Annales Mathematicae et Informaticae

54 (2021) pp. 73-82

DOIL: https://doi.org/10.33039/ami.2021.09.001
URL: https://ami.uni-eszterhazy.hu

The structure of the unit group of
the group algebra F(C5 X D1j)

Meena Sahai, Sheere Farhat Ansari*

Department of Mathematics and Astronomy,
University of Lucknow, Lucknow, U.P. 226007, India
meena_sahai@hotmail.com
sheere_farhat@rediffmail.com

Submitted: February 7, 2021
Accepted: September 7, 2021
Published online: September 19, 2021

Abstract

Let D,, be the dihedral group of order n. The structure of the unit group
U(F(C3 x D1g)) of the group algebra F(Cs x D1g) over a finite field F' of
characteristic 3 is given in [10]. In this article, the structure of U(F(Csx D1o))
is obtained over any finite field F' of characteristic p # 3.
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1. Introduction

Let U(F'QG) be the group of invertible elements of the group algebra F'G of a group
G over a field F. The study of units and their properties is one of the most
challenging problems in the theory of group rings. Explicit calculations in U(F'G)
are usually difficult, even when G is fairly small and F is a finite field. The results
obtained in this direction are also useful for the investigation of the Lie properties
of group rings, the isomorphism problem and other open questions in this area,

see [2].
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For a normal subgroup H of G, the natural homomorphism G — G/H can
be extended to an F-algebra homomorphism from FG — F(G/H) defined by
> gec 499 D geq Gg9H, ag € F. The kernel of this homomorphism, denoted by
A(G, H), is the ideal generated by {h —1: h € H} in FG and FG/A(G,H) =

Let J(FG) be the Jacobson radical of F'G and let V = 1+ J(FG). The F-
algebra FG/J(FG) is semisimple whenever G is a finite group. It is known from
the Wedderburn structure theorem that

FG/J(FG) = éM(m,Ki)

where r is the number of non-isomorphic irreducible F'G modules, n;, € N and
K;’s are finite dimensional division algebras over F'. In this context two results by
Ferraz [3, Theorem 1.3 and Prop 1.2| (stated at the end of this section) are very
useful in determining the Wedderburn decomposition of FG/J(FG).

If FG is semisimple, then J(FG) = 0 and by [8, Prop 3.6.11],

FG=F(G/G) & AG,G')

where F(G/G’) is the sum of all the commutative simple components of FG,
whereas A(G,G’) is the sum of all the non-commutative simple components of
FG. We conclude that, if FG is semisimple, then

l
FG=F(G/G") & @ M(n;, K).

=1

Now, if dimp(Z(FG)) = r and if the number of commutative simple components
is s, then I < r — s.

In what follows, D, is the dihedral group of order n, C,, is the cyclic group of
order n, F'™ is the direct sum of n copies of F', F}, is the extension of F of degree n,
M(n, F) is the algebra of all n x n matrices over F, GL(n, F') is the general linear
group of degree n over F', Z(FQG) is the center of FG, [g] is the conjugacy class of
g € G and T, is the set of all p-elements of G including 1.

Let F be a field of characteristic p > 0 and let G be a finite group. An element
g € G is p-regular, if pt o(g). Let ¢ be the l.c.m. of the orders of p-regular elements
of G and let w be a primitive t-th root of unity over the field F'. Then

A={r|w— w" is an automorphism of F(w) over F'}.

Let 74 be the sum of all conjugates of g € G. If g is a p-regular element, then
the cyclotomic F-class of v, is

Sr(vg) = {vg | 7 € A}

Many authors [1, 4, 5, 7, 9-12] have studied the structure of U(FG) for a finite
group G and for a finite field F. The structure of U(F(C3 x Dsg)) for p = 3 is
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given in [10]. In this article, we provide an explicit description for the Wedderburn
decomposition of FG/J(FG), G = C3 x Dy and F a finite field of characteristic
p # 3, using the theory developed by Ferraz [3] and with the help of this description
we obtain the structure of U(F(C3 x Dyp)).

Lemma 1.1 ([3, Proposition 1.2]). Let K be a field and let G be a finite group. The
number of simple components of KG/J(KG) is equal to the number of cyclotomic
K-classes in G.

