N such that R(N)=r

In this section we consider the problem of the number of N such that
R(N) = r. Here r is a fixed positive integer. The number of such N must
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be finite. By Lemma 1.11, the number of such N must be less than or equal
to F,F,41. We shall give an exact formula for this number. First we need
some lemmas.

Lemma 3.1. Suppose R(N) = r and a,b,c,d are as defined in (2.16)
and (2.17). Then N = H,(a,b) = H,(c,d). If N is a single, then ¢ = a,d = b,

(?) 1<b6<a<F, and 1<b< F,_;.
If N is a double, then we have c = a — F., d=b+ F,_y, b < q,
(22) Froy<d<e<F,, Frip <a<2F, and 1<b< F,._,.

Proof. Suppose a,b,c and d are as above and N > 1. Let » = R(N).
Then N = H(a,b) = H,(c,d). Suppose first N is a single. By (2.16) and
(217), c = a,d =b,1 < aand 1 < b By Lemma 1.2, N = H,(a,b) =
H.(a+ F.,b—F,_1). Hence b < F,_1, else N would be a double. By Lemma
1.4, b < a. By Lemma 1.2 we know N = I {(a,b) = H.(a — F,,b+ F._1).
Hence a < F,, else N would be a double. Therefore (i) holds.

Next suppose N is a double. Then by (2.15), (2.16) and (2.17), ¢ =
a—F.,d=b+F,_1,1<a,b,c,d. By Lemma 2.20, a < 2F,. Since ¢ = a— I},
this implies ¢ < F,.. By Lemma 1.4, since N = H,(¢,d),d < ¢. Hence d < F;.
Sinced < Frandd =b+F,_1,b+F,_1 < F,.,sothatb< F, —F,_; = F,_,,
ile. b < Fr_,. Since 0 < band d = b+ F,_1, F,_1 < d. Since F,_; < d
and d < ¢, F,_y < c. Since a = ¢ + F;, this implies that F.;; < a. Hence
statement (ii) holds.

Lemma 3.2. If R(N) = r, then there exist unique positive integers x
and y satisfying

(3.2) N=H.(z,y) and 1<y<z<F,.

Proof. By Lemma 3.1. If N is a single, then we can let z = ¢ and
y = b. If N is a double, then we can let z = ¢ and y = d and we will have
<y <z < F,. z and y are unique by Theorem 2.22, to the effect that
N = H.(z,y) has at most two solutions. Every N is either a single or a
double. Note that if N is a double, then z = a and y = b won’t satisfy
1<y<z<F,since Fr.py < a.

Lemma 3.3. Suppose R(N) = r. Then all solutions (z,y) of N =
H.(z,y) in positive integers satisfy either
(3.3.1) 1<y<z<F,

or
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(3.3.2) Foyn<a<2F, 1<y<F._, and y<uz.
But not both.

Proof. By Theorem 2.22, N is either a double or a single. Hence there
are only two cases to consider. If ¥ is a single, then (z,y) = (a,b) and
condition (3.3.1) holds by Lemma 3.1. (i). If ¥ is a double, then (z,y) =
(a,b) or (z,y) = (c,d). In the first case, by Lemma 3.1 (ii) (3.3.2) holds. In
the sceond case, by Lemma 3.1 (ii) (3.3.1) holds.

Lemma 3.4. Suppose R(N) = r. Then all solutions of N = H.(z,y)
in positive integers (z,y) satisfy the conditions ¢ < 2F, and y < F.

Proof. By Lemma 3.3, either (3.3.1) holds or (3.3.2) holds. (3.3.1)
implies z < F,. < 2F, and y < F,. (3.3.2) implies 2 < 2F, and y < F,_; <
F,. Hence z < 2F, and y < F..

Lemma 3.5. If 0 < k, then for all positive integers a and b,
0 < Hi(a,b) < Hiyi(a,b).

Proof. From the definition it follows that i ,(a,b) is a strictly increas-
ing sequence of positive integers.

Theorem 3.6. There exist integers z and y such that
(36) N =Hu(z,y) and 1<y<z<F,
iff n = R(N). Furthermore z and y are unique.

Proof. To prove the first part of the theorem suppose R(N) = n. Then
by Lemma 3.2 there exist unique integers ¢ and y suct that N = H,(z,y)
and 1 < y <z < F,, ie. (3.6). To prove the second part suppose z and
y are integers satisfying (3.6). Then n > 0. Let R(N) = r. Then n < r.
Let £ = r — n. By definition of R(/N) there are positive integers ¢ and b
such that N = H,(a,b). By Lemma 1.3 (ii), since n = r — k, we have N =
H.(a,b) = H,(Hi(a,b), Hry1(a,b)) so that N = H,(Hi(a,b), Hxy1(a,b)).

Thus z = Hi(a,b) and y = Hiyq(a,b) are particular solutions to the
linear diophantine equation N = zF,_, + yF,. Since (I}, Fryy) = 1, all
solutions to the equation are given by

t = Hila,b)—tF, and y= Hepi(a,b)+tFe

where ¢ is an integer. Since y < z, we have for some ¢ the inequality
Hiyi(a,b) + tF,-1 < Hi(a,b) — tF,. This implies

t < (He(a,b) — Heqr(a, b))/ Fryr,
so that
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t < Hy(a,b) — Hiqr(a,b).
Since z < F),, we also have the inequality H(a,b)—tF, < F,, which implies
Hi(a,b)/Fp <t +1.

If 0 < k, then by Lemma 3.5 we have { < 0 and 0 < t+1 so that -1 <1 < 0.
This is a contradiction since ¢ is an integer. Hence £ = 0. Thus r = n and
hence R(N) = n.

Remark. Condition (3.6) cannot be replaced by the weaker condition
N = H,(z,y) and 1 < y < z, This condition is not strong enough to imply
n = R(N). For example if N = 96, then R(N) = 6 but N = H;(17,9) and
9 <17. Also N = H5(12,12) and 12 < 12.

Theorem 3.7. Let r be fixed nonnegative integer. Then the number
of N such that R(N) = r is exactly

F.(F, +1)
5 .

Proof. Let r be fixed nonnegative integer. We will use Theorem 3.6 to
count the number of N such that R(N) = r. We will count pairs (z, y) such
that 1 < y <z < F,. For each such pair, we put N = H.(z,y). For each N
there is only one pair (z,y) satisfying N = H,(z,y) and 1 < y < z < F,
by Theorem 2.6. How many pairs (z,y) are there such that 1 < z < F,.?

For each such z, there are z choices of y such that 1 < y < z. Hence the
number of N such that R(N) = r is given by the sum

Example 3.7. The number of N such that R(N) = 5is F5(F5+1)/2 =
5-6/2 = 15. By Corollary 1.20, these 15 N all lie in the interval 8 = F5 <
N < Fy Fg = 40. They are the 15 values N = 8,11,14,16,17,19, 20, 22, 24,
25,27,30, 32,35 and 40.

4. Double numbers

In this section we first prove that there are infinitely many double
numbers. Then we give a combinatorial formula for the number of double
numbers N having a fixed value of R. Last we give an asymptotic estimate
for the number of double numbers up to Fj, Fi ;1.
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Lemma 4.1. For all n > 2, F, Fy,4; is a double number.

Proof. Suppose 2 < n. Recall that by Corollary 1.10, R(F, Fr41) = n.
We have F,Fr11 = F, (Faoq + Fn) = FoFnoy + FoFy, = Hy(Fn, F). On
the other hand,

FnFn+1 :(Fn+Fn)Fn—1 +(Fn"‘Fn—l)Fn
= Hn(2Fn7Fn‘ Fn—l): Hn(2FnaFn—2)~

0 < F,,_, since n > 2. The two representations of F, F},;, are distinct since
Fo# F_».

Lemma 4.2. For n > 4, if N = F,,(Fp41 — 1), then R(N) = n and N
is a double number.

Proof. By an argument similar to that in the proof of Lemma 4.1 it is
easy to see that

(4.2) N = Hp(Fp,Fo—1) = Hy(2F,, Faey — 1).

To prove that R(V) = n we will use the IVL. Obviously n < R(N). Suppose
that n + 1 < R(n). Then by the IVL there exist ¢ > 1 and b > 1 such that
N = Hpyi(a,b). Hence F(Fnpy1 — 1) = akF, + bF,41. Then F, | b, since
(Fp,Fny1) = 1. Let b = ek, where 1 < e. Then we have a+(e—1)},4; <0,
a contradiction. Thus R(N) = n.

We give next a formula for the number of double numbers N with a
fixed R value r. For this it is necessary first to characterise double numbers.
From section 2 we have the following result.

Lemma 4.3. Suppose R(N) = r. Then N is a double number iff

(1) FaN+1 ] | () FaN -1
Fr—l B Fr .

Proof. See the remark following Theorem 2.22 that N is a double iff
[9-(N)] + 1= [h(N)].

Theorem 4.4. N is a double number and R(N) = r iff there exist
unique positive integers = and y such that

(4.4) N=H.(z,y) and F,y <y<z<F.

Proof. For the proof of one part of the theorem, suppose &V is a double
number and R(N) = r. By Lemma 3.1, there exist positive integers ¢ and
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d such that N = H,(c,d) and },_y < d<c¢< F,.Let z = cand y = d.
Then (4.4) holds. Also since the condition F,_; < y < z < F, implies
1 <y<z < F,, zand y are unique by Lemma 3.1. For the proof of the
second part, suppose (4.4) for some positive integers = and y. Then since
1<r,1<y<z< F,. Hence R(N) = r by Theorem 3.6. N cannot be a
single since in that case, by Lemma 3.1, we would have ¢ = a,y = b and
b < F._;. Hence N is a double.

Note that if (z,y) satisfies F._; <y <z < I, then (z + I,y — F_1)
satisfies F.4; <z < 2F, and 1 <y < F._,. Also if (z,y) satisfies F, ;1 <
r <2F. and 1 <y < Fo_y, then (z — F.,y + F,_) satisfies F,_; < y <
z < F.. So one could also prove a version of Theorem 4.4, with condition
(4.4) replaced by

IV:HT(Z,y), Frpp <z <2F and 1<y< F,.

Theorem 4.5. Let r > 3. The number of N such that N is a double
number and R(N) = r is exactly

ez (Fre2 + 1)
5 .

Proof. Suppose 7 is a fixed positive integer. To count the number of
double numbers N such that R(N) = r we will use representation (4.4) of
Theorem 4.4. We can determine the number of double numbers V such that
R(N) = r by counting pairs of integers (z,y) such that F,_; <y <z < F.
For each such pair (z,y) we can let N = A,(z,y) since N depends uniquely

n (z,y). How many pairs of integers (z,y) are there such that F,_; <y <
z < F.? Since F, — F,_; = F,_,, there are F,_,, there are F,._, choices for
z such that F,._; < z < F,. For each choice of z, there are z choices for y
such that £._; < y < z. Therefore the numbers N such that R(N) = r is

given by the sum
F, 2

~  Fea(Folad 1
?_;1 o= ; :

Example. The number of N such that N is a double and R(N) = 6 is
Fy(Fy +1)/2 = 3-4/2 = 6. By Corollary 1.20 and Theorem 2.23 with n = 5
these N lie in the interval 18 = 5-8 + 52 + 13 = FyFs + F2 + F} < N <
F¢F7 = 813 = 104. They are N = 78,83,88,91,96 and 104.

Lemma 4.6. For all double numbers NN < F,, F,,; iff R(N) < n.

Proof. The first part of the lemma is the contrapositive of Lemma
111, if R(N) < n then N < F,F,4;. For the proof of the second part
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suppose N is a double and N < F,Fp4q. Let r = R(N). We will
that 7 < n. Suppose not. Suppose n < r. Let N = H,(a,b) where a
are as in (2.16). By Lemma 3.1 (ii), since N is a double, F,4; < a. ]
N = H'r(a’b) = aF,y + bF > Fr+1Fr—-1 + F. > 1?n+2Fn > Fu-
contradicting N < F, F, ;1. Therefore r < n.

Theorem 4.7. For n > 1, the number of double numbers N < F,
is equal to

Fn—an-2+Fn_1
2 i

Proof. By Lemma 4.6 and Theorem 4.5, the number of double nu
N < FyFpy is

n

F’r—Z(F’r—2 + 1) 1 2
Z 2 :§Z(Fr—2+FT*2)

r=3 r=3
(ZF2+ZF>‘% ne2fn1 4+ Fp —1).

What proportion of integers N are double numbers? We shall shov
on average approximately 7.3% of numbers are doubles. We shall shos
by proving that for n sufficiently large, approximately 3*/2 of the nu
N up to F,,F,4, are doubles. Here § = (1 — \/5)/2 = —61803... sc
84/2 = .072949016. ...

Theorem 4.8. The probability that N is a double number is a:
totic to 3*/2.

Proof. Let o = (1 + v/5)/2 and § = (1 — v/5)/2. Then af -
It is known that F, is asymptotic to a™/+/5, i.e. that lim F,,/a" ~
By Lemma 4.6 and Theorem 4.7, the number of double numbers N
F, Fp41, divided by the number of N up to ¥, F,4; is equal to

(Fn—an-—z + Fn - 1)/2FnFn+1 ~ ﬁ—an—2/2FnFn+1

~ (@1 1VB)(am"2/VB)) / (2™ 1VB)(a™! V5))

=a"ra""? 20" = 1/20* = B4/2.
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A sieve for all primes of the form z? + (z+1)?

PANAYIOTIS G. TSANGARIS

Abstract: All composite numbers of the form z?+(z+1)? are determined in terms
of suitable (non-homogeneous) linear recurrence sequences of order 2 (Theorem 4.12). As
a consequence, all primes of the same form in a given interval can be determined by a

sieving procedure (Theorem 4.13).

Introduction

The object of this study are the prime and composite numbers of the
form z% + (z + 1)%. Their study depends heavily on the following

Theorem 1.1. (SIERPINSKI) [3]) The number 2% +(z +1)? is composite
if and only if there exist natural numbers y, z such that:

(1) T(2) = T() + 7).
(Here T'(z),T(y),T(z) denote triangular numbers.)
The description of all composite numbers of the form z? + (z + 1)?

is reduced to the study of the integral solutions of the following family of
Diophantine equations of Fermat-Pell type:

(Fy) X292yt =2k*-1, £=0,1,2,....

Thus the study of equation (7') is reduced to the study of the family of
equations (Fx) in terms of Gauss type transformations.

The detailed study of all solutions of (Fy) is carried on via Nagell's
method of equivalence classes, thus avoiding any reference to fundamental
units.

We will consider the Diophantine equation

(1.1) & —dn*=-1 (d#0)

where d # 0O (non-square) is a natural number. The sequence of non-negative
(that is £2,41 > 0 and 72,41 > 0) integral solutions of (1.1) is determined
by the following recursive formulae:

Eants = 2216941 — Ean1, Where & = & and & = & + 3d&n}

(1.2) ) I
Nant3 = 2T17Mant1 — Man—1, Where n; = 7 and 73 = 3&m + dny,
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(n = 1,2,...) where & + m+/d is the fundamental solution of (1.1) and
1 + yI\/E is the fundamental solution of

(P) 2 —dy* =1 (d#0).

The following Theorems can be found in [5] (cf. also [4]).

Theorem 1.2. Consider the Diophantine equation
(F) X?—dY?*=C. (d#0, C>0).

Let X *+Y.*\/d be the fundamental solution of a class A, of integral solutions
of (F) with X} > 0 Let z, + ynV'd, where n = 0,1, ..., be the sequence of
all non-negative integral solutions of (P). Let

Xn+ YoVd = (X7 4+ Y Vd)(zn + yaVd) for alln = 0,1,.. .,
X, + Y NVd=(X; =Y Vd)(z, + yaVd) foralln =1,2,...

(for a typical r).
Then the following hold true:
(i) Y41 > Y, >0 for every n = 0,1,. ...
(ii) Let Y > 0. Then Y,;.H >Y,>Y, >0 foreveryn=1,2,...
(iii) Let Y" = 0. Then Y, =Y, for every n = 0,1,....
(iv) Let A, be genuine (= non-ambiguous). Then

1

Y. >Yn>Y,:>O forall n=1,2,....

n

(v) Let A, be ambiguous. Then for every m there exist n such that:
X, =X, and Y, =Y,.

