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Abstract
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1. Introduction

A sum of integer powers of gaps values in numerical semigroups S,, = (d1,...,d,)
with ged(dy,...,d,,) = 1, is referred often as the semigroup series
gn(Sm) = Z 5”, n €7,
s€EN\S,,

where N\ S,,, is known as the set of gaps of S,,, and go(Sy,,) is called the genus of S,,,.
The semigroup series g, (Sy,) has been attractive by many researchers for n > 0. In
particular, an explicit expression of g,(S2) and implicit expression of g, (S3) were
given in [6] and [4], respectively. However, the series g, (S,,) for negative integers n
has not seemingly treated so often. In this paper we derive a formula for semigroup
series g_n(52) = X sems, § " and gn(S3) = 3 e g, § " (0 = 1). In fact, it will
be known that such series are related with zeta functions in Number theory.

Consider a numerical semigroup Se = (d1, d3), generated by two integers d, do >
2 with ged(dy,ds) = 1. Here, the Hilbert series H(z;S2) and the gaps generating
function ®(z;S3) are given as

H(z;5;) = Zz and ®(z;9;) = Zz

s€Sa sEN\S2

respectively, satisfying

H(z85) + ®(2 ) = (z < 1), (1.1)

-z

where min{N\ S5} = 1, and max{N\ Sy} = dydy — d; — d3 is called the Frobenius
number and is denoted by Fy. A rational representation (Rep) of H(z;Ss) is given

by
1 — zhde

(1—zB)(1— 2%)

We introduce a new generating function ¥ (z; Ss), defined by

H(z;82) = (1.2)

i ®(t; S 2 .
\Ill(z; SQ) = / ( P 2) dt = Z — with \111(1;52) = 971(52). (13)
0 sEN\Sa

Substituting (1.1) into (1.3), we obtain

Wy (2:) = / (12 - Hesa) 7 (1.4
0

Since (1 —t4)~1 = > k=0 thidi by substituting (1.4) into (1.2), we obtain

oo o0

H(t, 52) — Z tk1d1+k2d2 _ Z tk1d1+k2d2+d1d2. (15)
k1,k2=0 k1,k2=0
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Indeed, an expression (1.5) is an infinite series with degrees s = k1d; +kads running
over all nodes in the following sublattice K of the integer lattice Z.

Ky ={1<k <dy—1, ko =0},

KQZ{OSklgdg—l,lngSOO}. (16)

K = {0,0} UK; UKo, {

In Figure 1, as an example, we present a part of the integer lattice K for the
numerical semigroup

(5,8) = {0,5,8,10,13,15, 16, 18, 20, 21, 23, 24, 25, 26, 28, —> },

where the symbol — denotes an infinite set of positive integers exceeding 28.

I...@.. ©
W eie)

43 5k
0 "5 710 T15 ™20 25 T30 '35

Figure 1: A part of the integer lattice K C Z2 for the numerical

semigroup (5,8). The nodes mark the non-gaps of semigroup: the

values, assigned to the black and white nodes, exceed and precede
F> = 27, respectively.

Proposition 1.1. There exists a bijection between the infinite set of nodes in the
integer lattice K and an infinite set of non-gaps of the semigroup (dy,ds).

Proof. We have to prove two statements of existence and uniqueness:
1) Every s € (dy,ds) has its Rep node in K,
2) All s € (dy,ds) have their Rep nodes in K only once.
1) Let s € {d1,ds) be given. Then by definition of (dy,ds) an integer s has Rep,
s = kidy + kada, ki,kas €Z, ki,ke > 0. (1.7)

Choose s such that ky = pds + g, where p = |k1/dz2 |, namely, 0 < g < ds — 1, and
|z] denotes the integer part of a real number xz. Then Rep (1.7) is expressed as

s = qdy + (k2 + pdy)da,
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and s has its Rep node in K.

2) By way of contradiction, assume that there exist two nodes {k1,k2} € K and
{l1,12} € K such that

kidy + koda = l1dy + l2da, (1.8)
0<ky,ly <da—1, 0< ko la <00, k>, ko <l

namely, that there exists such s € (dy, d2) which has two different Rep nodes in K.
Rewrite equality (1.8) as follows.

