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Abstract

The period of balancing numbers modulo m, denoted by 7(m), is the least
positive integer n such that (B, Brt1) = (0,1) (mod m), where B, is the
n-th balancing number. While studying periodicity of balancing numbers,
Panda and Rout found the results for 7(B,) and 7(P,), where P, denotes
the n-th Pell number. In this article we obtain the formulas of 7(BX*1) and
n(PETY) for all k > 1.
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order.

MSC: 11A05, 11B39, 11B50

1. Introduction

Let the sequence of balancing and Pell numbers be {B),},>1 and {P,},>1 respec-
tively. These two sequences satisfy the recurrence relations B, 11 = 6B,, — B_1
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and P,y1 = 2P, + P,,_1 with initial values (B, B1) = (0,1) = (Po, P1) [1, 7]. Bal-
ancing numbers B,, and their associate Lucas-balancing numbers C), are obtained
from the Pell equation C2 —8B2 = 1 [6]. The Lucas-balancing numbers satisfy the
same recurrence relation as that of balancing numbers but with different initials
(Co,C1) = (1,3) [6]. Some developments on balancing numbers and their related
sequences can be found in [2, 3, 4, 12, 13].

Panda and Rout, in [8], defined the period of balancing numbers modulo m, de-
noted by m(m), the least positive integer n satifying (By,, Bn+1) = (0,1) (mod m).
They have derived the formulas 7(B,) = 2n and 7(P,) = n or 2n for the parity
of n [8]. Later, Patel and Ray [9] studied the rank r(m) and order o(m) of the
balancing sequence and established some connections between the period, rank and
order. Among other relations, one important connection between them is that the
product of rank and order is equal to period.

In [5], Marques obtained the order of appearance (rank) of Fibonacci numbers
modulo powers of Fibonacci and Lucas numbers and derived the formula of r(LF)
in some cases. Later, Pongsriiam extended the work of Marques and obtained the
complete formula of 7(Lk) for all n,k > 1 [10]. Recently, Sanna [14] studied the
p-adic valuation of Lucas sequences u,, = au,_1 + bty_o with ug = 0 and u; =1
for all n > 2. Among other results he has also established the following identity.

Theorem 1.1. If p is a prime number such that p tb, then

vp(n) + vp(up) — 1, if plA, pln;
0, if plA,ptn;

Vp(un) = Vp(n) + VP(“’pr(p)) - 17 ifpfA7r(p)|n7p|n;
VP(”pr(p))v Z‘fPTAvT(p)lnvafn;
0, ifptA,r(p) fn.

for each positive integer n, where A = a? + 4b.

In the present study, we obtain the formula of 7(BX*1) and w(P**1) for every
k> 1.

2. Preliminaries

The following results concerning about the periodicity of balancing numbers are
found in [8].

Lemma 2.1. If m divides n, then r(m) divides r(n).
Lemma 2.2. If m divides By, if and only if r(m) divides n.
The following result is found in [6].
Lemma 2.3. For every positive integers m and n, By,1n = BnCp + Cry B,

The following result is found in [7].
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Lemma 2.4. Forn >0, C, =2Q2% — (—-1)".

The following two corollaries are direct consequences of theorem 1.1. The first
one obtained for (a,b) = (6, —1) and the second one for (a,b) = (2,1).

Corollary 2.5. For all prime p,

(), if DI, pin.
vp(Bn) = ¢ vp(n) +vp(Bry)), ifptA,r(p)n,
0, otherwise.

Corollary 2.6. For all prime p,

Vp(n)v lfp|A,p‘7l,
VP(PTL) = Vp(n)+yp(Pr(p))v zfp)(A7r(p)|n,
0, otherwise.

3. Main results

In order to prove the main results we need the following lemma.
Lemma 3.1. Forn > 2k > 1, r(BEtY) = nBY and r(P*1) = nPk.

Proof. Since B,, divides B¥*! r(B,) = n divides r(BX*!) by Lemma 2.1. Further
to prove r(Bit!) divides nB); analogously By divides B, px [Lemma 2.2], it is
enough to exhibit v,(BET!) < Vp(Bppr ), for all prime p. Now for p = 2, using the
Corollary 2.5, we have

va(Bnpx) = va(nB) = va(n) + va(Bl) = va(By) + va(Bl) = va(By).
On the other hand for all odd primes, we have

VP(BnBQ)

vp(nBY) + vp(Brp)
(n) + vp(Brp)) + vp(BL)
vp(Bn) + vp(BY)
(Bk+1).

o
_ﬁt

Vp
Now to see that r(BE+1) = nBE /pt, for some t > 0. It suffices to show that BF+!