(vi) Let X + Y \/d, where r = 1,2,...,m, be the only integral solutions
of (F) such that

0< X <z +1)C/2 and 0< Y, <y VC//2(z1 +1).
Then the set of all non-negative integral solutions of (F') consists of all pairs

(Xn,Y,) together with all pairs (X,,,Y,) for all respective genuine classes
A, in addition to all pairs (X,,Y,) for all respective ambiguous classes
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B,.. Moreover, X,,,Y,, X ;L and Y,; are determined by the following recursive
formulae:

Xng1 =229 Xy, — Xy forn=1,2,...

with Xo =X, Xy =X +dy Y, andr =1,2,...,m.
Yor1 =201Y, —Y,_1 forn=1,2,...

with Yo=Y Yi =y X  + ;Y  andr =1,2,...,m.

(1.3)

'

Xpy1 = 2:1:1X;1 - X,’l_1 forn=1,2,...

with Xo= X7, X, =2, X" —dy,Y," and 7 = 1,2,...,m.
Yoo =20,Y, Y,  forn=12,...

with Y, = =Y, Y, =y X —z,Y) andr = 1,2,...,m.

(1.4)

Theorem 1.3. Consider the Diophantine equation (F), C # 0. Let
X+ Y,f‘\/a be the fundamental solution of a class A, of integral solutions
of (F). Let z; + y;V/d be the fundamental solutions of (1) and

Xn+ YoVd = (X7 + Y7 Vd) (21 + yVd)" = (X7 + Y Vd) 2z, + yaVd),
X, + Y, Vd= (X -V Vd)(z, + yVd)" forall n=0,1,....

Let R, = Y?+k*and R, = YT:2 + k2, where k is a fixed integer. Then the
numbers R, and R'n are determined by the following recursive formulae:

Rog1 = 222R, — Ry — 2k%(zg — 1) + 2¢2C,
where Ry = Y,* + k¥ and Ry = (y; X[ + 21Y,")? + k2.

R;1+1 = 212R;1 - Rln—l — 2k (2, — 1) + 241 C,
where Ry = Y,” + k* and R, = (1 X7 — o, Y,")? + k2.

2. Reduction of the Diophantine equation
z(z +1) = y(y + 1) + 2(2 + 1) to a family of Fermat equations
Theorem 2.1 below aims at reducing the problem of solving the Dio-

phantine equation

(E) (z+1)=y(y+1)+2(z+1)
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to that of solving each one of the Diophantine equations (F%).

Theorem 1.3. Consider the Diophantine equations (E) and (Fy ). Then
the following hold true:
(i) Let (z,y,2) be an integral solution of (E) with y > 2. Let
X=2r4+1landY =2y — (k- 1), wherek =y — z.
Then X + Y+/2 is an integral solution of (F}).
(1) Ify#0,-1 and z # 0,—1 then |Y| # k£ 1.
(ii); Let X 4+ Y+/2 be an integral solution of (F}). Let

(2.1) t=(X-1)/2, y=(Y +k-1)/2 and 2= (Y —k-1)/2.

Then (z,y, z) is an integral solution of (F).
(ie), If|Y|# k+£1, theny# 0,—1 and z # 0, —1.

Proof. (i); By direct computation.

(i)2 Clear because |Y| = k£ £+ 1 implies (y = 0,~1) or (2 = 0,-1).

(ii); Let X 4 Y+/2 be an integral solution of (Fi). Then it is easily
proved by parity considerations that the numbers (2.1) are integers. Also

X=2:41,Y=2y—(k~1) and k=y -z,
whence (F}) implies

2z +1) =202y - (y-=-1))° =2y - 2)° -1,
that is

z(z+1) =y(y+1) + 2(z +1).

(ii) Is proved in a way similar to the proof of (i);, namely (y = 0, —1)
or (¢ =0,—-1)imply |Y| =k £ 1.

Note. The transformation leading from (£') to (¥%) emanate from GAUSS
(Art. 216 in [1))

3. Determination of all integral solutions of the equation
X?—-2Y? =2k? - 1, where k =0,1,...

Proposition 3.1 is crucial for the location of the fundamental solutions of
(£%). Further, Theorem 3.4 characterizes the classes of solutions of (F}), (as
regards genuiness or ambiguity) in terms of their representing fundamental
solutions. Special attention is given to the case of 2k? — 1 being a square
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number (cf. Theorem 3.5). The set of all non-negative solutions of (F}) is
determined recursively by Theorem 3.6 together with Corollary 3.7.

Proposition 3.1. Consider the Diophantine equation (F)) where k is
a natural number. Let X~ +Y *+/2 be a solution of (Fi). Then X*+ Y*V2is
the fundamental solution of a class of integral solutions of (F}) if and only
if the following (equivalent) inequalities are satisfied:

(3.1) 0<|X*<2k—1,
0<Y* <k—1.

Proof. By using Theorem 109 in [2].
Note. The fundamental solution of (Fp)is X* + Y*v2 =1 + v/2.

Proposition 3.2. Let k be a natural number. Then 2k — 1+ (k —1)v/2
is the fundamental solution of a class of integral solutions of (F}).

Proof. Evident by Proposition 3.1.

Proposition 3.3. Let A be a class of integral solutions of the Dio-
phantine equation (F), C # 0. Let X + Y/d be a representative of A and

L=(-X*-dY?*)/C and M = -2XY/C.

Then the following hold true:

(i) A is a genuine if and only if at least one of the numbers L, M is not
integral.

(ii) A is ambiguous if and only if both numbers L and M are integral.

Proof. Immediate by using Nagell’s criterion (p. 205, [2]).

Theorem 3.4. Let X~ + Y */2 be the fundamental solution of a class
A of integral solutions of (Fy), where k = 1,2,.... Then the following hold
true:
(i) A is genuine if and only if Y* > 0.
(ii) A is ambiguous if and only if Y* = 0.

Proof. (i) (a) If A is genuine, then the previous Proposition 3.3 easily
implies Y* > 0.

(b) Let now Y* > 0 and assume that A is ambiguous. Then, by the
same Proposition, the numbers

L=(-X""—2v=")/(2k? =1) and M = -2X"Y"/(2k* - 1)
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are integers. In particular, because L is an integer it follows that
2k —1) | X< +2v" =4y~ 4 2%? — 1.

Thus ,
(2k? — 1) [aY™".

Also, Y™ < (/(2k? — 1)/2, i.e.
x2 2
4" < 2(2k* - 1).
Hence ,
2k? — 1< 4Y” = h(2k* — 1) < 2(2k* - 1),

where h is a natural number. Hence 1 < A < 2, which is impossible. Hence
A is genuine.

(ii) Immediate by (i).

Note: (F5) has only one class of integral solutions, which is ambiguous.

Theorem 3.5. Let k be a natural number. Then the following are
equivalent:
(i) 2k? — 1 is a square number.
(ii) The totality of ambiguous classes of integral solutions of (F}) consists
of a single class.
In consequence, if 2k? — 1 is not a square number, then every class of
integral solutions of (F) is genuine.

Proof. By using Proposition 3.1 and Theorem 3.4.

Theorem 3.6. Consider the Diophantine equation (F}), where k is a
natural number. Let =, + y,/2, where n = 0,1,2,..., be the sequence of
all non-negative integral solutions of

o -2y = 1.

Let X 4+ Y*\/2, (where r = 1,2,...,m), be the only integral solutions of
(Fk) such that:

0< X <2-1and 0L<Y, <k-1
Let

X, 4 YaV2 = (X} + Yr*ﬁ)(zn +yn\/§) foralln =0,1,...,
X, +Y 2= (X =Y V2 zn +yaV2) foralln=1,2,...,
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(for a typical r). Then the following hold true:

(i) Let Y,* > 0 and k > 2. (Case of genuine classes of integral solutions of
(Fi)). Then the pairs (X,,Y,) and (X,,Y,) are determined by (1.3)
and (1.4) (for zy =3, y, =2 and d = 2).

(i) Let Y* = 0. (Case of ambiguous classes). Then the pairs (X,,,Y,) are
determined by (1.3).

Moreover, in case (i) all pairs (X,,Y,) together with all pairs (X, ,Y,)
constitute the set of all non-negative integral solutions of (F)) which belong
to the class with typical fundamental solution X} +Y,*\/2. Also, in case (i)
all pairs (X,,Y,) constitute the set of all non-negative integral solutions of
(F)) which belong to the class with typical fundamental solution X 4 0v/2.

Proof. By using Theorems 3.4, 3.5, 1.2(vi) and Proposition 3.1.

Corollary 3.7. The sequence of all positive integral solutions (X,,Y,)
of (Fo) is determined by (1.2) (for Xn = &ant1,Yn = Mang1,6 = 1,E& =
7,m =1and 73 =5).

4. Determination of all prime and composite numbers
of the form z2 + (z + 1)2.

In Theorem 4.2 it is shown that every positive (integral) solution of (7)
leads to a non-negative solution of a certain (F}) and vice-versa. Theorems
4.6, 4.7 together with Corollary 4.8 determine all (¥} ) whose non-negative
solutions (taken together) lead to all positive solutions of (7).

In Theorem 1.1 a primality criterion is given for numbers of the form
N(z) = 22+ (z+1)%. Composite numbers of the form N (z) are characterized
(in terms of a suitable solution of (£} )) in Theorem 4.9. The recursive deter-
mination of all composite numbers of the form N(z) is given by Theorems
4.10, 4.11 and 4.12. This leads to our final Theorem 4.13, which constitutes
an algorithm (sieve) for the determination of all primes of the form N(z).

Lemma 4.1. Let X +Y /2 be a non-negative integral solution of (F}).
Let

r=(X~-1)/2, y=(Y +k-1)/2 and z=(Y —k-1)/2.

Then z,y, z are natural numbers if and only if Y > k + 1.
Proof. Easy and so omitted.

Theorem 4.2. Consider the Diophantine equations (F}) and (T'). Then
the following hold true:
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(i) Let X +Y+/2 be a (non-negative) integral solution of (F}), with Y >
k+1. Let

z=(X-1)/2, y= (Y +k-1)/2 and z= (Y — k- 1)/2.

Then (z,y, z) is a triad of positive integral solutions of (T').
(ii) Let (z,y, z) be a triad of positive integral solutions of (T') with y > z.
Let
k=y—2, X=2r41 and Y =2y~ (k- 1).
Then X +Y+/2 is a (non-negative) integral solution of (F) with Y > k+1.

Proof. By using Theorem 2.1, Lemma 4.1 and the fact that the Dio-
phantine equation (7') is equivalent to the equation (F).
Proposition 4.3. Let k& be a natural number. Let X + Y2 be a
non-negative integral solution of (Fy). Then the following hold true:
(i) Let 0 <Y < k—1. Then X + Y /2 is a fundamental solution of a class
of integral solutions of (Fy).

(i) Y # k.
(iii) Let Y = k+1. Then X = 2k+1. Moreover, X +Y/2 = (2k+ 1)+ (k+
1)V/2 is obtained from the fundamental solution (X* = 2k — 1,Y* =

k — 1) as follows:

X+YV2=(2k—1+(k-1)vV2)(3+2V2) for k=1 and
X+YV2=(2k—-1-(k-1)vV2)(3+2V2) for k > 1.

Proof. By direct computations.

Proposition 4.4. Consider the Diophantine equation (F}), where k >
1. Let X + Y*/2 be the fundamental solution of a class A of (Fy) with
X*>0. Let 3+ 2v/2 be the fundamental solution of the equation

2 -2y% = 1.
Let
Zn=Xn+ Y, V2= (X" +Y"V2)(3+2V2)" foralln =0,1,..., and
Z. =X, +Y,\N2= (X" -Y"V2)(3+2V2) foralln=1,2,....

Then the following hold true:

(1) Let A be genuine. Then the only (non-negative) integral solutions X +
Y2 of (F}) which belong to A or to A and satisfy the inequality
Y > k + 1 are the following:
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(a) Z, € A a.ndZ; €Aforalln>1ifand only if Y* < k — 1.
(b) Z, € Aforalln > 1 and Z, € A for all n > 2 if and only if
Y*=k-1.
(i) Let A be ambiguous, (whence Y™ = 0, while 2k? —1 is a square number).
Then the only (non-negative) integral solutions X + Y+/2 of (Fy) which
belong to A and satisfy the inequality Y > k + 1 are all Z,, for every n > 1.

Proof. (i) By Theorem 1.2 (iv) we have:
Ypi1 >Yn >V, >0 foralln>1, where ¥; = 2X" — 3V~

(a) Hence, we have ¥, = 2X* — 3Y* > k + 1 if and only if (2X*)% >
(3Y* + k + 1)%, that is if and only if (Y* — (k — 1))(Y* 4+ Tk + 5) < 0, and
soif and only if Y* < k£ — 1.

Consequently, by Proposition 4.3, the only (non-negative) integral so-
lution X + Y+/2 of (F}), which belong to A or A and satisfy the inequality
Y >k+lareall Z, ¢ Aandall Z, € A,n =1,2,..., for which Y* < k —1.

(b) Hence, ¥, = 2X* —3Y* =k +1if and only if Y~ = k — 1.

Thus, the only (non-negative) integral solutions X +Y v/2 of (¥ ), which
belong to A or A and satisfy the inequality Y > k+ 1 are all Z, € A for all
n>1landall Z, € Aforall n>2if and only if Y* =k — 1.

(ii) By Theorem 1.2 (i) the following hold true: Y,4, > Y, > 0 for all
n=0,1,..., while Y* =Y, =0and ¥; = 2v/2k%? — 1.

Also, (by direct computations) we show that ¥; > k+ 1. Consequently,
the only (non-negative) integral solutions X + Y/2 of (F}), which belong
to A and satisfy the inequality Y > & + 1 are all Z,, for every n > 1. '

Proposition 4.5. Consider the Diophantine equation (F). Let
X+ YaV2=(14+02)(3+2V2)" foralln=0,1,....

Then the only (non-negative) integral solutions X +Y+/2 of (F}), such that
Y > 2, are all X,, + Y,V/2 for every n > 2.
Proof. By using Theorem 1.2 (i).

Theorem 4.6. Let k be a natural number. Consider the Diophantine
equation (Fy). Let Z* = X* + Y*\/2, (where r = 1,2,...,m) be the only
integral solutions of (F) such that:

X*>0 and 0<Y <k-1.
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Let A, be the corresponding classes of integral solutions of (F}) with fun-
damental solutions Z). Let

Zpn=Xn+ YoV2= (X 4+YV2)(3+2V2) foralln=0,1,...,
Z,= X, + Y, V2= (X7 - Y V2)(3+2V2) foralln=1,2,....

for an (arbitrary) typical . Then the only (non-negative) integral solutions

X+YV2 of (F ), which satisfy the inequality Y > k + 1, are the following:

(i) All Z, € A, and all Z, € A, for every n > 1if and only if 0 < Y,* <
k—1.

(ii) Al Z, € A, for every n > 1 and all Z;l € A, for every n > 2 if and
only if0 < Y* =k - 1.

(i) All Z,, € A, for every n > 1 if and only if Y* = 0 for k > 2.

(iv) Al Z,, € A, forevery n > 2 if and only f Y* =0 for k = 1.

Proof. By using Propositions 4.4, 4.5 and Theorem 3.6.

Theorem 4.7. Let k be a natural number. Consider the Diophantine
equation (Fy). Let X*+Y*\/2, (where r = 1,2,...,m) be the only integral
solutions of (F) such that:

X">0 and 0L<Y <k-1
Let

Xn+YoV2=(X2+Y V2 (3+2V2)" foralln =0,1,... andr=1,2,...,m,
X;L+Y,;\/§‘:‘(X:—YT*\/§)(3+2\/§)"foralln:l,?,... and 1 =1,2,...,m.

Then the only (non-negative) integral solutions X + Y /2 of (F}) such that

Y > k + 1 are the following:

(i) All X, + Y,\/2 and all X, + Y, /2 (with n > 1) for every Y,* with
0<Y*< k-1, when k > 2.

(i) All X, + Y,\/2 (with n > 1) and all X, + Y,+/2 (with n > 2) for
0<Yr=k-—1, when k > 2.

(iii) All X, + Yn,v/2 (with n > 1) for Y,* = 0, when k > 2.

(iv) All X, + Y,\/2 (withn > 2) for Y,* = 0, when k = 1.