(k1 — l)di = (Io — ka)ds. (1.9)
Since ged(dy,ds) = 1, the equality (1.9) implies that
k1 — 11 = bds (bZl) - ki =11 + bds — k1 ng,

contradicting the assumption {k1, ks2} € K. O

2. A sum of the inverse gaps values g_;(S5)

Rewrite the integral in (1.4) as follows.

1(2;89) = th=1 t752) dt, (2.1)
/ >

where
H(t; S 2
2
= Zhj (t; Sa), ho(t; So) = =

Jj=
do—1

hq(t:Ss) = . tk1d1—1 ho(t: S5) = tk’1d1+k2d2—1

1(’2)_2 ) 2(72)_ Z .

k1=1 k1,k2€Ka

By integration we obtain from (2.1),

0 d2— Sk1dy Sk1di+kada
2k
(23 92) _— = — _ 2.2
2) — & d1 . kZZ;K kidy + kady’ 22)
and deduce by (1.3) and (1.6),
o0 d271
1 1 1 1
S = — _— — — — 2.3
2) z:: k > kidi + kads  da > Ky (23)

k1,k2€Ko k1=1
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By Proposition 1.1, after subtraction in (2.3) there is a finite number of terms left,
since all terms, which exceed F3 in the two first infinite series in (2.3), are cancelled.
To emphasize that fact, we represent formula (2.3) as follows.

ca 1 kidi+kada<ca 1 1 da—1 1
T 5% D S L S
— k by EoeKs kidy + kods dq P k1

where co = F5 4 1 is called the conductor of semigroup Ss.

3. A sum of the negative degrees of gaps
values g_,,(S2)

We generalize formula (2.2) and introduce a new generating function ¥, (z;Ss)
(n=2)

z t1 tn—1
dt; dts dt, 28
\pn<z;52):/7 = / AL SN (R
0 L 0 2 0 " SEN\S2

where ¥,,(1; S2) = g_,,(S2) and satisfies the following recursive relation.

tn—k—1

dtn k
Vi1 (tn—k—1;52) = "

Up(tn—k:S2), k>0,
0
Uo(tn; S2) = ®(tn—1;52), to ==z

Namely,
tn—l
dtn
Uy (tp—1;52) = / ; Wo(tn;S2),
0 n
tn—2
dt,,_
Wy (ty—2;52) = / tn L0y (ty1; S2),
n—1
By integration in (3.1), we obtain
i ok 1 dzz—l Shrda Z Skrdi+hads
(2;9,) = - — = —_—
P dl P k‘l by EaeKs (k‘ldl + kgdg)”

Thus, for z =1 we have

do—1 do—1
2 & 1 ¥ 1

=1 1

W(S) =" — — N = n>2 (32

2 kn Z Z (k'ldl + k‘gdg)" dar Ln’ n= ( )
k=1 k1=0ko=1
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Denoting the ratio dy/ds by d, we can rewrite (3.2) as

o 1 1 0o do—1 oo da—1
9—"(52):,;1?1_@; klzlkz k15+k2 Sy Z K

Making use of the Hurwitz ((n,q) = Y7 (k + ¢)~" and Riemann zeta functions
¢(n) = ¢(n, 1), we represent the last formula as follows.

do—1
o (Se) = (1 - ;g) Z C(n krd), n>2. (3.3)

kll

On interchanging the generators d; and ds in (3.3), we obtain an alternative ex-
pression for g_,(S2):

d;—1

onlsa) = (1- 2 ) o) dn2<( ). (3.4

4. Symmetric 3-generated numerical semigroup

We deal with symmetric numerical semigroup S3 = (dy, ds, d3) generated by three
integers with the Hilbert series H(z;S3), satisfying minimal relations,

(1 _ Za22d2) (]_ _ ZG33d3)

H(z; S3) = (1= 20)(1 — 282) (1 — 2%)

(ag2,a3s > 2), (4.1)

with aj1dy = ageds, aszzds = az1dy + azads (see [3]). In this section, we prove a
statement which is necessary to establish the convergence for g;(z, S3), namely, the
difference between two divergent infinite series is convergent

a2 — 1(133 1 oo

=1
q1(z,53) = £ o Z Z Z k1d1+k’2d2+k3d3 Zk‘ > 1. (4.2)

ko=0 k3=0 k1= j=1

The idea is to prove that after cancellation of identical terms, a finite number of
terms is left in (4.2).
We consider the sublattice L = L U {0,0,0} of the integer lattice Zs, where

%) o
L= U Lkla Lkl = U {klakQ; k3}7
k1=0 ka2,k3
ki+ko+ks>1

with 0 < by < agz and 0 < k3 < agz. In Figure 2, we present a part of the integer
lattice L for the numerical semigroup (4,7, 10).

