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Abstract

Let 0 < g < 1 and N denotes the set of all positive integers. In this
paper we will be interested in the family U(x?) of all regularly distributed
set X C N whose ratio block sequence is asymptotically distributed with
distribution function g(z) = z9; x € (0,1], and we will study the structure
of this family with respect to the union.
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1. Introduction

In the whole paper we assume X = {z; < 23 < -+ <z, < ---} C N where N
denotes the set of all positive integers.
The following sequence derived from X
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is called the ratio block sequence of the set (sequence) X.
It is formed by the blocks X7, Xo,...,X,,... where

Xn:(wl 2 2 ) n=12 ...

) ) b)
Tn Tn Tn

is called the n-th block. This kind of block sequences was introduced by O. Strauch
and J. T. Toth [12] and they studied the set G(X,,) of its distribution functions.
Further, we will be interested in ratio block sequences of type (1.1) possessing an
asymptotic distribution function, i.e. G(X,,) is a singleton (see definitions in the
next section).

By means of these distribution functions in [13] was defined the next families
of subsets of N. For 0 < ¢ < 1 we denote U(x?) the family of all regularly dis-
tributed set X C N whose ratio block sequence is asymptotically distributed with
distribution function g(z) = z9; z € (0,1].

Further in [13] the following interesting results can be seen, that A the expo-
nent of convergence is closely related to distributional properties of sets of positive
integers. More precisely, for each ¢ € [0,1] the family Z<, of all sets A C N such
that A(A) < ¢ is identical with the family Z(x?) of all sets A C N which are covered
by some regularly distributed set X € U(x2).

The exponent of convergence of a set A C N is defined by

AMA) = inf{s € (0,00) : Za;s < oo}7

neN

where A ={a; <az <---}CN.

In this paper we will be interested in the family 4 (xz?) and study the structure
of this family respect to the union.

The rest of our paper is organized as follows. In Section 2 and Section 3 we
recall some known definitions, notations and theorems, which will be used and
extended. In Section 4 our new results are presented.

2. Definitions

The following basic definitions are from papers [9, 12, 14].

e For each n € N consider the step distribution function

i<n & <x
F(X.2) = #{i <n; }’
n

for x € [0,1), and for x = 1 we define F(X,,1) = 1.

e A non-decreasing function g: [0,1] — [0,1], g(0) = 0, g(1) = 1 is called
a distribution function (abbreviated d.f.). We shall identify any two d.f.s
coinciding at common points of continuity.
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o A d.f g(x)is a d.f. of the sequence of blocks X,,, n = 1,2,..., if there exists
an increasing sequence nj < ng < --- of positive integers such that

lim F(X,,,x)=g(x)

k—o0

a.e. on [0,1]. This is equivalent to the weak convergence, i.e., the preceding
limit holds for every point = € [0, 1] of continuity of g(z).

e Denote by G(X,,) the set of all d.f.s of X,,, n =1,2,.... The set of distribu-
tion functions of ratio block sequences was studied in [1-7, 9-12].
If G(X,) = {g(x)} is a singleton, the d.f. g(z) is also called the asymptotic
distribution function of X,,.

e Let A be the convergence exponent function on the power set 2" of N, i.e. for

A C N put
. 1
)\(A):mf{t>0: > <oo}.
acA
If ¢ > A(A) then Y}, 4 % < oo and if ¢ < A(A) then >, 4L = oco. In
the case when ¢ = A(A), the series Y, ., - can be either convergent or
divergent.

From [8, p. 26, Exercises 113, 114], it follows that the set of all possible
values of A forms the whole interval [0, 1], i.e. {\(4) : A C N} =[0,1] and if
A={a1 <az <---<a,<--}then A\(A) can be calculated by

1
A(A) = limsup ogn

n—ooo logap

Evidently the exponent of convergence A is a monotone set function, i.e.
A(A) < A(B) for A ¢ B C N and also A\(A U B) = max{A(4), \(B)} holds
for all A,B C N.

e By means of A the following sets were defined (see [14]):

IToo,={ACN:AA)<q} for 0<g<1,
Zeq={ACN:XA)<g} for 0<¢g<1 and
Ty ={ACN:\A4) =0}

Obviously ISO = Io and Igl = ZN.