Proof. By using Theorems 3.6 and 4.6.
By Corollary 3.7 it follows that

Corollary 4.8. The only non-negative integral solutions X + Y /2 of
(Fo) such that Y > 1 are:

Xn+Y.V/2 foreveryn=1,2,....
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Theorem 4.9. Consider the Diophantine equation (Fy), k = 0,1,....
Let X +Y /2 be a non-negative integral solution of (F}). Let z = (X —1)/2
and N(z) = z* + (z + 1)%. Then N(z) = Y? + k. Moreover, the following
are equivalent:
(i) N(z) is composite.
(i) Y > k+1.

Proof. The equality N(z) = Y? + k? follows by direct computations,
while the equivalence of (i) and (ii) follows from Theorems 4.2 and 1.1.

Theorem 4.10. Let N(z) = z? + (z + 1)?. Consider the Diophantine
equation (Fy), k = 0,1,.... Let X 4 Y,*/2, (where r = 1,2,...,m) be the
only non-negative integral solutions of (Fy) such that:

0<Y " <k-1 fork>1,
while, for k = 0 we have: X} = Y* =1forallr=1,2,...,m. Let
X+ YaV2= (X +YV2)(3 +2V2)",

X+ Y, V2= (X-Y V2)(3+2V/2)" foralln =0,1,...,

'

(for a typical v). Let %, = (X, —1)/2 and Z, = (X, — 1)/2 for every
n =20,1,.... Let R,, R;L, where n = 0,1, ..., be the sequences defined by
the recursive formmulae:

Rnoy1 =34R, — R,y —8(2k* +1) foralln=1,2,...,
where Ry = YT"2 + k2%, Ry = (2X7 + 3Y,")? + k? (for a typical r).

R, =34R, — R, , —8(2k* +1) foralln=1,2,...,
where Ry = Y,"" + k%, Ry = (2X7 — 3Y,")? + k? (for a typical r).

Then the following hold true:
(i) Let k = 0. The for every integer n there exists an integer m such that:

R, = R'm = N(Z,) for every n > 0.

Moreover, the numbers Ry, Ra, ..., are all composite.
(ii) Let k = 1, whence X =1,Y* =0 for every r = 1,2,...,m. Then

R, =R, = N(Z,) for every n > 0.

n
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Moreover, the numbers Rj, R3, ..., are all composite.
(iii) Let k > 2 and Y, = 0 Then

R,=R, = N(%,) for every n > 0.

Moreover, the numbers Ry, R,, ..., are all composite.
(iv) Let k > 2 and Y;* = k — 1. Then

R, = N(Z,) and R, = N(i,) for every n > 0.

Moreover, the numbers Ry, Rs, ..., and also the numbers R;, R;,...,

are all composite.
(v) Let k > 2and 0 < Y < k— 1. Then

R, = N(&,) and R, = N(&,) for every n > 0.

Moreover, the numbers Ry, R,, ..., and also the numbers R;,R'Z, ey
are all composite.

Note: For the cases (iv) and (v) we have:
R # R'n for any m,n.

Proof. (i) The unique class of integral solutions of () is ambiguous.
By Theorem 2.4 in [5] and Corollary 4.8 we have:

Xn + Yn\/_ = £2n+1 + 772n+1\/- = (1 + \/E)(xn + yn\/ﬁ) = (1 + \/5)2n+1

foral n = 0,1,....
Hence, by the definition of ambiguous class and Theorem 1.3, for every
integer n there exists an integer m such that:

R, = R;n = N(&,), where &, = (E2n4+1 — 1)/2.

According to Corollary 4.8, the only (non-negative) integral solutions X +
Y V2 of (Fo) such that ¥ > 1 are all Y, 41 = 72,43 for every n > 0. Hence
by Theorem 4.9, the numbers Ry, R,, ... are all composite.

(ii) Obviously X7 =1, Y,* = 0 for every r = 1,2,...,m because k£ = 1.
Hence, R, = Rln for all n =0,1,.... Now, Theorem 1.3 implies

R,=N@En) =Y +k*=Y2+1 foraln>0.
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Also, by Theorem 4.7 (iv), we deduce that X, +Yn41V2, where n > 1, are

the only (non-negative) integral solutions of (£} ) such that Y, ;) > k+1 = 2.

Hence, according to Theorem 4.9, the numbers R,, R, ... are all composite.
(iii) We have R, = R'n for every n = 0,1,... because Y,* = 0. By

Theorem 4.7 (iii) the numbers X, 1, + Y112, where n > 0, are the only

(non-negative) integral solutions of (F) such that ¥,,; > &+ 1. This com-

pletes the proof by invoking Theorems 1.3 and 4.9.

(iv) By Theorem 4.7 (ii) the numbers X, 1 4+ Y412 with n > 0, together
with the numbers X;z+1 + Y,:H\/i, with n > 1, are the only (non-
negative) integral solutions of (F}) such that Y,,4; > k+1 and TILH >
k + 1. Thus the proof is completed by Theorem 1.3 and 4.9.

(v) By Theorem 4.7 (i), the numbers X, ; + Yp;1v/2 together with the
numbers X,‘H_1 + Y,:H V2, where n > 0, are the only (non-negative)
integral solutions of (Fi) such that Y11 > k+ 1 and Y,,, > k + L.
This finishes the proof of the whole Theorem, again in view of Theorems
1.3 and 4.9.

Theorem 4.11. Consider the Diophantine equation (£} ), k = 0,1,. ...
Let X* + Y2, (where r = 1,2,...,m) be the only non-negative integral
solutions of (Fy) such that:

0<Y ' <k-1 fork>1,

While, for k = 0 we have: X* =Y, =1 for all r = 1,2,...,m. Let R, R,
be the sequences, defined by the recursive formulae:

Rpyi =34R, — Rp_1 —8(2k* +1) foralln=1,2,...,
where Ry = Y,;*' + k%, Ry = (2X7 + 3Y,*)? + k? (for a typical 7).
R, =34R, — R,_, —8(2k* +1) foralln=1,2,...,

where R, = Y +k?, R, = (2X? — 3Y*)? + k? (for a typical r).
Suppose that the number N(z) = z* + (z +1)® is composite. Then
N(z) is equal to some of the composite numbers R, or R, , for a suitable

index, as stated in cases (i)-(v) of Theorem 4.10 (for some value of k).

Proof. Since N(z) is composite it follows from Theorem 1.1 that there
exist natural numbers y, z such that

T(c) = T(y) + T().
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Let y > 2. Letalsok=y—2, X =22z +1and Y = 2y — (k — 1). Then,
according to Theorem 4.2 (ii), X +Y v/2 is a (non-negative) integral solution
of (Fy), with ¥ > k + 1. Hence, X + Y /2 is a solution of type (i) or (ii)
or (iii) or (iv) of Theorem 4.7 or it is a solution X + Y+/2 of (Fy) with
Y > 1 (see Corollary 4.8). Also, N(z) = Y2 + k%. Hence, by Theorem 1.3
N(z) is equal to some R, or some R'n. Finally, the appropriate index n for
which N(z) = R, or N(z) = R, is obtained by applying Theorem 4.6 to
the respective case as in (i)-(v) of Theorem 4.10. This ends the proof of the
Theorem.

Theorem 4.12. (Determination of all composites of the form N(z) =
z? + (z + 1)?) Consider the Diophantine equations

(F%) X?-2Y? =2k -1, wherek =0,1,....

3

Let X* + Y,"\/2, (where r = 1,2,...,m), be the only non-negative integral
solutions of (F}) such that:

0<Y ' <k-1 fork>1,

While, for k = 0 we have: X =Y =1forallr=1,2,...,m. Let Rn,R;ﬂ
be the sequences defined by the recursive formulae:

Rnj1 =34R, — Rp_y —8(2k> +1) foralln=1,2,...,
where Ry = Y,"' + k2, Ry = (2X7 + 3Y,") + k? (for a typical 7).
R, =34R, — R, | —8(2k® +1) foralln=1,2,...,

where Ry = YT"‘2 + k%, Ry = (2X7 — 3Y,")? + k? (for a typical 7).
Then, the only composite numbers of the form N(z) = z? + (z + 1)
are the following:
(i) R1,Ry,... (for k =0).
(i) Ry, Rs,... (for k=1 and Y} =0).
(iii) Ri,Ry,... (fork > 2 and Y,* = 0).
(iv) R1,Ra, ... together with R‘;,R';, . (fork>2andY>=k—-1).
(v) Ry, Ra,... together with R, R,,... (for k > 2 and for all Y;” such that
0<Y<k-1)

Proof. By using Theorems 4.10 and 4.11.

Theorem 4.13. (Sieve-algorithm for the determination of all primes of
the form N(z) = z? + (z + 1)? in an Interval [5,M], where M is a (positive)
integer)
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Step 1: Determine all numbers N(z) forz = 1,2,..., [(-1 + v2M - 1)/2].
Step 2: Determine all R, and R, as in Theorem 4.12 obtained from the
Diophantine equations

X2 -2v?=2k? -1, wherek:O,l,...,[vM].

Step 3: Delete from the table of the numbers in Step 1, all numbers of Step
2. The remaining numbers are the only prime numbers of the form N(z) in
the interval [5,M].

(1]

Proof. By using Theorem 4.12.
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Quasi multiplicative functions
with congruence property

BUI MINH PHONG

Abstract. We prove that if an integer-valued quasi multiplicative function f satis-
fies the congruence f(n+p)=f(n) (mod p) for all positive integers n and all primes p#m,

where = is a given prime, then f(n)=n® for some integer o>0.

An arithmetical function f(n) # 0 is said to be multiplicative if (n, m) =

1 implies

f(nm) = f(n)f(m)
and it is called completely multiplicative if this holds for all pairs of pos-
itive integers n and m. In the following we denote by M and A1~ ihe set
of all integer-valued multiplicative and completely multiplicative functions,
respectively. Let N be the set of all positive integers and P be the set of all
primes.

The problem concerning the characterization of some arithmetical func-
tions by congruence properties was studied by several authors. The first
result of this type was found by M. V. Subbarao (7], namely he proved in
1966 that if f € M satisfies

(1) f(n+m)= f(m) (modn) forall n,mé€N,
then there is an o € N such that
(2) f(n)=n% forall ne€N.

A. Ivanyi (2] extended this result proving that if f € M> and (1) holds
for a fixed m € N and for all n € N, then f(n) has also the same form (2).
It is shown in [4] that the result of Subbarao continues to hold if the relation
(1) is valid for n € P instead for all positive integers. In (6] we improved the
results of Subbarao and Ivanyi mentioned above by proving that if M € N,
f € M satisfy f(M) # 0 and

fn+ M)= f(M) (modn) foral neN,
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then (2) holds. Later, in the papers [3]-[5] we obtained some generalizations
of this result, namely we have shown that if integers A > 0, B > 0, C # 0,
N > 0 with (A4, B) =1 and f € M satisfy the relation

f(An+ B)=C (modn) forall n>N,

then there are a positive integer « and a real-valued Dirichlet character x
(mod A) such that f(n) = x(n)n® for all n € N, (n,4) = 1.

In 1985, Subbarao (8] introduced the concept of weakly multiplica-
tive arithmetic function f(n) (later renamed quasi multiplicative arithmetic
functions) as one for which the property

f(np) = f(n)f(p)

holds for all primes p and positive integers n which are relatively prime
to p. In the following let QM denote the set of all integer-valued quasi
multiplicative functions. In [1] J. Fabrykowski and M. V. Subbarao proved
that if f € QM satisfies

(3) f(n+p)= f(n) (mod p)

for all n € N and all p € P, then f(n) has the form (2). They also conjec-
tured that this result continues to hold even if the relation (3) is satisfied for
an infinity of primes instead of for all primes. This conjecture is still open.

Let A C P, and assume that the congruence (3) holds for all n € N
and for all p € A. For each positive integer n let H(n) denote the product
of all prime divisors p of n for which p € A. It is obvious from the definition
that H(n) | H(mn) holds for all positive integers n and m, furthermore one
can deduce that if f € QM satisfies the congruence (3) for all n € N and
for all p € A, then

f(n+m)= f(m) (mod H(n)) forall n, me€ N.

Thus the conjecture of Fabrykowski and Subbarao is contained in the fol-
lowing

Conjecture. Let A, B be fixed positive integers with the condition
(A, B) =1 and A is an infinite subset of P. If a function f € QM and
integer C # 0 satisfy the congruence

f(An + B)=C (mod H(n)) for all n€ N,
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then there are a positive integer o« and a real-valued Dirichlet character x
(mod A) such that

f(n) = x(n)n® forall ne€N, (n,A)=1.

In this note we prove this conjecture for a special case, when A = B =1
and P = AU {r}, where 7 is a fixed prime.

Theorem. Let m be a given prime and let H(n) be the product of all
prime divisors p of n for which p # 7. If a function f € QM and an integer
C # 0 satisfy the congruence

(4) fln+1)=C (mod H(n))
for all n € N, then there is a non-negative integer o such that
f(r)=n® forall neN.

We shall use some lemmas in the proof of our theorem.

Lemma 1. Assume that the conditions of the theorem are satisflied.
Then f € M™, ie
f(ab) = f(a)f(b)
holds for all a, b € N. Furthermore C = 1.

Proof. Assume that a and b are fixed positive integers. Let ¢ be a
prime with the condition

(5) q > max(a, b, |C], |Cf(ab) - f(a)f(b)]) and q#m.

Since (ab,q) = 1, one can deduce from Dirichlet’s theorem that there are
positive integers z,y,u and v such that

ar =qy+1, (z,ab)=1, z€P

and
bu=quv+1, (u,abz)=1, uvweP.

Then we have
abru = qT + 1,

where T := y + v + qyv. Thus, we infer from (4) and the fact f € QM that

f(@)f(z) = f(az) = flgy+1) = C (mod g),
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fO)f(u) = f(bu) = flgv+1) =C  (mod g)
and
Fab)f(2)f(u) = f(abou) = f(gT +1)= C (mod g).
These and (5) show that f(z)f(u) 20 (mod g), consequently

f(a)f(b) = C[f(ab) (mod g).

Hence, we infer from the last relation together and the fact ¢ > |C f(ab) —
f(a)/(b)] that

(6) C f(ab) = f(a)f(b)-

Thus, we have proved that (6) holds for all positive integers a and b. By
applying (6) with a = b = 1, we have C = 1 and so the proof of Lemma 1
is finished.

Lemma 2. Assume that the conditions of the theorem are satisfied.
Let Q be a positive integer. Then for each prime divisor ¢ of f(Q) we have

Q.
Proof. Let () be a positive integer and assume on the contrary that
there exists a prime ¢ such that ¢|f(Q) and (q, wQ) =1

Since (@, ¢) = 1, we infer that there are positive integers r and y such
that

Qr=qy+1
By using Lemma 1, it follows from (4) and the fact ¢ # 7 that
0= f(Q)f(z) = f(Qz) = fley+1) =1 (mod g),
which is a contradiction. Thus the proof of Lemma 2 is finished.

Lemma 2 shows that for each prime p, we can write f(p) as follows:
|f(p)| = p* PP,
consequently
(M) |f(x)] = =%,

for some non-negative integer a.

Now we can prove our theorem.
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Proof of the theorem. We shall prove that f(n) = n“ is satisfied for
all n € N, where a > 0 is given in (7).
Let n, s be positive integers. By (4), we have

f(ne®) = f((nr** — 1)+ 1) =1 (mod H(n7?* —1)).
On the other hand, it follows from Lemma 1 and (7) that
n®f(n?*) = n® f(n)r?** = f(n)(nr?*)* = f(n) (mod H(nw?® —1)).

These imply
f(n) =n* (mod H(nr?® —1)),

therefore, by setting s — oo, we have H(nr?* — 1) — co and so f(n) = n®.
This holds for each positive integer n, consequently it also holds for all
n € N. The theorem is proved.
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On a conjecture about the equation
A™mT _+_Amy = A™m=

ALEKSANDER GRYTCZUK

Abstract. Let A be a given integral 2x2 matrix. We prove that the equation
(*) AT LAY g™

has a solution in positive integers r,y,z and m>2 if and only if the matrix A is a nilpotent

matrix or the matrix A has an eigenvalue a:ﬁ‘zﬁ‘

1. Introduction
First we note that (x) is equivalent to the following Fermat’s equation
(1) XM 4Y™m =™ m> 2,

where X = A%, Y = AY and Z = A*.

