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Abstract

Let a and b be two distinct fixed positive integers such that min{a, b} > 1.
We show that the equation in the title with b = 3 (mod 12) and a even has
no solution in positive integers (n,z). This generalizes a result of Szalay [9].
Moreover, we show that this equation in the title with (a =4 (mod 10) and
b =0 (mod 5)) has no solution in positive integer (n,z). We give a necessary
and sufficient condition for Diophantine equation (a™ — 1)(b" — 1) = 2 with
(a =4 (mod 5) and b =0 (mod 5)) or (a =3 (mod 4) and b = 0 (mod 2))
to have positive integer solutions. Finally, we prove that the equation with a
even, ¥2(b— 1) =1 and 5 | b has no solution in positive integer (n,z), where
Y9 is the 2-adic valuation.

Keywords: Pell equation, exponential Diophantine equation.
MSC: 11D41, 11D61

1. Introduction

Let NT be the set of all positive integers. Let a > 1 and b > 1 be different fixed
integers. The exponential Diophantine equation

(a™ = 1)(b" — 1) = 22, 2,n € Nt (1.1)
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has been studied by many authors in the literature since 2000. First, Szalay [9]
studied equation (1.1) for (a,b) = (2,3) and showed that this equation has no
positive integer solutions. He also proved that equation (1.1) has only the positive
integer solution (n,z) = (1,2), for (a,b) = (2,5) and there is no solution, for
(a,b) = (2,2%) with k > 2 except when n = 3 and k¥ = 2. Hajdu and Szalay [3]
proved that equation (1.1) has no solution for (a, b) = (2,6) and for (a,b) = (a, a*),
there is no solution with k¥ > 2 and kn > 2 except for the three cases (a,n,k) =
(2,3,2),(3,1,5),(7,1,4). So their result generalized Theorem 3 of [9]. This result
was extended by Cohn [2] to the case a* = b! (see RESULT 1). Cohn also proved
that there are no solutions to (1.1) when 4 | n, except for {a,b} = {13,239} with
n = 4. Walsh and Luca [7] proved equation (1.1) has finitely positive solutions
for fixed (a,b) and showed that the equation has no solution with n > 2 for some
pairs (a,b) in the range 1 < a < b < 100. Theorem 1.1 completes this result ( [7,
Theorem 3.1] ) for some special cases. Since then, many authors studied equation
(1.1) by introducing some special contraints to a or b (see for examples [4, 6, 8, 10,
11]). Yuan and Zhang [11] showed that equation (1.1) has no solution with n > 2
if (a =2 (mod 3) and b =0 (mod 3)) or (a =4 (mod 5) and b = 0 (mod 5)) or
(a = 3 (mod 4) and b = 0 (mod 2)). But this proof was not complete because
Lemma 2 in their paper is not correct. The authors and Z. Zhang completed the
proof of this theorem (see [8]). In 2013, Xiaoyan [10] showed that equation (1.1)
has no solution with n > 2 and 2 | n when ¥2(a—1) and ¥J2(b—1) have the opposite
parity. In 2016, Ishii [4] gave a necessary and sufficient condition for equation (1.1)
with the conditions (¢ = 5 (mod 6) and b = 0 (mod 3)) to have positive integer
solutions. Theorem 1.4 and Theorem 1.5 give a necessary sufficient condition for
Diophantine equation (1.1) with (¢ = 4 (mod 5) and b = 0 (mod 5)) or (a = 3
(mod 4) and b =0 (mod 2)) to have positive integer solutions with n > 2. In 2018,
Keskin [5] showed that equation (1.1) has no solution in positive integer with 2 | n
when a and b have the opposite parity. Recently, the authors of [8] showed that
equation (1.1) has no solution in positive integer when a is even and b = 3 (mod 8)
with b a prime number.

In this paper, we will show that equation (1.1) has no positive solution (n,x)
under some contraints on a and b. Our main results are the following.

Theorem 1.1. Let a, b € N such that a, b > 1. Suppose that one of the following
conditions is satisfied:

e =0 (mod 2) and b =3 (mod 12);
e a is even, 93(b—1) =1 and 5| b.
Then, equation (1.1) has no solution in positive integers (n,x).

This result generalizes the main result of Szalay [9]. A consequence of the above
theorem is the following result.