Proposition 4.1. There exists a bijection between the infinite set of nodes in the
integer lattice I and an infinite set of non-gaps of the semigroup (dy,ds,ds).
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Tky
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Figure 2: A part of the integer lattice L C Zs for (4,7,10). The

nodes mark the non-gaps of semigroup: the values, assigned to the

black and white nodes, exceed and precede the Frobenius number
F3 =13.

Proof. We have to prove both existence and uniqueness.
1) Every s € (dy,da,ds) has its representative node in L.
2) All s € (dy,ds,ds) have their representative nodes in L only once.

1) Let s € (dy,da,ds) be given. Then by definition of (d,ds,ds) an integer s has
a representation,

s = kidy + kodo + kgdg, 0 <k, kQ, ks < oo. (43)
Choose s such that
ko ks
ko = poaga 4 q2, k3 = psaszz +qs, mnamely, po=|—|, p3=|—|, (44)
a22 a33
D2,P3,92,43 € Z, p2,p3 >0, 0<¢q <aze, 0<g3<ass.
By substituting (4.4) into (4.3), we get
s = kidy + (p2a22 + q2)d2 + (p3ass + q3)ds. (4.5)
Combining (4.5) with minimal relations (4.1), we obtain
s = (k1 + p2a11)dy + p3(azidy + azada) + gads + q3ds (4.6)

= (k1 + p2a11 + p3asz1)di + (psasz + ¢2)da + ¢3ds.

If psass +qo < aso, then s has its representative node in L. But, if p3azs +qs > ass,
let us write

psasz + CIZJ (4.7)

P3a32 + g2 = paaz2 +qa, ps >0, 0<qs<az, pi= { .
22
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Substitute (4.7) into (4.6) and get
s = (k1 + p2ai1 + psasi + paa11)di + qads + g3ds,

and s still has its representative node in L. B
2) By way of contradiction, assume that there exist two nodes {k1, k2, k3} € L and
{l1,12,13} € L such that

kidy + koda + ksdz = l1dy + lads + 13d3, (4.8)
ngl#l1<00, ngg#l2<a22, 0§k3#l3<a33. (49)

The case, when one of the differences k; — [; vanishes, will be considered later.
Suppose that k1 — I3 > 0, and ks — I < 0, k3 — I3 < 0. In fact, due to (4.9) we also
have to include the upper bound

0<ly—ko <aga, 0<l3—Fks<ass. (410)

Rewrite (4.8) as
(k1 — l)dr = (Iz — k2)d2 + (I3 — k3)ds,

where k1 — Iy > ay1, otherwise (due to minimal relations) equation (4.8) would
have trivial solution k; = I; (j = 1,2,3). But the last contradicts (4.9), namely,

k1 # 11, ko # 1o, ks # 1s.
If so, represent k1 — [y = wja11; +v; with u; > 1, 0 < vy < aq1, then
(urarr + v1)dy = ujageds +v1dy = (o — ka)do + (I3 — k3)d3. (4.11)
Rewrite (4.11) as
(I3 — k3)ds = v1dy + (ura92 — (la — k2))do, (4.12)
and note that the both terms on the right-hand side in (4.12) are positive by (4.10),
0<ly— ks <agg <ujasn. (4.13)

However, 0 < I3 — k3 < asz by (4.10), and (due to minimal relations) equation
(4.12) has only a trivial solution, I3 = k3, v1 = 0, lo = ko + ujass. But the last
contradicts an inequality (4.13).