It has been recently proved by A. WiLEs [12], R. TayLOR and A.
WiLEs [11] that (1) has no solution in nonzero integers X,Y,Z7 if m > 2.
But, in contrast to the classical case, the Fermat’s equation (1) has infinitely
many solutions in 2 X 2 integral matrices X,Y, Z for m = 4. This fact was
discovered by R. Z. DoMIATY [2] in 1966. Namely, he proved that, if

. (0 1 (01 , (01
x=(00) v=(] o) maz=(2 }),
2

where a, b, ¢ are integer solutions of the Pythagorean equation a? + b2 = ¢?,
then
X4 vt =28

Other results connected with Fermat’s equation in the set of matrices are
given in monograph [10] by P. RIBENBOIM. In these investigations it is
an important problem to give a necessary and sufficient condition for the
solvability of (1) in the set of matrices. Such type results were proved re-
cently by A. KuazanNov [7], when the matrices X,Y, Z belong to SL2(2),
SL3(Z) or GL3(Z). In particular, he proved that there are solutions of (1)
in X,Y,Z € SLy(Z) if and only if m is not a multiple of 3 or 4. We proved
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in [4] a necessary condition for the solvability of (1) in 2 x 2 integral matri-
ces X,Y, Z having a determinant form. More precisely, we proved (see [4],
Thm. 2) that the equation (x) does not hold in positive integers z,y, 2 and
m > 2.1 A= ( ;} i) Another proof of this cited result was given by D.
Frejman [3].
M. H. LE and CH. LI [8] proved the following generalization of our
(1 8

result: Let A = (}) J

a+d> 0 and det A = ad — be < 0, then (%) does not hold.

In their paper they posed the following

Conjecture. Let A be an integral 2 X 2 matrix. The equation (x) has
a solution in natural numbers z,y,z and m > 2 if and only if the matrix A
is a nilpotent matrix.

A corrected version of this Conjecture was proved by the same authors
in [9].

In the present paper we prove the following

Theorem. The equation (x) has a solution in positive integers z,y, 2

and m > 2 if and only if the matrix A is a nilpotent matrix or the matrix
1+iv/3
et

) be a given integral matrix such that » = Tr 4 =

A has an eigenvalue o =

We note that the condition matrix A has an eigenvalue a = th_;ﬁ is
equivalent to Tr A = det A = 1 (cf. [9]). On the other hand it is easy to
see that the condition det A = 1 implies that the matrix A cannot be a
nilpotent matrix, thus the original Conjecture of M. H. LE and CH. Li is
not true.

We also note that X. CHEN [1] proved that if A, is the companion
matrix for the polynomial f(z) = 2" —z"~! — ...~z — 1 then the equation
(x) with A = A, has no solution in positive integers z,y,2 and m > 2 for
any fixed integer n > 2.

Futher result of this type is contained by [5]. Namely, we proved the
following:

Let A = (a;;), ., be a matrix with at least one real eigenvalue o > V2.
If the equation

(2) AT+ A° = A

has a solution in positive integers r,s and ¢ then max{r —t,s -t} = —1.
From this cited result one can obtain the corresponding results of the
papers [1], [3], [4], [8] as particular cases.
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2. Basic Lemmas

a b
d

Lemma 1. Let A =
or det A # 0 and let
r=a+d=TrA, s=-detA, Ag=7r, A =rAy+s

) be an integral matrix such that Tr A £ 0

and
Apn=7TAp_1 +8An_2 If n>2.

Then for every natural number n > 2, we have

an (@ 0 _ (eAnoz tsdnss 2
¢ d CAn_z dAn_z + SAn_3 ’
where we put A_; = 1.
The proof of this Lemma immediately follows from Theorem 1 of [6].

Lemma 2. Let A be an integral matrix satisfying the assumptions of
Lemma 1 and let A,, be the recurrence sequence associated with the matrix
A as in Lemma 1. Moreover, let A,, be the discriminant of the characteristic
polynomial of A™ if n > 2 and let A} = A = r? +4s. Then for every natural
number n > 2 we have A, = AA%_,.

The proof of Lemma 2 is given in [4].

b
d

z? — (Tr A)z + det A be the characteristic polynomial of A with the roots
a,f # 1—""’?@ and the discriminant A = % + 4s, wherer = a+d = Tr A
and s = —det A. If s # 0 and A # 0 then the equation (x) has no solutions
in natural numbers z,y,z and m > 2.

Proof. If £ = z and (x) is satisfied then A™Y = 0, thus det A = 0,
which contradicts to our assumption. Similarly we obtain a contradiction
when y = z. If £ = y then by (%) it follows that 24™* = A™* hence
4(det AY™* = (det A)™* and so we obtain a contradiction, because the last
equality is impossible in natural numbers z,y,2z and m > 2 with integer
det A # 0.

Further on we can assume that if (x) is satisfied, then z,y and z are
distinct natural numbers. Since s = — det A # 0, therefore there exists the
inverse matrix A~! and from (x) we obtain
(3) A™E=A) L A=) = [ if min{z,y,2} =2
(4) A™MEY) L 1= gm0V i min{z,y,z} = v,

(5) I+ A™y=2) — gmlz=2)  4f min{z,y,z} = z,

Lemma 3. Let A = (z ) be an integral matrix and let f(z) =
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1 0
where [ = (0 1).

Let {A,} be the recurrence sequence associated with the matrix A.
Then applying Lemma 1 to (3) we obtain

a (Apm(zmzy—2 + Am(y—2)-2) — (det A) (Ap(z—z)=3 + Amy-2)-3) = 1,

(6) (Amzz)2+A (y—2)-2) =0,
 ( ) =0,
d (4 ) -

Am(a: z)— 2+A (y—z)-2

m(z—2)—2 + Am(y—z) 2 (dEt A)( m(z—z)—3 + Am(y‘z)~3) =1

From Lemma 1, (4) and (5) we obtain similar formulae to (6).
Suppose that & # 0 or ¢ # 0. Then from (6) we get det A = £1. On the
other hand since A # 0, therefore from Lemma 2 we can deduce that

(7) Ans = 7= (0" = B7).
Substituting (7) to (6) we obtain

(8) a™@=2) p qmly=2) - gmle=z) 4 gmlv=2) - g
By (4) and (5) we similarly have

9) a™zy) _ gmle=y) = gmlz—y) _ gmlz-y) -
and

(10) a™zme) L qmly=e) - gmiz=e) _ gmly=z) _ 1

From (8)-(10) it follows that in all cases

(11) a™ +a™ =a™ and [T+ /7Y =g

for natural numbers z,y, z and m > 2, which can be written in the forms
(12) ™9 4 om=1) =1 ang grle-o) 4 gml-2) 21,

Since A # 0, thus we consider two cases: A > 0 or A < 0. Let us suppose

that A > 0. Since A = 7% + 4s and s = —det A = +1, so we have A > 5. If
7 > 0 then we obtain

FVA 1
(13) a:”Q\/—z +2‘/5>\/§>1.
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From (13) and (12) it follows that both exponents m(z — z) and m(y — 2)
must be negative. On the other hand fom (13) we have a2 < } and by
(12) it follows that it cannot happen that both exponents m(z — z) and
m(y — z) are < —2. Therefore one of them must be equal to -1 and we
obtain m(z — 2) = —1 or m(y — 2z) = —1. But this is impossible, because
m > 2 and z,y, z are positive integers.

After this we consider the case r < 0. Let us suppose that » < 0 and

put r = —r', where 7' > 0. Then we have
r—vA 4+ VA
ﬁ = = - = —JB
2 2
and

A 1 5
g=r"+ —2“2 +2\/_>\/§>1.

Substituting # = —0 to the second equation of (12) we obtain

(14) (—1)"1(1'“2) (ﬂ;)m(r—z) + (_1)m(y“2) (ﬂf)m(y—n?) -1

If ;n is even then as in our previous case we obtain a contradiction. So, we
can assume that m is an odd natural number greater than 2. If z — z and
y — z are odd then it is easy to see that (14) does not hold. Therefore one
of them must be even and from (14) we obtain

(15) (8)"" ™2 —(8)"¥" =1, if z-- isevenand y—z is odd
and
(16) (ﬂ()m(y—z)"(ﬂl)m(z—z):l, if y—2z isevenand z-z isodd.

Because of the symmetry, it is sufficient to consider one of these equations.
Let us suppose that (15) is satisfied. If z — z > 0 and y — z > 0 then, by(15),
it follows that z — z > y — z. On the other hand, (15) can be represented in
the form

(n @ (B -1) =1

The condition z —2z > y—z implies z > y and since ' > V2,m>2,z—2>0
and y — z > 0, therefore (17) is impossible. Hence we get that one of the
differences z — z so y — z must be negative. Suppose that z — 2 < 0 and
y — z > 0. Then from (15)

(18) (ﬂ/)m(:n—z) — (Bl)m(y—Z) + 1
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m(z—z)

follows. It is easy to see that (4/)"(* 72 = ((ﬂ’)_2> * . On the other

hand we have (ﬁ')_2 < % and we obtain
m(z—z —_—
nmi{z—z) _ =2 2 l 2 }.
Ere = (@) T <(3) T <3
because T—(Zz_—mz > 1. Therefore from (18) we get

(BT r 1= (8 <

bl

N

which is impossible. In a similar way we obtain a contradiction in the case
z—2z > 0 and y—2z < 0. It remains to consider the case when both differences
z — z and y — z are negative. From (15) we have

(19) 1= (ﬂl)m(x—z) . (ﬁ/)m(y—z) < (ﬁ/)m(z—z) n (ﬁ,)m(y_z) .

On the other hand we have
m(z—x)

@ e < () T <

and

m(z—y)

ey @ (@) <(3) T <k

Hence, by (19)-(21), we get a contradiction.

Further on we have to consider the case r = 0. But in this case we have
a=1,8 = —1 and we can can observe that (12) is impossible.

Now, we can consider the case A < 0. Since s = —det A = +1 and
A = 1% + 45 < 0, therefore we have s = —1 and the inequality 72 — 4 < 0
implies —2 < r < 2, that is, r = —1,0, 1.

The case 7 = 1 is impossble by the assumptions on the eigenvalues of
the matrix A.

If » = 0 then we obtain that a = 7,8 = —i and it is easy to check that
(12) does not hold.

Ifr = -1 then a = "—ltz—~"/§ is the third root of unity. Analyzing the
exponents m(z — z) and m(y — z) modulo 3 in (12) we get a contradiction.
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Summarizing, we obtain that in the case b # 0 or ¢ # 0 the equation (x)
has no solution in positive integers z,y,z and m > 2. So, b = ¢ = 0 and the

matrix A can be reduced to a diagonal matrix of the form A = (g 2)

On the other hand for every natural number k& we have

£ w=(50)=(5 &)

If (x) is satisfied then, by (22), it follfows that

(23) a™® 1 a™v — amz, dm= +d™Y = ™=,
From the assumption of Lemma 3 we have s = — det A # 0. This condition
implies ad # 0, because det A = det (g 2) = ad. Therefore (23) does not

hold.
Considering all of the cases the proof of Lemma 3 is complete.

Now, we can prove the following.

Lemma 4. Let A = (ZL g) be an integral matrix and let r =

TrA,s = —det A and A = 72 + 4s. If s # 0 and A = 0, then (%) has

no solutions in positive integers z,y,z and m > 2.

Proof. Since s # 0, therefore using Lemma 1 in similar way as in the
proof of Lemma 3, for the case b # 0 or ¢ # 0 we obtain s = —det A = +1.

Since, A = r? 4+ 4s = 0, thus s = —1 and consequently r* — 4 = 0, so we
have r = +2. Therefore weget a = = =1ifr=2and o =03 = -11if
r = —2. From the well-known theorem of Schur it follows that for any given

matrix A there is an unitary matrix P such that
(24) A= P'TP,

where T is the upper triangular matrix having on the main diagonal the
eigenvalues of the matrix A.

a b
c d

Suppose that the matrix A = ( ) with integer entries has the

eigenvalues «, .
From (24) by easy induction we obtain

(25) A* = P*T*P
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for every natural number k, where T* is the upper triangular matrix with
the eigenvalues o*, 3% on the main diagonal. If (x) is satisfied then, by (25),
it follows that

(26) Tm* 4+ T™Y =T™*
and from (26) we have
(27) a™ 4 o™V = amz’ ﬁm:c + ﬁmy — ﬂmz'

Since in our case @ = 3 = 1 so we can see that (27) does not hold.
Therefore we have b = ¢ = 0 and we get a contradiction as we have got it in
the last step of the proof of Lemma 3. So the proof of Lemma 4 is complete.

Lemma 5. Let A = <‘Z Z) be an itegral matrix and let r = Tr A, s =

—det A and A =172 +4s. If s = 0 and A # 0 then the equation (x) has no
solution in positive integers x,y,z and m > 2.

Proof. From the assumptions of Lemma 5 it follows that 7 # 0 and
therefore we can use Lemma 1. Since s = 0 so, by Lemma 1, it follows that

k
k_[a b o farkTt RN e b\ k
(28) A% = (c d) - (crk‘l drk-t ) =7 c d) " A.

If (%} is satisfied then from (28) we obtain
(29) PMmE 4 pTY — pTE

Being r # 0, it is easy to see that the equation (29) is impossible in positive
integers z,y,2z and m > 2. This proves Lemma 5.

3. Proof of the Theorem

Suppose that the equation (x) has a solution in postive integers z,y, z
and m > 2. Then by Lemma 3, Lemma 4 and Lemma 5 it follows that
s = detA = 0 and + = TrA = 0 or the matrix A has an eigenvalue
a = 1—'%@.Inthecases:7‘:0wehavea:—da.nd.s: —det A =
—(ad — bc) = — (—d? — bc) = d? + bc = 0 and also putting d = —a we have
a? + bc = 0. On the other hand we have

(30) 42 (@ b 2: a® + be bla + d) _ a® + be br
c d c(a + d) d? + be cr d? +be )’
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Substituting
r=0,a>+bc=d*+bc=0

to (30) we obtain that A% = 0, that is the matrix A is a nilpotent matrix
with nilpotency index two.

Now, we suppose that the matrix A is nilpotent matrix, i.e. A* = 0 for
some natural number £ > 2. Then it is easy to see that (x) is satisfied for
all positive integers z,y,z, m > 2 such that mz > k,my > k,mz > k.

Suppose that the matrix A has an eigenvalue o = Lﬁ Then it is

easy to check that o? = i?g—“@ = ¢ is a third root of unity. By an easy
calculation we obtain

1, if n =6k,
—€?, if n=6k+1,
n_ )& if n=6k+2,
(31) =921 if n=—6k+3
€2, if n=6k+4,
—€, if n=6k+5.

Applying (31) we obtain that (x) is satisfied if and only if the following
relations are satisfied

(32) mz = ri( mod 6), my=ry( mod 6), mz=rz( mod 6),
where
<r17T277'3> = <0727 1>a <074’5>a <17372>7 <175a0>7 <27473>7 <250a1>7

(3,1,2),(3,5,4),(4,0,5),(4,2,3),(5,0,1),(5,3,4).
The proof of Theorem is complete.

From the proof of Theorem we get the following

Corollary. All soluitions of the equation(x) in natural numbers z,y, z
and m > 2, when the matrix A has an eigennvalue o = I—'EL\/E are given by
the congruence formulas (32) with the above restrictions on <’7’1,7‘2,7‘3> and
if the matrix A is a nilpotent matrix with nilpotency index k > 2 then (x)
is satisfied by all positive integers x,%,z,m > 2 such that mz > k,my > k
and mz > k.

Remark. We note that Theorem with Corollary is equivalent to the
result presented by M. H. Lk and CH. L1 in [9], but our proof is given in
another way and it gives more information about the impossibility of the
solvability of (x) in the cases mentioned in Lemma 3, 4, 5.
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Egy euklidészi gyiri

KIRALY BERTALAN,* OROSZ GYULANE

Abstract. We showe in this paper that the polynomial ring over a field of the

infinite cyclic group is an Euclidean one.

Legyen R{g) a (g) végtelen ciklikus csoport T test f&lotti csoportgyfi-
riije. A 7'(g) minden eleme felirhaté

(1) T = Zai9i7 a €T

1€Z

alakban, ahol csak véges sok a; # 0. Kénnyl beldtni, hogy a T[g] és T[g~!]
polinomgyiiriik (ha gy tekintiink a g-re, ill. a ¢ ~'-re mint hatdrozatlanokra)
a T'(g) részgytrui.