For a finite set A C N we have A\(4) = 0. Consequently, Fin = {A C
N : Ais finite} C Zy. Families Z,,Z<, are related for 0 < ¢ < ¢’ < 1 by
following inclusions (see [14, Theorem 1]),

FinCToCleg G Tcq & Iay & 1<,

and the difference of successive sets is infinite, so equality does not hold in
any of the inclusions.
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e Let Z C 2V, Then 7 is called an ideal of subsets of positive integers, if T is
additive (if A, B € Z then AU B € T), hereditary (if A € Z and B C A then
BeI), ID Finand N¢T.

3. Overwiew of known results

In this section we mention known results related to the topic of this paper and some
other ones we use in the proofs of our theorems. In the whole part in (S1)—(S7) we
assume X = {z) < a9 <---<zp<---} CN.

(S1) We will use step function

0, ifz=0,
o) = {

1, if0<z<l1.

Assume that G(X,,) is singleton, i.e., G(X,) = {g(x)}. Then either g(x) =
co(x) for z € [0,1]; or g(x) = x? for x € [0,1] and some fixed 0 < ¢ < 1.
[12, Theorem 8.2]

The result (S1) provides motivation to introduce the following families of
subsets of N( see [13]):

U(co(z)) ={X CN: G(Xpn) = {co(2)}},
I(C()(CL')) = {A cN:3dX e U(C(](LC)),A C X},

and for 0 < ¢ <1

Uz?) ={X CN:G(X,) = {z}},
I(z9)={ACN:3X eU(29),A C X}.

Obviously,
Uco(n)) € Zleo(a), Ula") € I(a?).

Sets X from U(co(x)) are characterized by (S4) and sets belonging to U (z7)
are characterized by (S2) and (S5). In [13, Theorem 1 and Example 1] is
proved that the family U(co(z)) is additive, i.e. it is closed with respect to
finite unions and does not form an ideal as it is not hereditary, i.e. there exists
sets C' € U(co(z)) and B C C such that B ¢ U(co(z)). On the other hand
the family Z(co(x)) is an ideal (see [13, Theorem 2]). For these families the
following statements hold.

(S2) Let 0 < ¢ <1 be a real number. Then

X €U@?) < VEeN: lim -5 = ki,

n—oo X

[6, Theorem 1]
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(S3) Let 0 < ¢ <1 be a real number and X € U(z9). Then
. Tn41
lim

n—oo  ITp

=1.

[4, Remark 3]
(S4) We have

1 n
X <~ lim — i = 0.
€ U(co(x)) Jim. p— ;x
[12, Theorem 7.1]
(S5) Let 0 < ¢ <1 be a real number. Then

. 1< q
X q lim — >z, = L.
EU(x)@}nggonxniﬂx q+1
[3, Theorem 1]
(S6) Let X € U(co(x)). Then

logn

nh_}rr;o ogz, =0 (i.e. A(X) =0).
[3, Theorem 2]
(S7) Let 0 < ¢ <1 be a real number and X € U(z9). Then
lim logn _ g (therefore A(X) = q).
n—oc log T,
[3, Theorem 3]

(S8) Let 0 < g < 1. Then each of the families Zy, Z., and Z<, forms an admissible

ideal, except for Z<;.
[14, Theorem 1]

(S9) Let 0 < ¢ < 1. Then each of the families Z(co(z)), Z(x?) forms an admissible

ideal and Z(co(z)) = Zo, Z(2?) = I<,-
[13, Theorem 5 and Theorem 7]
Given t > 1, define the counting function of X C N as

Xt)y=#{z<t:z e X}.

(510) Let 0 < ¢ <1, X ={z1 <ae<---}CNand Y ={y; <ya <---} CN.

Let g(z) € {co(x), 29} be fixed and assume that
Y elU(g(x)) and lim ——= =0.

Then

[13, Theorem 4]
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4. Results

In this section we will study the structure of the family U/ (x?) respect to the union of
its elements. We show that there exist such sets X,Y € U(z?) that XUY ¢ U(x?),
but on the other hand, if X,Y € U(z?) (hence A(X) = ¢ and A(Y) = ¢q) then
necessary A(X UY) = ¢, thus

XUY €Zcg\Teg =Z(2) \Zeq € Z(z?).
This follows from the (S7), (S9) and the fact that A\(X UY) = max{\(X), A\(Y)}.

Theorem 4.1. Let 0 < g < 1. Then the family U(x?) does not form an ideal as it
is mot additive, i.e. it is not closed with respect to finite unions.