Lemma 1.2 ([3, Theorem 1.3]). Let K be a field and let G be a finite group. Sup-
pose that Gal(K (w)/K) is cyclic. Let s be the number of cyclotomic K-classes in G.
If Ry, Ry, ..., Rs are the simple components of Z(KG/J(KQG)) and Py, Ps, ..., Ps
are the cyclotomic K-classes of G, then with a suitable re-ordering of indices,

2. Structure of U(F(C3 X Dyy))
Theorem 2.1. Let F' be a finite field of characteristic p with |F| = q = p™ and let
G = 03 X DlO-
1. If p=2, then U(FG) =
C3" % (C3n_y x GL(2, F)%), if g=1,4 mod 15;
C3" % (Can_y x Co2a_y x GL(2,F»)?), if ¢=2,—7 mod 15.
2. If p=>5, then

CS,._4, if ¢ =1 mod 6;
C%_,xC%, |, ifg=—1mod 6.

where V 22 (C25 x C™) x C2" and Z(V) =2 C9™.

UFG) =V x {

3. If p>5, then U(FG) =

Chn_y x GL(2, F)", if ¢ =1,—11 mod 30;
Cpn_1 X Chan_y X GL(2,F)* x GL(2,F»)?, if ¢ = —1,11 mod 30;
Cln_y x GL(2, F)?, if ¢ = 7,13 mod 30;
Cpu_y X Oy X GL(2, F)?, if g = —7,—13 mod 30.

Proof. Let G = (z,y,2 | 22 = y° = 23 = 1,0y = y*z,22 = 21,y2 = 2y). The
conjugacy classes in G are:

[2]] = {2} for i =0,1,2
ly2'] = {y*'2} for i = 0,1,2
[y22"] = {y=22"} for i = 0,1,2
[227] = {22, 2y 2% wy™22") for i = 0,1,2
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1. p=2. Clearly,ﬁ:lJrz@

Let a =Y, Zj D j;j’_’i?)ﬁ a;zkyi=30+3K) 20 If oT, = 0, then we have

2 5(j+3k)+4

aJrZZ Z a;z* 527 = 0.

k=0 j=0 i=5(j+3k)

For k=0,1,2 and i = 0,1, 2, 3,4 this yields the following equations:

4

ki + Y Gskpjt1s =0,
=0
4

as5k4+15+4i + E ask+; = 0.
i=0

After simplification we get, asr = asp+s = asprit15 for ¢ = 0,1,2,3,4 and
k=0,1,2. Hence

2
AnnTQ {Zﬁzl—kxyzﬂﬁzeF}
=0

Since z,y € Z(FQ), Ann2(1/“\2) = 0 and Ann(Tg) C J(FG). Thus by [12,
Lemma 2.2|, J(FG) = Ann(T3) and dimp(J(FG)) = 3. Hence V = C3" and
by [6, Lemma 2.1],

U(FG) = C3" x U(FG/J(FG)).

Now it only remains to find the Wedderburn decomposition of FG/J(FG).

As [, [y], W%, [2], [2%], [y2], [w2?%], [y%2], and [y?2?] are the 2-regular con-
jugacy classes of G, t = 15 and dimp(FG/J(FG)) = 27. Now the following
cases occur:

(a) If q¢ = 1,4 mod 15, then |Sp(v,)| = 1 for g = 1, y, v, . Yz, Y22,
y2z, y222. Consquently, [3, Theorem 1.3], yields nine components in the
decomp051t10n of FG/J(FG). In view of the dimension requirements,
the only possibility is:

FG/J(FG) = F* @ M(2,F)S.

(b) If g =2,-7 mod 15, then |Sp(v,)| =1 for g =1 and |Sp(v,)| = 2 for
g=1, 2, yz, yz2. So, due to the dimension restrictions, we have

FG/J(FG)2F & F,® M(2, ).
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2.p=5 If K = (y), then G/K 2 H = (z,z) 2 Cs. Thus from the ring
epimorphism 7 : FG — F'H, given by

2 4 2 4
<Z Z a7+5_7 + Qit554+15T > Z Z Zj a1+5j + az+5g+151)
=0 i=0

J: =0

we get a group epimorphism ¢: U(FG) — U(FH) and ker¢ 2 1+ J(FG) =
V. Further, we have the inclusion map i: U(FH) — U(FG) such that ¢i =
1U(FH)- Thus U(FG) =2V x U(FCﬁ)

The structure of U(FCs) is given in [11, Theorem 4.1].
Ifv= Z?:O Z?:o y'2 (aits; + aiysj+152) € U(FG), then v € V if and only
if Z?:o a; =1 and Z?:o ajys, =0 for k=1,2,3,4,5. Hence

4
={1+Zzy - 1)z z+4j+bi+4j+12$)|bi€F}
=0 i=1

and |V| = 524" Since, J(FG)® =0, V® = 1.