Corollary 1.2. Let b € {15,35,55,75,95,3,27,39,51,63,87,99}. Then the equa-
tion
((2k)" — (" — 1) = 2°
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has no solution in positive integers (k,n, x).

Theorem 1.3. Let a, b € N such that a, b > 1. Suppose that a = 4 (mod 10)
and b = 0 (mod 5). Then, equation (1.1) has no solution in positive integers
(n,x).

Theorem 1.4. Suppose that a = 4 (mod 5) and b = 0 (mod 5). Then equation
(1.1) has a positive integer solution (n,z) if and only if (a,b) = (u,, us) with non-
square d = £1 (mod 5) satisfying u; =0 (mod 5),7 =2 (mod 4) and s is odd. In
this case, the solution is (x,n) = (dv,vs,2).

Theorem 1.5. Suppose that a = 3 (mod 4) and b = 0 (mod 2). Then equation
(1.1) has positive integer solutions (n,x) if and only if (a,b) = (u,,us) with non-
square d = 3 (mod 4) satisfying u; = 0 (mod 2),7 = 2 (mod 4) and s is odd. In
this case, the solution is (x,n) = (dv,vs, 2).

Remark 1.6. Using the Theorem 1.4 and the fact that there exist d = +1 (mod 5)
with u; =0 (mod 5). For example, u; = 2543295 for d = 94. We deduce that

(a®> —1)(b* — 1) = 22

has infinitely many solutions (a, b, z) with a =4 (mod 5) and b =0 (mod 5).

The proof of the first theorem using the method in [8]. We organize this paper as
follows. To prove the above results, we need some results on divisibility properties
of the solutions of Pell equations and some known results. See Section 2. The proof
of Theorem 1.1 is done in Section 3. We prove Theorem 1.3 in Section 4 and the
proof of Theorem 1.4 in Section 5. For similar reason, the proof of Theorem 1.5 is
also left to the reader.

2. Preliminaries

In this section, we recall some results which will be very useful for the proofs.
Let d be a positive integer which is not a square. Then, by the theory of Pell
equations, one knows that the equation

u? —dv? =1, u,v e Nt
has infinitely many solutions and all its positive solutions (u,v) are given by
Uy + Un\/g = (’LL1 + Ul\/a)n7

for some positive integer n, where (u,v1) is the smallest positive solution.
The following result is well-known. As a reference (see [6, Lemma 1].

Lemma 2.1. Let d be a positive which is not square.

1. If k is even, then each prime factor p of uy, satisfies p = +1 (mod 8).
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2. If k is odd, then uy | ug and ug/uy is odd.
3. If g € {2,3,5}, then q | uy, implies q | uy.
The following lemma can be deduced from [1, Proposition 1].
Lemma 2.2. Let p > 3 be a prime. Then, the equation
P =2%—-1, =z,yeN
has the only solution (x,y) = (1,1) in positive integers and the equation
22 =2%-1, z,yeN
has the only solutions (x,y) = (1,1), (23, 78) in positive integers.
The last result to recall is [10, Lemma 2.1].
Lemma 2.3. For a fized d, if 2 | u, and 21 ug, then 2471 and 2| s.

3. Proof of Theorem 1.1

We prove only the first part of the statement, the proofs of the other part is similar
and left to the reader. Suppose that equation (1.1) has a solution in positive integer
n,z with ¢ =0 (mod 2) and b =3 (mod 12). Then we have

a" —1=Dy?> and b —1=Dz?

where D = (a" — 1,b™ — 1). D can be written as D = dw?, with a square-free
integer d. If d = 1, then n must be odd. Indeed, if n is even, then we obtain
(a™)? — (yw)? = 1 with n = 2m and yw integers. This is impossible. So n is odd.
As

V'—1=(b—-1)b"" "+ +b+1) (3.1)
and 2 | (b™ — 1), it follows that 2 | z22. This implies that 2 | z. Hence, 4 | (b" — 1),
which is a contradiction to equation (3.1) (as ¥2(b—1) = 1). Sod > 2 and D is not
square. Using the equation a™ — 1 = Dy? and the fact that a is even, we deduce
that D is odd. Moreover, 2 | z? by the equation b™ — 1 = Dz2. This implies that
4] (b™ — 1) and by equation (3.1) we conclude that n is even. Put now n = 2m,
we obtain