Proof. Tt is sufficent to show that there exist sets X, Y € U(x?) such that X UY ¢
U(?). Let 0 < g<land X ={z1 <xz3 < -+ < 2 < ---} C N be such that
ZTpt1 > Tp + 1 for every n € N and X € U(z?). For example, it will be like that
Xy = \_Zn%j (as usual, |z]| is the integer part of the real z). From (S2) it is clear
that X € U(x?).

Then z,, = 2n7 — g(n) for some 0 < e(n) < 1, and by Lagrange’s Mean Value
Theorem for f(z) = 227 on [n,n + 1] we get that z,41 > z, + 1 for all n.

Define the set Y = {y1 <y2 < -+ <ypn < ---} such that y; = z; and for n > 2

wn—1, ifne (226,224 £k =0,1,2,...,
N P if e (2261, 22642) | £ =0,1,2,....
We show that Y € U(x?). Since z,, — 1 < y,, < x,, then for every k € N
xkn—lﬁzxkn—lgyﬁé Thn_ _ _Tn_ Thn
Tkn Tn Tn Yn Tn —1 Tz, — 1 x,

From this according to (S2) for each k € N we have

. Ykn . Tkn
lim =— = lim
n—00 Yp n—oo Ty

1
:kq’

thus Y € U(z9).
Further let
XUY={z1<2mm< <z, <}

We now show that X UY ¢ U(z?), i.e. according to (S5)

n

1 q
lim — P —.
nlan;onzn;Z 7 q+1

Let ng (k=1,2,...) be such that z,, = zy2r+1. Then

k k
ne = 22k+1 =+ Z(22’i+1 _ 221) — 22k+1 4 Z 22i
1=0 =0
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22k:+2 1 B §22k+1 B 1

— 22]€+1 — -
+ 22 -1 3

w

We estimate the following means

n 22k+1 22k+1
1 k 1
E zi > E r; + E ;
Npzn, =" 7 Ngzn, ( Tt yl)

i=1 i=1 i=22k 41
2k+1 2k+1 2k
1 2 2 2
= ﬁ E T; + E Yi — E Yi
kLo2kt1 — i=1 i=1
22k+1 1 22k:+1

+ Z Ti
ng 22k 19322k+1 — !
i=

k
92k+1 22kt

L Z

Yi

NE  To2k+1 22k+1y22k+1 ‘ !
i=1

22k 22k

Yo2k
- E Yi-
NE To2k+1 22k Yo2r £
=1

Since X,Y € U(x?) then by (S5) we give

92k+1 92k+1
1
lim ——— E x; = lim E Yi
k— o0 22k+1l‘22k+1 P ! k— o0 22k+1y22k+1 P !
92k

1 q
lim ——— = — .
= o 29 T

From definition of the set Y and (S2) it follows

. 92k . L2k . T2k 1 1
lim 2 = lim = lim == <-.
k—00 To2k+1 k—00 To2k+1 k—oo T 92k 24 2
Furthermore we have
. 2k+1 . To2k+1_q
lim 22 = lim =221 = 1,
k—oo To2k+1 k—oo  To2k+1
and (4.1) implies
22k+1 3 22k 3
lim =—, Ilm —=—.
k—oo MNg 5 k—o00 N 10

Then from estimation (4.2) by previously statements we obtain

1 & 3 3 3 1\ ¢ 21 ¢ q
lim inf ,><7 7,177,7) -
A nkznk;%_ 515 10 2

which it means that X UY ¢ U(z?).

= — > ,
¢+1 20g+1 " q+1
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However, if we choose such sets X, Y € U(z9) that X NY € Zy, then holds
already the following.

Theorem 4.2. Let 0 < ¢ < 1 and sets X,Y € U(x?) are such that X NY € Iy.
Then X UY € U(x?).