Ismeretes, hogy a test f6l6tti egyhatarozatland polinomok gytiriije euk-
lidészi gytirid. Az euklidészi gyiiriik fontos szerepet jatszanak a matema-
tikdban, tobbek kozott az algebraban és a szamelméletben is. Ez annak
tulajdonithatd, hogy egész sor olyan tulajdonsaggal rendelkeznek, amelyek
megkénnyitik alkalmazasukat (pl. az euklidészi gytiriik féidedlgytiriik, érvé-
nyes benniik az egyértelmi primfaktorizacid tétele, legnagyobb koz6s oszté
létezése stb.). Az is ismeretes, hogy a test fol6tti kéthatdarozatlani polino-
mok gytirtije nem euklidészi gytliri. A T'(g) csoportgyliriit nem tekinthetjiik
sem egyhatdrozatlani, sem pedig kéthatdrozatland polinomgytriinek. Bebi-
zonyitjuk, hogy ennek ellenére a 7'(g) euklidészi gyiird.

Tétel. A végtelen ciklikus csoport test f6l6tti csoportgytirije euklidészi
gytrd.

A tétel bizonyitasahoz sziikségiink lesz néhany j6l ismert fogalomra és
allitasra.

Ismeretes, hogy a gytril egységeinek halmaza a szorzasra nézve csopor-
tot alkot amelyet U(R)-rel fogunk jeldlni és az R gyiirli egységcsoportjanak
fogunk nevezni.

A tovabbiakban R integritdstartomdanyt fog jeldlni, azaz kommutativ,
egységelemes, nullosztémentes gytriit.

* A kutatdst az OTKA T16432 sz. palydzata tdamogatta.
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Az a elemet a b (a,b € R) asszocidltjanak nevezziik, ha a = ¢b valamely
e € U(R) elem esetén. Ezt a ~ b-vel jelsljiik. Kénnyi beldtni, hogy a ~
ekvivalenciarelacié az K-en. Ezért a tovabbiakban tgy is mondhatjuk, hogy
az a és b elemek asszocialtak.

Definicié. A T(g) csoportgytirii

=1+ Zaigi, a; €T
0<i€Z

alakt elemeit normalt elemeknek nevezziik.
Vildgos, hogy ha z’ normalt elem, akkor z’' € T[g] C T(g).

1. Lemma. A T(g) csoportgyiriiben igazak a kévetkezd dllitdsok:

1. Minden = # 0 T(g)-beli elemhez létezik olyan egyértelmiien megha-
tdrozott ' normdlt elem, hogy = ~ ' és egy megfelel6 o (oo € T) és egy
meghatdrozott k egész szammal teljesiil az

k. !

(2) z=oag"z

egyenl6ség. Az ©' elemet az x normdltjanak fogjuk nevezni.
2. Ha z' és y' normdlt elemek, akkor az z'y’ Is normalt elem.
3. Tetszbleges nem nulla z,y T(g)-beli elemek esetén igaz az

[

(zy)' =2y,
egyenléség.
Bizonyitds. 1. Legyen z € T(g). Akkor az (1) szerint z el6allithaté
T = Z aig', o, €T
1€Z
alakban, ahol csak véges sok «; # 0. Legyen

k = min {¢
min {i}
és
o = a;1g_k$ = algk Zaigi =14 Zaglg—kaigi—k_
162 €2
1#k
Mivel ¢ — k > 0, az z’ elem felirdsdban a g-nek csak nemnegativ hatvinyai
szerepelnek. Igy
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alaki, vagyis ' normalt elem. Az

P -1 _—k
r =09 "r

egyenldségekbdl nyerjiik, hogy
T = aggta’.

Tehit z eléallithatd (2) alakban és z ~ z'.

2. Legyen 2z’ =1+ Z agt és Yy =1+ E Big'. Az z',y" a Tlg]
0<i€Z 0<i€Z
polinomgytrd elemei és

gy =1+ Z vig' € Tlg),
0<i€Z

azaz z'y’ normalt elem.
3. A (2) szerint z és y felirhaté

z=ag*z’ & y=8¢"y, (a,8€T, kneZ)
alakban. Ezért

(3) oy = afg" 2y = abg™ 1+ Y big') € Tlg)
0<i€z
Innen kovetkezik, hogy (zy) = 'y’

A tovébbiakban a (2)-re valé hivatkozds nélkil is fogjuk alkalmazni a
T(g)-beli elemek (2) alaki el6allitasat.

2. Lemma. A T{(g) egységcsoportjénak elemei v¢' (v € R,i € 7)
alakdak.

Bizonyitas. Legyen z € U(T(g)). Az el6z6 Lemma értelmében z és
z~! elédllithaték

z = agtz’ és ™ = Bg™y' (a,B €T, k,n € Z)

alakban. Ekkor figyelembe véve azt, hogy z’ és y’' normalt elemek az

z'y' =14 Y big' € Tlg]
0<ie?
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egyenl6ségbdl kapjuk, hogy

(4) 1=2zz7! = afg** "2’y = aBg"*"(1+ Y &)
0<iez

Mivel z',y' és z'y’ a T|[g] elemei a (4) csak abban az esetben teljesiil, ha
' =y’ = 1. Tehdt z = ag* és y = Bg™.

3. Lernma. A T (g} csoportgyiiriiben az asszocialt elemek normaltja
megegyezik. Azaz, ha ¢ ~ y, akkor 2’ = ¢’

Bizonyitds. Ha z ~ y, akkor taldlhaté olyan ¢ (¢ € U(7'(g))), hogy
z = ey A 2. Lemma szerint ¢ = y¢g™ (y € T,m € Z). Evidens, hogy ¢/ = 1.
Ekkor az 1. Lemma értelmében

x’ — (Ey)’ — En'yl — yl‘
4. Lemma. A T{g) nullosztémentes gyird.

Bizonyitas. Tegyiik fel, hogy z és y nem nulla 7'(g)-beli elemek és
zy = 0. Ekkor felhasznédlva az z és y elemek = = ag*z’ és y = Bg™y'
(a8 €T, k,n € Z) eldallitasat normaltjaik segitségével, az Ty = 0-bdl az

zy = afg* ey’ =0
kovetkezik. Mivel aB3¢**™ € U(T(g)), innen az z'y’ = 0 egyenlSséget kapjuk.
Ez ellentmondds, mert 2’ £ 0, v’ #0és z',y' € T|g].
Jeloljiik Z*-szal a nemnegativ egész szdmok halmazat.

Definicié. Az R integritastartomdany euklidészi gyiirinek nevezziik, ha
létezik olyan
@: R\ {0} — Z*

leképezés, hogy minden a,b € R\ {0} elempdrra igaz a ¢(ab) > ©(a) egyen-
I6tlenség. Tovabba, tetszdleges a és b # 0 R-beli elemekre teljesiil a kovet-
kezé egyenloség:

(5) a=bg+r, ahol vagy r = 0, vagy ¢(r) < ¢(b), (r,q € R).

A ¢ leképezést euklidészi normdanak, az (5)-6t pedig euklidészi osztdsnak
nevezziik.
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Legyen z = Z aig' € Tlg] C T(g). Ekkor z = a,g*z'. Evidens, hogy

0<i€Z
k > 0. Jeloljitk z°-rel az = polinom fokat. Figyelembe véve, hogy k£ > 0 az

el6z6 egyenloséghdl kovetkezik, hogy
(6) zO Z (II)O‘

A Tétel bizonyitdsa. Legyen z € T(g) \ {0} és legyen

z =1+ Z a;g

0<ieZ

az ¢ normaltja. Nyilvan 2’ € Tg]. Legyen degz = (z')°. A degz-et az
z elem mddositott fokszamanak fogjuk nevezni. Konnyd beldtni, hogy a
deg v = deg w egyenlGség pontosan akkor teljesiil, ha v ~ w, és a degz = 0
egyenlGség akkor és csak akkor igaz, ha z € U(T(g)).

Legyen z,y € T'(g) \ {0}. Akkor z = ez’ és y = éy’, ahol z',y' meg-
felel6en az z, ill. az y normaéltja és ¢,6 € U(T(g)). Az 1. Lemma 3. pontja
szerint (zy)' = z'y’, és mivel 'y’ € T'[g],

(7)  deg(zy) = ((z9))° = (2'y')° = (2")° + (¥')° = degz + degy.
Legyen
(8) e:T(g)\ {0} = Z*,  ¢(z) = degz.

Megmutatjuk, hogy ¢ a T'(g) euklidészi normdja. Ha =,y € T(g)\ {0}, akkor
a (7)-bdl kapjuk, hogy

@(zy) = deg(zy) = degz + degy > degz = (z).

és igy a o euklidészi norma a T'(g)-n.

Legyen z,y € T(g)és y # 0. Irjuk fel az z-et és az y-t ¢ = ez’ és y = 6y
(e,6 € U(1T(g)) alakban. Ha z = 0, vagy ¢(z) < ¢(y), akkor x = y-0+ 2 és
az (b) teljesiil.

Legyen most ©(z) > ¢(y). Ekkor o(z) = ¢(z') > ¢(y) = ¢(y'). A Tlg]
polinomgyfiriiben érvényes az euklidészi osztds, és mivel z',y' T[(g)-beli
elemek, igaz a kovetkezo egyenloség:

g'=y'q+r, ahol 7=0 vagy r° < (y')° (g7 € T[g] C T(g))

Ekkor a (6)-bél kévetkezik, hogy degr = (r')° < (y')° = degy és igy ¢(r) <
@(y'). Tehat

9) z' =y'q+r, ahol 7 =0 vagy @(r)<p(y)
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Haz = ez’ és y = 8y (e,6 € U(T(g))), akkor a (9)-bél kapjuk, hogy
dex’ = bz = bey'q + ber és igy

T=yq+T,

ahol § = €67 1¢,7 = er. Mivel § ~ q és T ~ 1, és az asszocialt elemek mddosi-
tott fokszama megegyezik, a (9)-bdl kovetkezik, hogy az el6z6 egyenléségben
vagy 7 = 0, vagy ©(7) < ¢(y). Tehat a T'(g) euklidészi gytirii.
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Functions having quadratic differences
in a given class

GYULA MAKSA

Abstract. Starting from a problem of Z. Dardczy we define the quadratic difference
property and show that the class of all real-valued continuous functions on R and some of

its subclasses have this property while the class of all bounded functions does not have.

1. Introduction

For a function f:R — R (the reals) and for a fixed y € R define the
function A, f on R by A, f(z) = f(z + y) — f(z), ¢ € R. The functions
A, N:R — R are said to be additive and quadratic if

Alz +y) = Alz) + Aly) z,yeR
and

N(z +y)+ N(z —y) =2N(z) + 2N (y) z,y € R,

respectively. It is well-known (see [1], [5], [2]) that, if an additive function
is bounded from one side on an interval of positive length then A(z) = cz,
z € R for some ¢ € R and there are discontinuous additive functions.
Similarly, if a quadratic function is bounded on an interval of positive length
then N(z) = dz?, z € R for some d € R and there are discontinuous
quadratic functions.

In [4] Z. DAROCzY asked that for which properties T the following
statement is true:

(x) Let f:R — R be a function such that for all fixed y € R the
function AyA_, f has the property T'. Then

(1) f=f+N+4 on R

This research has been supported by grants from the Hungarian National Foundation
for Scientific Research (OTKA) (No. T-016846) and from the Hungarian High Educational
Research and Development Fund (FKFP) (No. 0310/1997).
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where f* has the property T, N is a quadratic function and A is an additive
function.

In this note we prove that, if 7" is the k-times continuously differentia-
bility (k > 0 integer) or k-times differentiability (k > 0 integer or £ = +00)
or being polynomial then the statement (x) is true while if 7" is the bound-
edness then () is not true.

2. Preliminary results
The following lemma will play an important role in our investigations.

Lemma 1. For all functions f:R — R and for all u,v,z € R we have

AuBof(z) = Avr A f( J;L)
/ val

A A .
et

The proof is a simple computation therefore it is omitted.
An other basic tool we will use is the following result of DE BRUDIN ([3]
Theorem 1.1.)

Theorem 1. Suppose that f:R — R is a function such that the func-
tion A, f is continuous for all fixed y € R. Then f = f*+ A on R with
some continuous f*: R — R and additive A:R — R.

Finally we will need the following two lemmata.

Lemma 2. Let [: R — R be a function such that A, A, f is continuous
for all fixed u,v € R. Define

(3)  H(z,u,v)= A A, f(z)— flu+v)+ flu)+ f(v) z,u,v € R.

Then the function (z,u) — H(z,u,v), (z,u) € R? is continuous for all fixed
v€E R.

Proof. Let v € R be fixed. Since A, (A, f) is continuous for all fixed
u € R, Theorem 1 implies that A, f = f + A, on R where f7:R — R is
continuous and A, is additive. Thus, by (3),
H(z,u,v) = rﬁ-uf(l‘wLU)—A f(z )— Ay f(u) + f(v)
= fi(z +u) - fi(2) - f5(uw) + f(v)

whence the continuity of (z,u} — H(z,u,v), (z,u) € R? follows.
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Lemma 3. Suppuse that L is one of the classes of the real-valued
functions defined on R which are k-times continuously differentiable for
some k > 0 integer or k-times differentiable for some 1 < k < +oo or
polynomials. If {:R — R is continuous and A, f € L for all fixed y € R
then f € L.

Proof. If L is the class of the continuous functions (k = 0) or of the
polynomials, furthermore f is continuous and A, f € L for all fixed y € R
then, by Theorem 1 and by [3] page 203, respectively, f = f* + A for some
f* € L and additive function A. Therefore, by continuity of f, A(z) = cz,
r € R with some ¢ € R whence f € L follows.

The remaining statement of Lemma 3 is just Lemma 3.1. in [3].

3. The main results

For the formulation of our main results let us begin with the following

Definition. A subset F of the set of all functions f: R — R is said to
have the quadratic difference property if for all /:R — R, with AJ/A_, f €
E for all y € R, the decomposition (1) holds true on R where f* € FE, N is
a quadratic function and A is an additive function.

First we prove the following

Theorem 2. The class of all continuous functions f:R — R has the
quadratic difference property.

Proof. By (2) in Lemuma 1 we have that A, A, f is continuous for all
fixed u,v € R. In particular, A, (A, f) is continuous for all fixed u € R.
Applying Theorem 1 to A; f we have

(4) A f=fo+a on R

with some continuous f3: R — R and additive a: R — R. Define the func-
tion B on R? by

u+tv

(5) B(u,v):O/AuAvf— / fo+0/fo+0/fo, (1,v) € R?.

Obviously, B is symmetric. Now we show that B is additive in its first
variable. For all u, t and v, we have

utt+v utt v

1
B(u+t,v)—B(?L,v):i/Au+tAuf— / fo+0/f0+0/f0

0
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/A Af+7ufo—/fo—/fo
utttv utt utv

=M/A1Auf— 0/fo+/f0 /fo—/fo

Since A:A, f and fy are continuous functions, the right hand side is contin-
uously differentiable with respect to u then so is the left hand side. Differ-
entiating both sides with respect to u and taking into consideration (4) we
obtain that

?—[B(u +t,v) — B(u,v)] = AA AL f(u) — folu+t+v)+ folu + 1)

Ju
+ fo(u + v) = fo(u)
= AtAv(fO + a)(u) - AtAva(U)
= AAya(u) =0 (a being additive).
Therefore

B(u + t,v) — B(u,v) = B(t,v) — B(0,v) = B(t,v),

that is, B is additive in its first (and by the symmetry also in its second)
variable. Thus, it is well-known (see [2]) and easy to see that, the function
N:R — R defined by N(u) = 3 B(u,u), u € R is quadratic and

(6) B(u,v) = N(u + v) - N(u) — N(v) u,v € R.

Define the function H:R® — R by (3) and apply Lemma 2 to get the
continuity of the function (z,u) — H(z,u,v), (z,u) € R? for all fixed
v € R. This implies that the function s: R? — R defined by

1
/quv (u,v) € R?
0

is continuous in its first variable (for all fixed v € R). Therefore, by (3), (5)
and (6) we have

1

s(u,v) = / AuAof = flu+v)+ f(u) + f()

0
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= Blu,v) + /fo—/fo—/fo~ (u+0) + f(u) + (o)
=N(u+v)- (u+v)—( () f(u)) = (N(v) -

L*Y

0/fo—o/fo U/fo

= —A,(f = N)(u) — (N(v) — f(v) /fo-/fO‘/fO

This implies that A,(f— N) is continuous for all fixed v € R and Theorem 1
can be applied again to get the decomposition f — N = f* + A on R with
some continuous f*: R — R and additive function A, that is, (1) holds and
the proof is complete.