Now, consider the case when

a33>k3—13>0, 0<l1—]€17 0<12—k2<a22,

and write
(ks —l3)ds = (I1 — k1)d1 + (I2 — k2)ds. (4.14)

But (due to minimal relations) equation (4.14) has only trivial solution k; = [;
(j = 1,2,3), that contradicts (4.9), namely, ki # 1, ko # la, ks # I3.
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Next, consider the case when
l1 — k1 =0, 0<ly—ko < as2, ass > ks — I3 > 0, (415)
and write
(ks — l3)ds = (l2 — k2)da. (4.16)

But (due to minimal relations) equation (4.16) has only a trivial solution, I3 = kg,
la = ko, that contradicts (4.15). For similar reasons the case

/€3—13=O7 O<]<J1—l1<6l117 O<l2—k2<a22, (417)
leads to an equality
(k1 —11)dy = (I — ko)ds,

which also has only a trivial solution, Iy = ky, Iy = ks, that contradicts (4.17).
Thus, what is left
i =k, lp=ko, I3=ks,

and the result is proven. O

5. Identities for the Hurwitz zeta function

As an application, our argument can be deduced to the multiplication theorem
in Hurwitz zeta functions. Indeed, combining formulas (3.3) and (3.4), we get an
identity

dgfl dlfl ]{j
0" Y C(n ko) = (1=6")¢(n) + Y ¢ (n 5) .
k=1 k=1

Another spinoff of formulas (3.3) and (3.4) is a set of identities for Hurwitz zeta
functions. For example, consider the numerical semigroup (3,4) with three gaps
N\ (3,4) = {1,2,5}. Substituting it into (3.3) and (3.4), we have

() (s ()
(2) oo 3)on(+ ()())

respectively.

We shall show that the identity (3.3) can be deduced to the multiplication
theorem in Hurwitz zeta functions (see, e.g., [1, p.249], [2, (16), p.71]). It is similar
for (3.4).

Since ged(dy,de) = 1, if k1dy = kady (mod dg) then ky = ko (mod ds). There-

fore, C@{;t}) +<<"’{2dil}> +...+<(n,{w2;21)d1}>

and
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B 1 2 dy — 1

where {2z} denotes the fractional part of a real number x. There exists a nonnega-
tive integer a such that

ad (a + 1)d1
— <1l < —.
do do
Then for any integer k' with a < k' < do — 1 there exists a positive integer I’ such
that 1 < ki/dl — l/dg < dg, and

: Kd . Ky —Uds\ ds n
g ) TS\ T, Kdy — 'dy
dy n d  \"
" @ @) .= 1
(k:’dl—(l’—l)dg) (k’dl—d2> > (6:1)

Kdy—Udy  [Kd
dy  \do J

For any positive integer r, there exist integers z and y such that r = zd; + yds.
If 0 < x < dg, then r can be expressed uniquely. Thus, if y > 0, then r € S5.
If y < 0, then r ¢ Ss. The largest integer is given by (ds — 1)dy — da, that is
exactly the same as the Frobenius number F(dy,ds). Thus, k'dy — l"dy & So for
all I” with 1 S " S I’ in (51) In addition, if kldl - lldg = kgdl — lgdg, then
by ng(dl,dg) = 1 we have d1|(k1 - kz) and d2|(ll — lg) As 0 < kl,kQ < d2 and
0 < l1,lo < dy, we get k1 = ko and [; = l3. Thus, all such numbers of the form
kdy — ldy & Sy are different.
In [5, (3.32)] for a real € and d = ged(dy, da)

d:Z::: {kdii;LgJ:dﬁJjL(dl_l)g%_l)er;l- 52)

where

Hence, by (5.2) with d = 1 and £ = 0, the total number of non-representable
positive integers of the form kd; —lds (a < k < da, 1 =1,2,..., |kd;/d2| — 1) is

)

da—1

22: leJ _ (di=1)(d2 — 1)
= ds 2

which is exactly the same as the number of integers without non-negative integer
representations by d; and ds, that was given by Sylvester in 1882. Therefore, the
right-hand side of (3.3) is

da—1

(&) £k

2 fy=1
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(-3)en-5 (Bele 58 -2 5, -

do—1
1 —
(-ag)sm-gZe(na) s 2
On the other hand, the left-hand side of (3.3) is

gnS2 an

sEN\S2

Therefore, we obtain that

d2 k
3¢ <n d) — a3(n),
2
k=1
which is the multiplication theorem in Hurwitz zeta functions.
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