Proof. Let 0 < ¢ < 1, X = {1 <2< -} CNY ={y1 <y2a < ---} CN.
Assume that X, Y € U(z?). According to (S5) and (S3) we have

1 q
p— ;xl — —q 1 n—yn Zyt as n — 0o, (4.3)
and .
Thtl o1 and 2 51 as n— oo (4.4)
Tk Yk

Let XNY ={¥i,,Yins---Yi,,---}. We denote
A(X ny, yn) = Z Yn,; -
yn,;E[Lyn]
Further, let X UY = {21 < 25 < --+ < 2z, < ---} and choose sufficiently large
m € N. Let z,, € XUY. If z,,, =y, then
Tk < Yn < Tp41 and yi, < yn < Yip s

for some k,l € N.
Thus m = X UY (y,), X NY (y,) =1 and m = k+n —[. Then we estimate the
value

m

1
mszZi kJrnfly (Zyl—i—ZwZ XﬂY,yn)> (4.5)

i=1

k

_ n 1 k i 1 AXNY,yn)
- k+n—lnyn;y1+k+n—1ynka}k ;xl (k4+n—Dyn

k n
k+n zr 1 1 AXNY, yn)
k—&—n—lnyn;yl k—!—n—l(ynkxk;xl nyn;%) (k4+n—1Uyn

On the other hand
k+n _1_XﬂY(yn)
E+n—1 — XUY(yn)’

AXNY yn) _ XOY(yn)yn _ XY (ya) _ X0V (yn)
(k+n*l)yn - (k+n71)yn XUY(yn) N X(yn) ’

0<

and as m — oo, also kK — oo and n — oo. Since from Theorem 4.3 we have

XNY(n)

X(n) —0 as n— oo,
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then holds
k+n AX NY,yn)

k4+n-—1 Tk +n =Dy,

Furthermore from (4.4) and condition zy <y, < xk4+1 we obtain

—0 as m — oo.

Tk
— =1 as m — oo.
Yn

Then by (4.3), (4.5) and from the fact, that ﬁ is bounded we have

1 q
Zzi—>7 as m — 09,
q+1

thus X UY € U(x?).
The proof in the case z,, = x; and y, < zp < yp41 is similar. O

In the following theorems we will deal with sets X, Y for which X € U(g1(x))
Y € U(ga(x)) where g1 (x) # g2(x) and g1(x), g2(x) € {co(x), z7}.

Theorem 4.3. Let 0 < ¢ < 1 and sets X € U(co(x)) (it can also be X € Iy),
Y e U(xz?). Then
. X(n)
lim

n— 00 Y(n) =0.

Proof. Let 0 < ¢ < 1, X ={z1 <o < -} CNY ={y1 <y2a < ---} CN.
Assume that X € U(co(x)) and Y € U(x9). Then by (S6) and (S7) for sufficiently
large k € N there exists nyg € N such that for every n > ng we have

B o

1
xn, >nF and UYn < natk,

Therefore )
0< XM mh
Y(n) = pate
where the exponent for sufficiently large k is negative, since % — qukk — —q as
k — oo. From this and previous estimation follows XM 5 0asn — oco. O

Y(n)

Note that the previous Theorem 4.3 holds even if for the sets X = {z; < x5 <

- CN,Y ={y1 <y2 <---} C N we assume that

1 1

BT _0(ie. Xe€Ty) and lim —5 —g
n—co 10g yn

lim

n—oo log x,
On the other hand we have.
Corollary 4.4. Let 0 < ¢ <1 and sets X € U(co(x)), Y € U(x?). Then

XUY eU(z?).
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Proof. This is a direct corollary of Theorem 4.3 and (S10). O

Theorem 4.5. Let 0 < ¢1 < q2 <1 and sets X € U(z9), Y € U(x?). Then

lim X(n)

=0.
n—oo Y (n)

Proof. Let 0 < un < <1, X ={z1 <a2<---}CNY={y1 <ya<---} CN.
Assume that X € U(x?) and Y € U(x%). Then by (S7) for sufficiently large k € N
there exists ng € N such that for every n > ng we have

11 141
Tp>mna F and y, <nw' k.

Therefore .
a1
X(Tl) natk a1k _ _ask
o< < —natk a+tk
~ Y(n) a2k ’
n a2tk
where the exponent for sufficiently large k is negative, since q‘il—fk — q‘ffk —q1— ¢
as k — oo. From this and previous estimation follows XM 5 0asn — oo. O

Y (n)

Note that the previous Theorem 4.5 holds even if for the sets X = {z; < 23 <
3N Y ={y1 <y2 <---} C N we assume that

. logn logn
lim

n—oo log xy,

=¢q; and lim
n—o0 10g Yn

= q2.

Corollary 4.6. Let 0 < g1 < g2 <1 and sets X e U(z?), Y € U(x®). Then
XUY elU(x®).

Proof. This is a direct corollary of Theorem 4.5 and result (S510). O
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