Theorem 3. Let L be as in Lemma 3. Then L has the quadratic
difference property.

Proof. If L is the class of all continuous functions then the statement
is proved by Theorem 2. In the remaining cases, since all functions in L are
continuous, Theorem 2 implies the decomposition (1) with continuous f*,
quadratic N and additive A. We now prove that f* € L. For all y € R we
get from (1) that

(7) AyA_yf = AyA_y f*+ 2N (y).

Therefore AyA_, f* € L for all fixed y € R. Applying (2) in Lemma 1
we obtain that A, (A, f*) € L for all fixed u,v € R. Obviously A, f* is
continuous thus, by T.emma 3, A, f* € L. Since f* is continuous, Lemma 3
can be applied again to get f* € L.

Remark. The set of all bounded functions f:R — R does not have
the quadratic difference property. Indeed, let

f(z) = zIn(z? + 1) + 2arctg z — 27, z€eR.

Applying the Lagrangian mean value theorem with fixed u, v,z € R we
have

(8) AuAvf(x) = uAvf’(E) = uvf"(’?)
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for some &, 77 € R. Since | f"(n —z,m— < 1,(8) implies that |[A,A_, f(z)| <

y? for all £,y € R, that is, AyA_yf is bounded for all fixed y € R. Suppose
that f has the decomposition (1) for some bounded f*:R — R, quadratic
N and additive A. Then N + A must be bounded on any bounded interval.
Thus N(z) + A(z) = az? + fz, z € R for some «,8 € R. This and (1)
imply that

(9)  f*(z) =zIn(z? + 1) + 2arctgz — az? - (2 + B)z, z € R.
Since f* is bounded, 0 = I.iI;[.l ﬁx—(f—) = —o and thus

0= b () Z2ACWET G2y - (24 6),

r—+o00 x —+400

which is a contradiction. This shows that the set of all bounded functions
does not have the quadratic difference property.
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On a theorem of type Hardy—Littlewood
with respect to the Vilenkin-like systems

GYORGY GAT

Abstract. In this paper we give a convergence test for generalized (by the author)
Vilenkin-Fourier series. This convergence theorem is of type Hardy-Littlewood for the

ordinary Vilenkin system is proved in 1954 by Yano.

Introduction and the result

First we introduce some necessary definitions and notations of the the-
ory of the Vilenkin systems. The Vilenkin systems were introduced by N.
JA. VILENKIN in 1947 (see e.g. [7]). Let m:=(my,k € N) (N:={0,1,...})
be a sequence of integers each of them not less than 2. Let Z,,,, denote the
mg-th discrete cyclic group. Z,,, can be represented by the set {0,..., m; —
1}, where the group operation is the mod m, addition and every subset
is open. The measure on Z,,, is defined such that the measure of every
singleton is 1/my (k € N). Let

G o= (;? Zm, -
k=0

This gives that every z € (G,,, can be represented by a sequence z = (z;,7 €
N), where z; € Z,,, (¢ € N). The group operation on G,, (denoted by
+) is the coordinate-wise addition (the inverse operation is denoted by —),
the measure (denoted by x) and the topology are the product measure and
topology. Consequently, G, is a compact Abelian group. If sup, .y mn <
oc, then we call G,, a bounded Vilenkin group. If the generating sequence
m is not bounded, then GG, is said to be an unbounded Vilenkin group. The
boundedness of the group G, is supposed over all of this paper and denote
by sup,cn M, < 00. ¢ denotes an absolute constant (may depend only on
sup,, m,) which may not be the same at different occurences.

A base for the neighborhoods of G, can be given as follows

Io(2):=Gm, Iu(z):={y=(i,1€EN)EGy,:y, =z; fori<n}

Research supported by the Hungarian National Research Science Foundation, Operating
Grant Number OTKA F020334.
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for 2 € G, n € P:=N\ {0}. Let 0 = (0, € N) € G,, denote the
nullelement of G, I, := I,,(0) (n € N). Let T:={I,(z): 2 € G, n € N}.
The elements of 7 are called intervals on G,,.

Furthermore, let LP(G,) (1 < p < o) denote the usual Lebesgue
spaces (| . |, the corresponding norms) on G,,, A, the o algebra generated
by the sets I,(z) (z € G,) and E, the conditional expectation operator
with respect to A, (n € N) (f € L!.)

Let Mp:=1, M,41 :=m, M, (n € N) be the generalized powers. Then
each natural number n can be uniquely expressed as

o
nzzniMi (niE{O,l,...,mi—l},iEN),
1=0

where only a finite number of n;’s differ from zero. The generalized Rade-
macher functions are defined as

ro(z) = exp(2m;—n) (x € Gy, n €N, 1:=v-1).

n

Then

o0

¢n::Hr?’ (n € N)

=0

the nth Vilenkin function. The system 1 :=(¢,:n € N) is called a Vilenkin
system. Each 1, is a character of G, and all the characters of G, are of
this form. Define the m-adic addition as

k @n::Z(kj +n; (mod m;))M; (k,n € N).
j=0

Then, Yrgn = Yi¥n, Yn(z +y) = wn(z)lpn(y)a 1pﬂ(""r) = d_’n(x)v [n| =
1(k,n €N, z,y € Gp).
Let functions a,, agk):Gm — C (n,j,k € N) satisfy:
(1) agk) is measurable with respect to A; (j,k € N),
. k k k 0 .
(i) 15”1 = a}7(0) = af” = o =1 (j,k € N),
(iii) an:=[[20al™"), nl):= Y2 nM; (n € N).
Let xn :=®Yna, (n € N). The system {x,: n € N} is called a Vilenkin-like
(or Ya) system ([2]-[4]).
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We mention some examples.

1. If agk) =1 for each k,j € N, then we have the “ordinary” Vilenkin
systems.

. (n(j)) (n;)
2.1f mj =2for all j € N and a; = (B;)\"), where

Bi(x) = exp (2mi - +---+2f+°1)) (n,j €N, z € Gn),

then we have the character system of the group of 2-adic integers (see e.g.
(5], [4])-
3. If

tn(z):=exp (271'1 (Z

7=0 ]+1

Zr M) (z € Gm, n € N),
j=0

then we have a Vilenkin-like system which is usefull in the approximation
theory of limit periodic, almost even arithmetical functions ([2], [4]).

In [3] we proved that a Vilenkin-like system is orthonormal and com-
plete in L'(G,,). Define the Fourier coefficients, the partial sums of the
Fourier series, the Dirichlet kernels with respect to the Vilenkin-like system
x as follows.

n—1

f(n) = / [ S =5ufi= 3 PRIk,
k=0
DX(y,z) = Dy(y,z ZX” y)xn(z),

It is known ([2]) that

Mna lf - n y
1= a1 - {83761
Swm, f(y) = M, y )fdy:Enf(y) (f € LY(Gn), n € N)
nlYy

and
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(z € G, n€N, fe LY Gn)). Then, y —z ¢ I gives
(1) [Dn(y, )| < eM, (s € N)
([2]). 1t is also known ([2]) that for y — z ¢ I

M, -1
(2) Y xim+(W)Xmi(e) = 0 (5 € N).
t=0

Moreover,
S50) = [ @)Dty ) dn

(n € N, y € G,,). For more details on Vilenkin-like systems see e.g. [2]-[4].

The following theorem of type Hardy-Littlewood for the ordinary Vi-
lenkin system is proved in 1954 by YaNO ([8]). We generalize this result for
Vilenkin-like systems.

Theorem. Suppose that the following two conditions hold for function
f€e LY Gy) and for ay € Gry.

(1) MulogM, [, 1f(z +y) = f(y)l du(z) — 0 (n — o),

(2) |f(k)| < ck~¢ for some § > 0.
Then S, f(y) converges to f(y).

Proof. Denote by
(3) M, log Mn/] [f(z +y)— f(y)| du(z) =:e, — 0.

(3) implies that

En

/1 @ = S < s

for n € N. Let Kk € N and n € N for which M,, < k < M,;,. Also, let
n > ng € N be some integer depend on n for which » < n/ng that is the
ratio of n and ny has a lower bound, where constant »r € N is discussed
later.

(1) 19m, fly) — fly)l = Mn

k-1
Sef(y) = /G 1) S x3(0)%; (2) du(e)
m ]=0

= [ s+ " )% (@ +y)due)

J
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and
k-1
/ fw) Y X%z + y)dp(z) =0
Gm =M,
gives
k-1
(5) Skf(y)_SM..f(y):/ (f(z+y)- Z xi(¥)x;(z + y)du(z).
o =M,

In (5) we integrate over G, which is the disjoint union of I,,, I,,, \ /,, and
Gm \ In,. Since sequence m is bounded, then we have

x

-1

/ G +v) - ) S 6w +v) dulz)

In

i

J

< (= 0 [ 110+ 9) = )l du(a) < ce./log M

(6)

n

By (1) we have

k—1
/ Fa+9) - F@) 3 xR +v) duz)
1"0\1" i=M,
(7)
<§0¢M / ) = ) dute 10;5;1

Finally, we have z € G, \ I,,. This by (2) implies

n ky-1M,-1
Z Z Z )Zk(s+1)+jM,+1(I + y)Xk<s+l>+jM,+l(y) =0

s=ng j=0 (=0
Denote by

no—1k,—1 M,—1

(z+y,9) Z Z Z Xkt +0 450, +1(T + ¥)X k0 iz, +1()-

s=0 j=0 =0
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Then,

>

-1
x;(y)x;(z + y) du(z)

/G (= +9) - f))

m\Ino J

=

/ (F(z +9) = F)I (& + v, v) dpu(z)
Gm\In,

<

/1 (f(z +y) = f(¥)J(z +y,y)du(z)

no

+

/G (f(z +y) = F(W)J (e + y,y) dp(z)

< eMn, ) |f(z + ) = f(y)l du(z)

no

/p f(z +3)J(z + v, 9) du(z)

no—1ks—1 M, -1

< cEpy [ log My, + z Z Z FRCTY 4 M+ D)

s=0 j=0 I[=0

- c \"no

4+

At last by (4), (6), (7), (8), we get

[Skf(y) = Sm, F(y) < [Sm, f(y) — f(v)]

k—1
+ / Fe+1)- 1) S X% + ) du(z)
I, j=M,
k-1 '
s UEr - 1w) Y x@ne + )
Iig\In fyy
k—1
+ /c LU - ) _2;: i W)X (@ + v) dp(z)
n—1 no
< Clogeil - + cen/log M, + S;O 1025;43 + CEny + <§“§7>

< ceng + cen + sup £5(1/ng +---+ 1/n) + <i) -0

SZ’!LO
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as n — 00, where constant r € N is given as 2—'6:: < 1 and ng — oo (as
n — oc) provided that 7 < n/ng. That is the proof of the theorem is
complete.

(1]

(2]
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“P-Finsler spaces with vanishing Douglas tensor

S. BACSO, 1. PAPP

Abstract. The purpose of the present paper is to prove that a "P-Randers space
with vanishing Douglas tensor is a Riemannian space if the dimension is greater then
three.

1. Introduction

Let F* (M™, L) be an n-dimensional Finsler space, where M" is a con-
nected differentiable manifold of dimension n and L(z, y) is the fundamental
function defined on the manifold 7(M )\ 0 of nonzero tangent vectors. Let us
consider a geodesic curve z' = z'(t),! (t¢ <t < t;). The system of differen-
tial equations for geodesic curves of F™ with respect to canonical parameter
t 1s given by

d*z? : dz’
— = —2G"'(z, y), = ,
i (©,9), ¥ = —
where
T LN\ 1)
G = _gzr ys (r) l’ 7 ;77‘ } .
4 ozs | e
1, 0

ij -1
9i; = §L(i)(]‘)a (i) = Byt and (9 ]) = (9:5)" -

The Berwald connection coefficients G;(x,y), G;k(z, y) can be derived
from the function G*, namely G} = Géj) and G;k = G;(k). The Berwald
covariant derivative with respect to the Berwald connection can be written
as

(1) T = 0T;/0" = 15, G + 1] Gy = TG

(Throughout the present paper we shall use the terminology and defi-
nitions described in Matsumoto’s monograph [6].)

This work was partially supported by the Minisiry of Culture and Education of
Hungary under Grant No. FKFP 0457.

! The Roman indices run over the range 1,...,n.
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2. Douglas tensor, Randers metric, *P-space

Let us consider two Finsler space F™(M™,L) and F" (M",f) on a
common underlying manifold M". A diffeomorphism F" — F" is called
geodesic if it maps an arbitrary geodesic of F™ to a geodesic of F". In this
case the change L — L of the metric is called projective. It is well-known
that the mapping F™ — F is geodesic iff there exist a scalar field p(z,y)
satisfying the following equation

(2) G =G + )y, p#0.

The projective factor p(z,y) is a positive homogeneous function of degree
one in y. From (2) we obtain the following equations

(3) G, =Gi+p8+py's P =pi),s
(4) Ghe = G+ P36 + piby + piky’s  Pik = Pich).

(5) Gt = Gl + Pkl + Pjabi + puibs + piky's Pikt = Pikq)-
Substituting p;; = (_G-,'j - Gij) /(n+1) and Dijk = (@j(k) — Gij(k)) /(n+1)
into (5) we obtain the so called Douglas tensor which is invariant under
geodesic mappings, that is

(6) Dl =G — (V'Giry + 8Gri + 6:Gju + 61Gyx) [(n + 1),
which is invariant under geodesic mappings, that is

1

i =
(7) Dl = Dy
We now consider some notions and theorems for special Finsler spaces.

Definition 1. ([1]) In an n-dimensional differentiable manifold M™ a
Finsler metric L(z,y) = ofz,y) + B(z,y) is called Randers metric, where
af(z,y) = /aij(z)y'y’ is a Riemannian metric in M™ and B(z, y) = bi(z)y"*
is a differential 1-form in M™. The Finsler space F" = (M",L) = a + (3
with Randers metric is called Randers space.

Definition 2. ([{1]) The Finsler metric L = o?/3 is called Kropina
metric. The Finsler space F" = (M", L) = o?/8 with Kropina metric is
called Kropina space.
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Definition 3. ([1], [6]) A Finsler space of dimension n > 2 is called
C'-reducible, if the tensor C;, = %gmk) can be written in the form

1
(8) Cijk = i 1 (hi;Cx + hixC; + R C)

where h;; = g;; — [;l; is the angular metric tensor and /; = L.

Theorem 1. ([7]) A Finsler space F*, n > 3, is C-reducible iff the
metric is a Randers metric or a Kropina metric.

Definition 4. ([4], [56]) A Finsler space F™ is called *P-Finsler space,
if the tensor Pj;x = %—gi]-;k can be written in the form

(9) P = Mz, y)Clijk-

Theorem 2. ([4]) For n > 3 in a C-reducible *P-Finsler space A(z,y) =
k{z)L(z,y) holds and k(z) is only the function of position.

3. "P-Randers space with vanishing Douglas tensor

Definition 5. ([3]) A Finsler space is said to be of Douglas type or
Douglas space, iff the functions Gy’ — G7y* are homogeneous polynomials
in (y*) of degree three.

Theorem 3. ([3]) A Finsler space is of Douglas type iff the Douglas
tensor vanishes identically.

Theorem 4. ([5]) For n > 3, in a C-reducible *P-Finsler space D}, = 0
holds.

If we consider a Randers change

L{z,y) — L(z,y) + B(z, ),
where ((z,y) is a closed one-form, then this change L — L is projective.

Definition 6. ([1]) A Finsler space is called Landsberg space if the
condition F;;; = 0 holds.

Theorem 5. ([2]) If there exist a Randers change with respect to a
projective scalar p(z,y) between a Landsberg and a *P-Finsler space (ful-
filling the condition P;;; = p(z,y)C;x), then p(z,y) can be given by the
equation

(10) p(z,y) = e D L(z,y).
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It is well-known that the Riemannian space is a special case of the
Landsberg space. In a Riemannian space we have D%, = 0, and a *P-
Randers space with a closed one-form §(z,y) is a Finsler space with van-
ishing Douglas tensor

Theorem 6. ([3]) A Randers space is a Douglas space iff 3(z,y) is a
closed form. Then

Tim ylym ]

11 2G" = 75,y y* :
( ) 7]kyy+a+ﬂy

where 7;k(z) is the Levi-Civita connection of a Riemannian space, ry, is
equal to b;;; hence r;,, depends only on position.
From the Theorem 6. and (10) follows that
l,m
YY" o)
—— = a+ 3
a+p ( )
that is 1
m
rnd” _ o,
From the last equation we obtain
szylym = eap(r)z{
Differentiating twice this equation by y' and y™ we get

bi; = ew(x)_ij'
This means that the metrical tensor 7;; depends only on z, so we get
the following

Theorem. A *P-Randers space with vanishing Douglas tensor is a
Riemannian space if the dimension is greater than three.