Now we show that V = (C2%" x Cf") x C2". The proof is split into the
following steps:

Step 1: Let R={1+ay(l —y)>z|a€ F} CV. Then R = CP.
If

r=14+ay(l—y?’zecR
and

ro=1+by(l—9y)’z€R
where a,b € F, then

rire =1+ (a+b)y(l —y)*z € R.

Therefore, R is an abelian subgroup of V' of order 5. Hence R = C}'.
Step 2: |Cy(R)| = 52", where Cy(R) = {v e V | r’ =r for all r € R}.

Let
r=1+ay(l—y)’zcR

and
2 4
=143 > (' = 1) (bigaj + bipajr127) €V
7=0i=1
where a,b; € F. Then v = 14 v; + vox, v1 = ijo Zz’:l b¢+4j(yi —1)27

and vy = Z?:o Zle bi+4j+12(yi —1)27. Sov™t = v* = 1+ 4v; + 4vo2 mod
(y —1)2FG. Thus

2 4
r’=1+v tay(l —y) v =1+ Qa’y\z Zibi+4jzja:.

j=0i=1
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Thus r? = r if and only if Zle ibsy45 = 0 for j = 0,1,2. Hence

2 3
m={i #3307 ) i - Dl

=1

2 4
+ZZ (y" = 1)Citajt92 x|cZ€F}

j=0 i=1

~.

and |Cy (R)| = 521",
Step 3: Cy (R) = C5" x C8".

Consider the sets
S={1+y*(y — 1)%[ybs + y(y + 2)bz + b3 + (ybs + (y + 1)%b5)z]}
and
T={1+y’(y— Dy — V(yer + (y + 1)%c2) + (yes + (y* +y + Dea)z]}
where bi4; = Zfzopi+3jzi for j =0,1,2,3,4 and ¢14; = Z?:o Qi+3j2° for

j =0,1,2,3. With some computation it can be shown that S and T are
abelian subgroups of Cy (R). So S =2 C3%" and T = C1?".

Now, let
s=14133(y —1)*[yb1 + y(y + 2)ba + bs + (ybs + (y + 1)%bs)z] € S
and

t=1+v(y— D[y —1D(yer + (y +1)%c2) + (yes + (¥° +y + Deg)z] € T.

Then
st =149y (y — D)*{ybs +y(y +2)bs + b3 + k13> (1 — y)
+ [ybs + (y +1)%b5 + (y — 1)* (ko + k3)]2} € S
where
k1 = (ca 4 2¢c3)(by — bs), k2 = (ca + 2¢3) (b2 — b3)
kg = 2(6?1 — C3C4 — C%)(b;} — b5)
Let

U=SNT={1+y"(y—1)>%yer + (y +1)°c2]}

where ¢y y; = Z?:o Qit3j2° for j = 0,1. Thus U = C¢". So for some subgroup
W2Cnof T, T=UxWand WNS = 1. Hence Cy(R) = S x W =
CEon e Ofm.
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Step 4: Let M = {1+Z§=o riZ7y(y+1)2(1—y)(1+2) | r; € F} C V. Then

M = C3n.
Let )
my =1+ rizyly+1)°A-y)(l+z)eM
j=0
and

2
me =1 +Zsjzjy(y+ D*A—y)(1+x)eM

§=0
where 7;,s; € F. Then
2 .
mime =1+ Z(rj +35)27y(y +1)*(1 —y)(1 +z) € M.
§=0

Therefore, M is an abelian subgroup of V of order 53". Hence, M = C3".
Step 5: V= Cy(R) x M.