does not divides B%Bﬁ for p = 2. That is v <B,,L3ﬁ) < vp(BETY). So,
-

(nB"/2)
va(n) + vo(B) — 15(2)
vo(By) + vo(BF) — 1
o(BETY).

va (Bypkj2) = va(n

A
3
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Again for all odd primes

Vp(BnBﬁ/p) = Vp(nBZ/p) + VP(BT(P))
Vp(Bn) + vp(B)) — v (p)
< Z/P(BrkL—H)v

which completes the first part of the lemma. The second part can be proved
analogously. O

nBE,  ifn =0 (mod 2);

Theorem 3.2. Forn >2 and k > 1, n(Bk*!) = { onB¥. ifn=1 (mod 2)

Proof. By virtue of Lemma 3.1, B, gx = 0 (mod Bf+1). In order to prove the
theorem, it suffices to show the following cases, B,pry1 =1 (mod BFHL) for n is
even only and for odd By,pri1 =1 (mod BF*1). Using Lemma 2.3, we have

Bonpit1 = BonpiC1 + Coppr By = Co,pr (mod BET). (3.1)
Therefore using the identity C2 = 8B2 + 1 [6], we have
Cyopr =8B3, i +1=1 (mod BytY).
Consequently, C? pr =1 (mod B*+1)| which implies
Q3,px =1 (mod B;i*). (3.2)
By Lemma 2.4, we get
Conpr = 2Q%, 5 — (1)?"Pn =1 (mod B+,

which completes the second case. Again the use of Lemma 2.3 gives the identity
B.pry1 = Cppr (mod BF+1) In order to prove the first case, it suffices to show
Cnpr =1 (mod Bith) for n is even only. Let n = 2m. As Cy, = 16B7 +1 (6],
Compy = lﬁBangm + 1. We will now show that B! divides BS@BSm’ that is,
v, (BEH) < Vp(Ban,gm) for all prime p.
When p = 2, by virtue of Corollary 2.5, we have
VQ(BEnt )=

- 2'V2(BmB§m):2'V2(mB§m)
2

' VQ(m) +2- VQ(Bgm)
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On the other hand, for any odd prime p, we obtain

Vp(Bangm) =2 Vp(BmBgm)
= 2[up(mBs,,) + vp(Br(p))]
= vp(B35,) + 2 - vy(m) + 2 vp(Byp))
2 Vp(Bgrtl)'

This completes for n even. Now for n is odd, that is, for n = 2m + 1, we need to
show that

C(2m+1)B§m+1 #1 (mod Bg;g}u)
From Eq. (3.2), we have

2 — kt1
Q2(2m+1)B§m+1 =1 (mod By, ).

Since Cloy,41)BE + 1, it follows that

=203
2m+1 (2m+1)BS, 4

Comsnps,,, 71 (mod Byii,).

2m+41

This ends the proof. O

Theorem 3.3. Forn>2 and k > 1,

w1y | nPE. ifn=0 (mod 2);
(P )_{ 2nPk ifn=1 (mod 2).

Proof. In order to derive the above result, we need to prove the following two cases,
Byprig =1 (mod Pk+1) for n is even only and Bypprir =1 (mod PR1) for n is
odd. For the proof of the first case, since By, pr;1 = Cypr (mod PE*+1) by Lemma
2.3, it suffices to show that C,,pr =1 (mod Py*') for n even only.
_ k+1
Let n = 2m, we need to show that Cy,,pr =1 (mod Pty As Compr =

16B§1P§m +1, it is enough to prove that Pyt divides BfnPﬁ"m’ that is, v,(Pyit) <
Vp(BfnPk ) for all prime p. By virtue of Corollary 2.6, for even prime p,
2m

V2(BE:1P,§M) =2 VQ(Bszkm) =2 VQ(mP2]€m)
=2-v(m)+2- 1/2(P2km)
> vy (Pyth).
Further for any odd prime p, we have
Vp(BygnP,jm) =2-vp(Bpp )
= 2[vp(mPy,,) + vp(Pry))]
= VP(PST’:L) +2-vp(m) +2- VP<PT(p))
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2 Vp(leC%_l)-

This completes for n even.

Now for n is odd, we have to claim

C(2m+1)P2’°m+1 #1 (mod szvﬁ-l)

Since C2,, =1 (mod PF*'), which implies

Q3,pr =1 (mod Py*Y). (3.3)
From (3.3), we have
Q§(2m+1)P§m+l =1 (mod Pyiiy).
Further, using Lemma 2.4, we have C(2m+1)p21cm+l =2 %2m+1)1’2"'m+1 -+ 1 and the

result follows. This ends the proof of first case. Furthermore,

Bonpry1 = Coppr = 163721Pk +1=1 (mod Pr]f+1)'

This completes the proof of the second case. O
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