4. Further possibilities

From Theorem 1, Theorem 4 and our Theorem follows that only the *P-
Kropina spaces can be *P-C reducible spaces with vanishing Douglas tensor
which are different from Riemannian spaces. We would like to investigate
this letter case in a forthcoming paper.
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On a class of differential equations connected
with number-theoretic polynomials

KRYSTYNA GRYTCZUK

Abstract. In this paper we consider the special class of differential equations of
second order. For this class we find a general solution which is strictly connected with

some number-theoretic polynomials such as Dickson, Chebyschev, Pell and Fibonacci.

1. Introduction

Consider the following class of the polynomials:

) W) = (_w%?_) . (;\/2_7__)

with tespect to ¢, where n > 1 is the degree of the polynomial W,(z,c).
It is known (see[2], p. 94) that the Dickson polynomial D,(z,a) of degree
n > 1 and integer parameter ¢ can be represent in the form:

(1) Dn(x,a>=(i—;@) +(_—_2_—i) |

We note that the Dickson polynomial belongs to class (1) if we take ¢ = —4a.
Taking ¢ = —1 in (1) we obtain the Chebyschev polynomial of the second
kind. For ¢ = 1 we get the Pell polynomial and for ¢ = 4 the Fibonacci
polynomial.

We prove the following:
Theorem. The general solution of the differential equation

(%) (2P +e)y" +ay —nfy=0; 22+c>0
is of the form

EETAY —Valie)
(o) _— (g%) e, (x_Q_C) |

where (', C, are arbitrary constants.
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We remark that the general solution (*x) is strictly connected with the
polynomials W,(z, ¢) defined by (1).

2. Basic Lemmas

Lemma 1. (see [1], Thm. 2.) Let the real-valued functions sg,tgu, v €
C*(J), where J C R and u # 0,v # 0. Then the functions

(2) nh = SOUA‘y Ya = t()’li/\,

where A is non-zero real constant, are the particular solutions of the differ-
ential equation

(3) Doy" + D1y’ + Dpy = 0,

where

_ S 81 _ S22 So _ 81 82
(4) Dg_det(to 151)’ f)l—clet(t2 io)’ JDg—det(t1 iz)

and

! !

u v
5 =85+ Asg—, t; =15+ Ag—
() 51 So + ~5Du 1 ot O?)

u’ v!
(6) 8228’1+/\51—, izzt;+At1—.

u v

Lemma 2. Let A, sg, to be non-zero real constants and let non-zero real
functions u,v € C%(J), J C R be linearly independent over the real number
field R. Then the general soltution of the differential equation:

1 y{} " g 1 ' u?' g —
(% = %) det(1 %)y eret(h 1)3} +Adet(%, h)y—O,

where

I N ) I (1_”(%’)2

— -
is of the form

(8) y = Crsou” + Catov”,
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where (', C, are arbitrary constants.
Proof. By the assumptions of Lemma 1 and Lemma 2 it follows that
! '

(9) 81 = )\SOE‘, tl = /\tov— '
u v

From (9) and (6) we obtain

! w \ ( u” ! 2\
(10) S9 = Sl + ASl‘; = ASq ‘\7 - (1 . >\) o )
- /

and

(11) tzzt’+/\t1v~’:)\tg L’I—(l—/\)(i’\2 )
1 v v \ )

" Y\ 2 " N 2
Let us denote by g = = — (1 — }) (%) and by h = %= — (1 - }) (%) )
Then the formulae (10) and (11) have the form:

(12) 89 = AS()g, tg = Atoh.

By (12), (9) and Lemma 1 it follows that the differential equation (3) reduce
to (* * ). On the other hand from Lemma 1 it follows that the functions
y1 = spu® and y, = tov” are the particular solutions of (* % *). Now we
observe that the functions u, v are linearly independent over R if and only
if the functions u* and v* are linearly independent over R. Indeed, denote
by W(u*,v*) the Wronskian of the functions u* and v* and let

1 ¥
Dy = det uo)
0= (1 “;)
Then we have
(13) Dy = (uv) ™! det (Z, :j,) ,

and

SIS
N

(14) W (u,v*) = det ( (5*)’ (;’:),) = A(uv)" det (l
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Since det ( i i) = det (1 z‘,—), from the definition of Dj, (13) and
(14) we get °
(15) W (v, v*) = Auv)* Do = AMuv)* " det (:, Z;,) .

From (15) easily follows that the functions u”, v* are linearly independent
over R if and only if the functions u,v have the same property. Using the
assumption of Lemma 2 about the functions u, v we cobtain that the functions
u*,v* and also y; = sgu*,y; = tov” are linearly independent over R. Since
the functions y;, y; are the particular solutions of (* * %), the function y =
Ciyr + Cayz = Crspu’ + Catov? is a general solution of (* * *). The proof

of Lemma 2 is complete.

3. Proof of the Theorem

Let A = n be natural number and let sp = t; = 1. Moreover, let
u = a(z)+b(z)vk and v = a(z)—b(z)Vk, where k is fixed non-zero constant.
If the functions u,v are linearly independent over R then by Lemma 2 it
follows that the general solution of the differential equation

' )
u

1 2N g 1Y\ , P
(16) det(l %)y +det<h 1>y +ndet(v_, . y=0

v

is of the form
(17) v =G (az) + b(@VE) " + C; (a(@) - b(e)VE),
" 7 2 1 1 2
where g = “~ — (1 - n) (%) and h = % — (1 - n) (%) and Cy,C, are
z — Vzlte

arbitrary constants. Now, we put a(z) = 7, b(z) 5=, k=1, where
z? + ¢ > 0. Then we have

z+vz?+e R

(18) u= 2 v 5

From (18) we obtain

(19) u' =
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By (18) and (19) easily follows that the functions u, v are linearly indepen-
dent over R, because the Wronskian W (u,v) # 0. On the other hand from
(19) we obtain

¢ "

1 1
= 3 v = .
2(z2 + )Vl + ¢ 2(z2 + )Vl + ¢

From (19) and (18) we get

(20) u”

(21) u' 1 v 1
v Vzl+e v Vaitc

hence by (21) it follows that
u\? v\’ 1
(22) (;> B (;) Tt

c
U (m2+c)(z+\/x2+c)ﬁ2+c’

(23)

v _(12+c)(z—\/z2+c)\/m2+c'
From (21) we calculate that

(24) Do = det (i u

In similar way from (22) and (23) we get

1 2z
25 Dy =det (7 ): —h=- .
(25) | = de (h Y=y C T
On the other hand by (21) and (23) it follows that
26 D —dt(% 9>—hul LA 2n
(26) 2 ) T TN T @ ogvatr e
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Now, we see that from (24), (25) and (26) the differential equation (16)
has the following form:

(27) (2 +¢)y" +ay —nly =0,

so denote that (27) is the same equation as in our Theorem. Thus, by Lemma
2 it follows that the general solution of (27) is given by the formula

P n ) "
y=C1 (x+\/2z +c> + 0, (1‘. \/227 +c>

and the proof of the Theorem is complete.

Remark. Consider the following functionai matrix;

-5 (e )

2

Then we can calculate that the functions u = ZHE ¢ “2”“ and v = T=VEI ¢ V1L are
the characteristic roots of this matrix. Hence, we observe that the general
solution of the differential equation (16) is linear combination of the powers
such roots.
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Interpolation possibilities using rational
B-spline curve

MIKLOS HOFFMANN and EMOD KOVACS

Abstract. The aim of this paper is to solve some interesting interpolation problems
using rational B-spline curve. If a sequence of planar points and vectors are given then
a free-form curve can calculated which interpolates the points and has the given tangent
vectors in these points. Our method gives a fast interpolation of these data using extra
control points. Then we provide a method which allows to interpolate the same set of
data without any predefined order of the points, i.e. a set of scattered points with the

vectors. In this latter problem we usc an artificial neural network to order the data.

Introduction

Rational B-spline curves and surfaces (or simply called NURBS), as the
generalization of B-spline curve and surface, are widely used in CAD/CAM,
and free-from design [4]. Basicly these methods have been developed for ap-
proximating points, but they can be used as interpolating curves or surfaces
as well. In this paper we will use the rational B-spline curve for a special
interpolation problem, where beside the points the tangent vectors of the
future curve are also given. The method is similar to the case of B-spline:
the control points of the future curve is calculated from the given data, so
finally it will be an approximating curve, but given points will be on the
curve and it will have the given tangent vectors.

This problem can also be fomulated without giving the order of points.
Since all the basic free-form methods are defined with a sequence of points
as input data, mn this case we use an artificial neural network, the Kohonen
net, to order the points and then we apply the method mentioned above.

Interpolation of a sequence of points and vectors

At first we define the rational B-spline curve as an approximating curve.
If a sequence of points V;,7 = 1,...,n (called control points) and positive
real numbers w;,i = 1,...,n (called weights) are given, then the third order

This research was supporied by the Hungarian National Foundation for Scientific Re-

search (OTKA), grant No. F019395.
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uniform rational B-spline curve can be defined as follows:

5

b s by
A o A )

V‘Z_ L Wb (1)

€ (0,1

where the functions b, are the well-known basic functions:

~1(u) = Lo +63u2 -
bo(u) = 4 — 6u; + 3u®
bi(u) = 1+3u—%—63u2 - 3u?
by(u) = %—3

Note, that the curve consists of segments, and the parameter u runs over
the interval [0,1] in every segment. This fact will be strongly used in the
basic idea of the interpolation.

Now let a sequence of points P;,7 = 1,..., m and a sequence of vectors
ti,1 =1,...,m be given. Find a sequence of contol points V; and weights w;
(at this moment the number of points and weights is unknown) such that
the curve using these control points and weights interpolates the points F;
and has the tangent vectors ¢; in these points.

Suppose, that the points P; will be the starting points of the segments
of the future curve. Considering the properties of the segments mentioned
above, this assumption can be formulated as follows:

Q:(0) = P, 1=1,...,m—1
Qm(l)ZPm

The last equation means that the last point P,, would be the end point
of the last segment.

On the other hand, the given vectors have to be equal to the derivatives
of the curve in the starting points of the segments:

Unfortunately these equations yield a second order system of equations for
the control points V; and the weights w;. To reduce the complication and
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save computing time, some control points will be defined in advance with
unit weight. Let these points be the intersections of the line of the tangent
vectors t;,t,41 or, if this point would be too far from the points P;, simply
be the midpoint of the section P;, P;;;. The position of these contol points
are not important because later on they can be modified without disturbing
the interpolation.

Hence the system of equations has to be solved is the following:

1, 4 1
gwi1Vioy + wiVi+ gwip1 Vi

%wi~1 + i;-wi + ‘é‘wH—l =5
(—lfwi~l‘/;~1 + lgwiﬂ Va‘+1)(lg’wi~1 + %wi + %wz‘+1)_
(Fwi-1 + fwi + §wip1)?
C(gwim1 Vi + gwiVi + gwin Vig ) (= gwica + 3wig) _ "
=1

(wio1 + gwi+ gwis )
In these equations only V; and w; are unknown, since V;_y, V41, w;_1, wiyq
are predefined. Coeflicients can be calculated by the functions b;(u) and
bi(v) in u = 0.

Now the solutions of these equations and the predefined control points
and weights form a control poligon and a sequence of weights, with which
the rational B-spline curve can be drawn, and it will pass through the points
P, and will have the tangent vectors ¢,.

Interpolation of scattered points with tangent vectors

This problem is similar to the previous one, but the given points have
no predefined order, i.e. we do not know which point has to be the first
and which one is the last one. Since the rational B-spline method can be
applied only on a sequence of points (and weights), first of all we have to
order the points. For this purpose an artificial neural network will be used.
After this step the same procedure described above can be applied. Now
after a short description of the applied net, the Kohonen network [2], the
ordering process and the interpolation will be discussed. For more detailed
discussion of the ordering method by Kohonen network see [1]-[2], [5].

The Kohonen neural network is a two-layered non-supervised learning
neural network. Self organizing networks, like the applied Kohonen net,
organize the input data during the so called learning phase without any
supervision. The most important part of the algorithm is the training rule,
which modifies the network according ot the input points.

Let a set of points P;(i = 1,...,n) (scattered data) and a set of vectors
ti(¢ = 1,...,n) be given on the plane. Our first task is to determine the
order of the points for the interpolation problem.
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The Kohonen net is used to order the points. The first layer of neurons
is called input layer and contains the two input neurons which pick up the
data, the planar points. The input neurons are entirely interconnected to
a second, competitive layer, containing m neurons (where m > n, usually
m = 4n). The weights associated with the connections are adjusted during
training by the following rule:

— Coordinates of the scattered points: Pi(z1:,Z2:,23:) (i=1,...,n)
— Coordinates of the output points: Q ;(wy;,ws;, w3;) (F=1,...,m)

STEP 1. Initialize the weights w;, (s = 1,2,3 j =1,...,m) as
small random values around the average of the coordinates of the input
points. Let the training time ¢ = 1

STEP 2. Present new input values (z1:,,Z2i,, Z3i, ), as the coordinates
of a randomly selected input point p;,

STEP 3. Compute the Euclidean distance of all output nodes to the
mput point:

3
dj =) (Tsip — ws;)°
s=1

STEP 4. Find the winning unit g;, as the node which has the minimum
distance to the input point, so where jg is the value for which d;, = min(d;)

STEP 5. Compute the neighborhood N(t) = (Jo,J1,.--,Jk)

STEP 6. Update the weights (i.e.the coordinates) of the nodes in the
neighborhood by the following equation:

we;(t +1) = we;(t) + n{t)(zsi, — wsi(t)) V5 € N(2)

where 7(t) is a so called gain term, a Gaussian function decreasing in time.

STEP 7. Let t =t + 1. Repeat STEP 2-7 until the network is trained.

The network is said to be trained if all the input points are on the
polygon, that is for all the input points P;(i = 1,...,m) there is an output
vector o; such that after a certain time ty the Euclidean distance of o;
and FP; is smaller thane a predefined limit. A stronger convergence can be
obtained if we require that the output vectors which do not converge to
an input vector be on the line determined by its two neighbouring output
vectors. This stronger convergence is important especially in term of the
smoothness of the future curve. For the detailed description and evaluation
of this problem see [2].

After the ordering process the same algorithm can be applied to cal-
culate the interpolation curve as we described above. At this part of the
process it is irrelevant, that the input points were scattered.
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Conclusions

In the free-form design there are several different method according to
the problem (approximation or interpolation) and the type of data (ordered
or scattered). In this paper we provided two algorithms, with the help of
which all kinds of problems and types of data can be handled by the rational
B-spline curve. Even if parts of the data are scattered and others have to be
interplated or approximated, the final result (joining the calculated control
polygons) will be a unique curve.
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A matematikai problémamegoldé gondolkod&s
vizsgalata 13—14 éves koru tanuléknal

OROSZ GYULANE

Abstract. In this paper is an experimental investigation of the mathematical
problem-solving at the age of 13 and 14. It consists of an introduction, the framework of

the study, research methods and problems, results and conclusions, a model.

1. Bevezetés, a témavilasztds indokldsa

A NAT bevezetését megel6z6 években a matematikaoktatashoz kapcso-
16dé hazai és nemzetkozi kutatdsokban igen nagy hangsilyt kapott és kap
ma is a tanuldi teljesitmények mérése, Gsszehasonlitasa, a tantervi aspektu-
sok vizsgélata (IEA, Monitor).

A MAWI-csoport (1994) széles koru vizsgalatot folytat annak feltdra-
sara, hogy a matematikatanuldsanak sikerességére milyen hatdst gyakorol a
tanulékban a matematikardl kialakitott nézet. Ezen vizsgdlatok eredményeit
figyelembe kell venni a matematikacktatdssal kapcsolatos fejlesztéseknél.

Ugyanakkor ezek mellett fontos feltarni a matematikai problémameg-
oldds életkori jellemzdit, az esetleges alacsony teljesitményszint okait, az
eléfordulé hibdkat, hianyossagokat.