Let
2 3
=14 Yl = 1) +ily* — Dleirs;
=0 i=1
2 4 4
+ ZZ(Z/Z — 1)citaj192’z € Cy(R)
j=0 i=1
and let

b=1+Y rzlyly+1)*A—y)(l+a)eM

where ¢;,r; € F. Then

2 3
A" =1+ 3 =D +ily* — Dleirs; !

j=0 i=1
2 4
+ ZZ(Z/Z — Deivajroz’z + (k1 + ko) € Oy (R)
=0 i=1
where
2 2
ki = Z TjZJ{Z(010+4k — Cl144k — Cl2+44k + 613+4k)zk
j=0 k=0

2 1 2
+3 2 YO ilcirantoz®) byl —y)?
i=0

i=1 k=0
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and
2 o2
ko = QZTJZJ{Z(CH% — ca4a) 2" (1 —y)
— erzj Z chz+4k+gz ty(1 — -2 erz] Zdzy
i=1 k=0
with

2

do = Z(4C1O+4j +4ci144j + C1o445 + C13445) 7,
j=0
2

dy = Z(4C1O+4j + 3c11445 + 3c12445)27
i=0
2

do = 2(4011+4j + 3c1o445 + 3013+4j)zj,
=0
2

ds = 2(2010+4j + 2c1144; + C12445)7,
=0
2

dy = 2(2011+4j + 2¢12445 + C13445)7
j=0

Clearly, Cy(R) N M = 1. Therefore, V = Cy(R) x M.
In the sequel, we show that Z(V) = C9".

Tfo =1+, (' —1)27 (bitaj +biyajir2w) € Cv(y) ={v €V vy =
yv}, then

vy —Yv = Z Zy 1—y")(° — Dbiyaji22’m.
i=1 j=0

Thus v € Cy(y) if and only if b; = b4, for j = 1,2,3 and ¢ = 13,17, 21.
Hence

2 4 2
:{1—|—ZZy —1)Cita;2’ +ch]+13zm|cZEF}

j=01i=1 7=0

Since Z(V) C Cy (y),

Z(V)={seCy(y) | sv=vs for all v € V}.
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Let u =1+ Z?:o S = Veiva?? + g Z?:o cj+1327 € Cy(y). Since
v=1+(y—1zz eV and y € Z(FG), vu — uv = 0 yields

4 2
DY Y W =y a2 e =0,

=1 j=0
Thus ¢; = c;43 for i = 1,5,9 and ¢; = ¢j41 for j = 2,6,10 and u = 1 +
Yy —1)? Z?;o dig 2+ (y* —1)? Z?;o day 27 + ?323:0 d7y 27 x. Clearly
ue ZV).
We conclude that Z(V) = {1+y*(y—1)? Z?:o di+;27 +y3 (y*—1)? Z§:0d4+j2‘j
+T Y dryj2ix | d; € F} = C3".
3. If p > 5, then J(FG) = 0. Thus FG is semisimple and t = 30. As G/G’ = (s,

we have
l

i=1
Since dimp(Z(FG)) =12, 1 < 6. Now we have the following cases:
(a) If g =1,—11 mod 30, then |Sp(v,)| =1 for all g € G. Therefore by [11,
Theorem 4.1] and [3, Prop 1.2 and Theorem 1.3],

6
FG=F' o @M, F)
i=1
and Zle n? = 24. Clearly n; = 2 for i € {1,2,3,4,5,6}. Hence,
FG=FSe M(2,F)S.

(b) If g = —1,11 mod 30, then |Sp(vy)| = 1 for g = 1,z,y,y? and |Sr(v,)| =
2 for g = z,22,yz,y?2. In this case FCs = F? @ FZ, thus dimension
constraints yield

n? 4+ni+ 2n§ +2n2 = 24.
We get n; = ny = ng = ng = 2. Hence,
FG=F?0FI o M(2,F)* @ M(2, Fy)?.

(c) If g =7,13 mod 30, then T' = {1,7,13,19} mod 30. Thus [Sr(v,)| =1
for g =1,2,2,22 22,222 and |SF(v,)| = 2 for g = y,yz,yz?. Therefore,

2(n? +n3 +n3) = 24.
We get n; = ny = ng = 2. Hence,
FG=F%® M(2, )%

(d) If ¢ = —7,—13 mod 30, then T' = {1,17, 19, 23} mod 30. Thus [Sp(y4)| =

1for g =1,z and |Sp(v,)| =2 for g =y, z, 22, yz, y2>. Hence,
FG=F?*QF o M2, ). O
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