E gondolatok inspirdltak benniinket kutatasunk megkezdésekor. Vizs-
galatunk célja a 13-14 éves tanulék matematikdban nyidjtott problémameg-
oldé gondolkoddsanak feltérképezése. Szamos felvetés és valaszra vard kuta-
tasi kérdés fogalmazhaté meg ezen a teriileten. Milyen 6nallé és céltudatos
a tanuldk ezirdnyd tevékenysége? Milyen jellemz6 hibdkat kovetnek el? Mi-
lyen kovetkeztetéseket vonhatunk le az eléfordulé hibak lehetséges okaira
vonatkozéan? Mi jellemzi a 7. és mi a 8. osztdlyos tanuldk teljesitményét?
Milyen a részmegoldasok teljesitése? Elakadas esetén milyen aranyu a se-
gitségnyijtas? Milyen megoldasi médszereket alkalmaznak a tanuldk? Mi
jelenti a feladatban a tanuldk szdmara a problémat? Végiil ebben az egyalta-
lan nem teljes sorban a legnehezebben megvalaszolhatd kérdés, hogy milyen
osszefiiggésben vannak a tanuldi teljesitmények a kiilsé és bels6 motivald
tényezékkel? Cikkiinkben egy olyan elGvizsgdlat eredményeirdl szamolunk
be, mely adatokat nyijt és segit abban, hogy egy szélesebb kori vizsgalat
hipotéziseit, kérdéseit koriltekinté6bben és hatékonyabban tudjuk megfogal-
mazmni.
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2. A vizsgdlatok tervezése, metodikai vonatkozasai

A gondolkodas vizsgalatdanak mdédszerére vonatkozé tudomanyos kéve-
telményeknek munkdnk soran igyekeztiink eleget tenni és teljes egészében
elfogadtuk Lénérd Ferenc (1978) megéllapitasait:

1. Problémakat, feladatokat adunk a kisérleti személyeknek annak érde-
kében, hogy ezek a gondolkodasi tevékenységet kivaltsik.

2. Elakadas esetén segitséget, in. kisegito feladatokat alkalmazunk.

3. Megvizsgaljuk, hogy a megoldédsi menetekben az ismeretek milyen sze-
repet jatszanak.

4. Kozvetlen ravezetéseket alkalmazunk.

5. A gondolkodasi menet lépéseit gondosan feljegyezziik és elemezziik.

6. A gondolkodasi tevékenység kozben elkovetett hibdk tanulmanyozdsara
nagy gondot forditunk.

7. Sohasem tévesztjiik szem el6l, hogy a gondolkodasi tevékenység kol-
csonhatas a személy és a probléma kozott.

A feladatok dsszedllitasanak pszicholdgiai szempontjai koziil figyelembe
vettilk (Kelemen, 1970) azon megdallapitasat, hogy ,olyan feladatokat kell
adni, amelyek bizonyos nehézségeket okoznak, a megoldasuk aktiv tevékeny-
séget igényel. A feladat olyan fokig legyen 1jszerii, hogy lehetséges legyen a
miltbeli tapasztalatokhoz valé kapcsoléddsa. Annyi elemet kell tartalmaz-
nia, amennyi feltétleniil sziikséges a pontos megértéshez; de kell6 hézagokat
is kell hagyni, hogy teret biztositson az 6nallé tanuléi miveletvégzés sza-
méra.” A témakor kivalasztdsandl elfogadtuk Lénéard (1978) azon megélla-
pitdsdt, miszerint olyan feladatokat kell adnunk, amelyek elinditjik ,és egy
bizonyos ideig - minden kiilsé beavatkozas nélkiil aktivdljak a kisérleti sze-
mélyek gondolkodasi tevékenységét”. Az elemi szamelméleti feladatok tobb
okbdl is alkalmasnak latszottak erre. Egyrészt a Nemzeti Alaptanterv tana-
nyagdban a 10-16 éves korosztily minden évfolyaman eléfordulnak szdmel-
méleti alapismeretek. Mdsrészt a szamelméleti feladatokkal vald foglalkozas
felkelti a tanulék matematika iranti érdekl6dését, ramutat a matematika tu-
domany szépségeire, kutatasra Osztonzi a tehetséges tanuldkat (fontos mo-
tivdlé tényezSk), alkalmas lehet a matematikai képességek strukturdjinak
feltarasara.

3. Vizsgalati mddszer

Vizsgalatunkat Egerben 12 altaldnos iskoldban végeztiik, amelybe 373
14 éves és 241 13 éves tanulét vontunk be. A vizsgilatokban a feladatlapos
és az egyéni felmérés mdédszerét alkalmaztuk.

Jelen dolgozatunkban a feladatlapos méréshez kapcsolédé tapasztala-
tainkat vazoljuk. Két szamelméleti feladatot vilasztottunk ki, amelyet a
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7. és 8. osztalyos tanuldék problémamegoldé gondolkodasanak vizsgalatdhoz
egyarant felhasznaltunk.

A feladatok a kovetkezok voltak:

1. Hany olyan egyenlGszari haromszog van, amelyeknek oldalhosszai
egész szamok, és leghosszabb oldaldnak mérészama 19977

2. Egy sakktdbla minden mez6jébe beirjuk rendre az 1,2,3,...,64 ter-
mészetes szamokat a bal fels6 sarokbdl indulva, balrdl jobbra, feliilrdl lefelé
haladva, majd minden lehetséges mddon letakarjuk egy 2 X 2-es négyzettel.
Hény esetben lesz a letakart szdmok Gsszege oszthaté 3-mal?

Feladatvéilasztidsunkat gyakorlati, tanitasi tapasztalataink, valamint egy
el6vizsgdlat eredménye is megerdsiti. A matematikai versenyfeladatok meg-
olddsainak javitdsa soran azt tapasztaltuk, hogy az elemi szamelméleti fela-
datok e korosztdly szdmara nehéznek bizonyultak (a teljesitmények alacsony
szintje jelezte e tényt), igy valéban igazi problémat jelentettek. Az elGvizs-
galat soran a tanuldk 12 feladat rangsoroldsat végeztették el nehézségi sor-
rendjiik szerint, s e rangsorban az &altalunk kivilasztott két szdmelméleti
feladat keriilt az utols6 két ranghelyre.

4. A feladatok értékelése

Mindkét feladatndl a kovetkezd csoportositast tudtuk elvégezni:

-— o6nélléan, jol oldja meg,

— onalldan, hibasan oldja meg,

— részmegolddsok, sok hibdval,

— nem képes megoldani a problémat.

A tanulék 1. és 2. feladatban nyujtott teljesitményét Gsszegezve az
aldbbi eredményt kaptuk:

7. osztaly

1. feladat 2. feladat
Onélléan, jél oldja meg 3,2% 0,8%
Onélldan, hibdsan oldja meg 12,4% 4.6%
Részmegolddsok, sok hibaval 15,8% 16,4%
Nem képes megoldani a problémat 68,6% 78,2%

1. tdbldzat
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8. osztaly

1. feladat 2. feladat

Onélléan, jél oldja meg 4,5% 1,2%

Onalldan, hibdsan oldja meg 13,3% 5,5%
Részmegolddsok, sok hibaval 21,4% 18,6%

Nem képes megoldani a problémat 60,8% 74,7%

2. tabldzat

A tablazatok adatai egyértelmien arra hivjak fel a figyelmiinket, hogy
a tanuldk 6nallésiga igen alacsony szinti. A tanulék megoldasainak elem-
zéseib6l nem tudunk kdvetkeztetéseket levonni a sikertelenség okdra vonat-
kozéan, mert ehhez tovdbbi vizsgalatok sziikségesek. A hetedik és nyolcadik
osztdlyosok kézott nincs lényeges kiilonbség az Onallésag mértékét Ossze-
hasonlitva. Ezért a 7. osztdlyosok elso feladatanak megolddsait elemezziik
részletesen.

A 7. osztdly elsé feladatanak tartalmi, metodikai elemzése

A feladat megoldasahoz sziikséges elGismeretek:

Egyenlé szard haromszdég, alap, szar fogalmak ismerete — haromszog-
egyenlStlenség Gsszefiiggése, leghosszabb oldal értelmezése, oldalhossz méro-
szama, a haromszdg oldaldnak mérdszama egész szdm, az Jsszes lehetséges
adott tulajdonsdgi hiromszog megkeresése, egész szdmok Gsszehasonlitisa,
rendezése.

Problémat jelentett a tanuldk szamara:

Nem volt megadva melyik a haromszog leghosszabb oldala (alapja vagy
a szara). Az értelmezésnél is jelentkeztek gondok. A feladatot — témér meg-
fogalmazasabdl adéddan — a tanuldk elsé olvasasra nem értették meg, ezért
hozzd sem kezdtek a megoldasdhoz, melyet a teljesitmények is igazolnak.
Hibétlan megoldast mindéssze két tanulé adott (1,2%), egyetlen szdmolasi
hibaval egy tanulé oldotta meg jél a problémat, sok hibaval helytelen megol-
dast adott a tanuldk 28,2%. Nem foglakozott a feladattal a tanulék 68,6%-a.
A feladat Gsszetettsége is nehézséget okozott.

Az eléfordulé hibdk, s azok lehetséges okai:

Figyelmetlenséghol adédé hiba, hogy a tanuldk 18%-a feliiletesen ol-
vasta el a feladatot és elsiklott az egész szdmok, szavak felett, ami fontos
feltétel volt, s ezért jutottak a helytelen kvetkeztetésre, miszerint végtelen
sok ilyen tulajdonsagd haromszog van. A tanuldk 3%-a nem értette a méré-
szam sz6 jelentését, s ezért nem tudta értelmezni a feladatot, s kérte, hogy
konkrét mértékegységben legyen adott az oldal hossza.
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Hianyos elSismeretbdl ad6dé hiba volt, hogy a haromszog-egyenlStlen-
séget nem tudtdk alkalmazni a feladatban, csupan reprodukalni voltak ké-
pesek ezen Osszefiiggést.

Az elemi gondolkodasi miiveletvégzésben vald jiratlansdgot mutatta,
hogy azon tanuldk, akik foglalkoztak a feladattal, csak a feladat egyik részét
oldottdk meg, amikor az alap a leghosszabb, s a masik résszel egyaltalan nem
foglalkoztak.

A kombinatorikus gondolkodasméd kialakulatlansdga is okozott hiba-
kat: sokan felismertek a haromszog-egyenlttlenség szerepét a feladatban,
megallapitottdk mennyi lehet a meg nem adott oldal maximalis és minima-
lis hossza, de nem tudtak mit kezdeni a kapott szamadatokkal, s igy nem
jutottak el a megoldasig, mert nem voltak képesek eldallitani a meghataro-
zott egész szamokat két egész szam Osszegeként.

A fenti hib4kbdl arra kovetkeztethetiink, hogy a probléma e korosztily
szdmara nehéznek bizonyult és csak a matematikabdl jé képességi tanuldk
tudtdk megoldani. Véleményiink szerint a sikertelen megoldasokat adé tanu-
16k szdmadara megfelelé egyéni segitséget nytjtva ravezethetjiik Sket a helyes
megoldasra.

Fenti észrevételeink olyan feltételezések, amelyek a tanuléi munkik
elemzésén alapulnak. Tovadbbi vizsgdlatok sziikkségesek azonban annak el-
dontésére, hogy mi az oka az alacsony teljesitményszintnek. Ezért végeztiink
egyéni vizsgalatokat is, amelyekkel egy kovetkez6 tanulmanyokban foglalko-
zunk részletesen. A tanuléi munkdk elemzését figyelembe véve kidolgoztunk
egy-egy elméleti modellt a tanuldk segitésére, s az egyéni vizsgalatok soran
ezeket kiprébaltuk.

Az egyéni vizsgalatokban az altalunk kidolgozott modellt hasznaltunk.
A 2. feladat megolddsdhoz ilyen médon adtunk segitséget a tanuléknak, ha
onalléan nem voltak képesek megoldani a problémat.

Mindkét osztdlynadl az (a) és a (b) tevékenységet alkalmaztuk. A tovdbbi
konstrukcidkat — (c) és (d) — a fels6bb évfolyamok szdmdra dolgoztuk ki.

5. Elemi szamelméleti problémak négyzetrdcsra irt szamok lefe-
désével

(a) Tevékenység:
Rajzolj egy 4 X 4-es négyzetracsot! A négyzetekbe ird be rendre az

1,2,3,...,16 természetes szamokat a bal fels6 sorokbdl indulva, balrél jobb-
ra, feliilrol lefelé haladva.

Viagj ki 4tlatszé folidbdl egy 2 x 2-es négyzetet.
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1 2 3
5 6 7 8
9 10 11 12
13 14 15 16

Feladatok:

1. Takard le minden lehetséges médon a szdmozott négyzetricsot a
2 X 2-es négyzettel. Hany kiilonb6z6 letakaras lehetséges?

2. Hatdrozd meg minden esetben a a letakart szamok Gsszegét!

3. Hany esetben lesz a letakart szdmok Osszege oszthaté 3-mal?

4. Hiny esetben lesz a letakart szamok 6sszege oszthaté 5-tel?

5. Van-e olyan letakards, amikor az Gsszeg oszthaté 15-tel?

6. Ird fel a négy szém &sszegét altaldnosan!

7. Az 4ltaldnosan felirt sszeg segitségével fogalmazz meg tovabbi prob-
lémakat!

(b) Tevékenység:

Rajzolj egy 8 x 8-as négyzetricsot! Az el626 feladat feltételei szerint
ird be az egyes négyzetekbe rendre az 1,2,3,...,64 természetes szamokat'
Ismét az 4tlitszd fSlidbdl kivagott 2 x 2-es négyzettel dolgozz!

2 3 4 5 6 7 8
9 10 11 12 13 14 15 16
17 18 19 20 21 22 23 24
25 26 27 28 29 30 31 32
33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48
19 50 51 52 53 54 55 56
57 58 59 60 61 62 63 64

Feladatok:

1. Takard le a négyzetracsot a 2 x 2-es négyzettel gy, hogy a letakart
négy szam Osszege oszthatd legyen 3-mal. Keress minél t6bb megoldast!

2. Ha minden lehetséges mddon elvégezziik a letakarast, akkor hany
esetben lesz a letakart szdmok Gsszege oszthatd 3-mal?

3. Ird fel 4ltaldnosan a négy szam Osszegét!
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4. A letakarasok elvégzése nélkiil prébalj valaszt adni a kérdésre az
altalanos alak segitségével! Hany esetben lesz a letakart szamok Osszege
oszthaté 9-cel?

5. Igaz-e, hogy az Gsszeg mindig oszthaté 4-gyel? Miért?

6. Fogalmazz meg tovabbi problémakat!

(c) Gondolati konstrukcidk: (Sziikség esetén rajzos modell készitése)

— Képzelj el egy 11 X 1l-es négyzetracsot, amelybe rendre beirtuk
az 1,2,3,...,121 természetes szamokat az el6z6 feladatok feltételei szerint,
majd minden lehetséges mdédon letakartuk a 2 x 2-es négyzettel.

Feladatok:

1. Ird fel a letakart szdmok 6sszegét altaldnosan!

2. Hiny esetben lesz a letakart szamok Gsszege oszthatd 8-cal?
3. Hany esetben lesz a a letakart szamok &sszege oszthaté 3-mal?
4. Igazold, hogy az Gsszeg mindig oszthatd 4-gyel!

5. Hany letakaras esetén lesz az Osszeg oszthatd 12-vel?

(d) Tovdbbi gondolati konstrukcidk: (modell segitségével vagy attdl
elvonatkoztatva)
— Képzelj el egy 1997 x 1997-es négyzetracsot, amelyre beirtuk a sza-
mokat az el6z6 feltételek szerint és minden lehetséges médon letakartuk a
2 X 2-es négyzettel.

Feladatok:

1. Ird fel a letakart szamok Osszegét altalanosan!

2. Bizonyitsd be, hogy bdrmely letakards esetén teljestil, hogy az 6sszeg
oszthaté 4-gyel!

3. Fogalmazz meg ezen lefedésekhez kapcsolddé tovabbi problémékat!

A tovabbi problémdk konstrudlasdhoz célszerii tanari segitséget nytj-
tani. Példdul: A négyzetracsba primszamokat paros vagy paratlan szdamokat
frjunk, lefedé alakzatként 3 x 3-as négyzetet, 3 X 3-as vagy 2 x 2-es téglalapot
hasznéalhatunk.

Kovetkez6 tanulmanyunkban a modellek alkalmazdsidhoz kapcsolédé
tapasztalatainkrdl szamolunk be.
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