(a™)?—-Dy*=1 and (™)?—-Dz*=1.
The pairs
{(a™,y), (b, 2)}

are two solutions of the corresponding Pell equation u? — Dv? = 1. So there exist
distinct positive integers r and s such that

(@™, y) = (ur,v,) and (b™, 2) = (us,vs),

where (u1,v1) is the fundamental solution of this Pell equation. Since 3 | b and 3
not congruent to =1 modulo 8. Lemma 2.1 tells us that s is odd. As 2 | a and
2t b, it follows (by Lemma 2.3) that r is odd and s is even. This contradicts the
fact that s is odd and thus completes the proof of Theorem 1.1.
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4. Proof of Theorem 1.3

The aim of this section is to prove Theorem 1.3. Thus, let ¢ = 4 (mod 10) and
b = 0 (mod 5). Suppose that (n,z) is a solution to equation (1.1). Put D =
(a™ — 1,b™ — 1). By this equation, we have

a" —1=Dy* b —1=Dz* z=Dyz D,y,zeN.
Since 5 | b, by b" — 1 = D22, it follows that
D=+1 (mod5)and 51 z.

Now, we consider two cases according to the fact that 5 divides y or not.
Case 1: Suppose that 51 y. Then y? = £1 (mod 5) and we get

a"=Dy* +1=+D+1=0,2 (mod 5).

This contradicts the fact that a =4 (mod 5).
Case 2: Assume now that 5 | y. Since a = 4 (mod 5), by a™ — 1 = Dy?, we
obtain
4"=a"=Dy*+1=1 (mod5).

We deduce that n is even. Put n = 2m. Therefore, D cannot be a square and the

pairs

{(a™,y), (b, 2)}
are two solutions of the corresponding Pell equation u? — Dv? = 1. Since a # b,
there exist distinct positive integers r and s such that

(@™, y) = (up,v,) and (b™, 2) = (us, vs),

where (u1,v1) is the fundamental solution of this Pell equation. By Lemma 2.1
and as 5 | b and b™ = us, one can see that 2 1 s and 5 | uy. Therefore, 2 | a and
a™ = u, implies that 2 | u, and so r is odd. By Lemma 2.1 (2), it follows that
uy | ur. For above, we deduce that 5 | u, and thus 5 | a, which contradicts the fact
that @ =4 (mod 5). This completes our proof.

5. Proof of Theorem 1.4

In this section, we will prove Theorem 1.4. Let a =4 (mod 5) and b =0 (mod 5)
and suppose that (n,z) is a solution to equation (1.1). Put D = (a™ — 1,b" — 1).
By this equation, we have

a" —1=Dy? " —1=D2% x=Dyz D,y zeN.

We similarly proceed as in the proof of Theorem 1.3 and obtain that n is even. Put
n = 2m. Therefore, D cannot be a square and the corresponding Pell equation

u? — Dv? = 1 has two solutions

(u7v) = (am7y)7 (bm7 Z)
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Since a # b, there exist distinct positive integers r and s such that
(@™, y) = (ur,vy) and (™, 2) = (us,vs),

where (uy,u1) is the fundamental solution of this Pell equation. By Lemma 8 (1)
and 5 | b, we obtain that 2t s and 5 | u1. On the other hand, ¢ = 4 (mod 5), which
together with 5 | u; and Lemma 8 (2), shows that 2 | . Put r = 2t, we get

a™ = ugy :2ut2—1.

Now we distinguish two cases. Firstly, if 2 | m, then 4 | n and so RESULT 2 in [2]
implies that (a,b) = (13,239), with contradicts 5 | b. Now, we assume that 2 t m
and m > 3, Lemma 9 shows that we have a contradiction since a > 1. If m = 3,
then we get a® = 2u? — 1 and by Lemma 9, we obtain a = 23 and u; = 78, which
contradicts the fact that a = 4 (mod 5). Som = 1, then n = 2m = 2. Now suppose
that 7 =0 (mod 4). Then ¢ is even and hence u; not congruent to 0 modulo 5 by
Lemma 8 (1). Then a = u, = 2u? —1=1,2 (mod 5), which contradicts that a = 4
(mod 5). Conversely, suppose that (a,b) = (u,,us) with d = +1 (mod 5),u; =0
(mod 5),7 = 2 (mod 4) and s is odd. Therefore, equation (1.1) has the solution
(z,n) = (dv,vs,2). Notice that b = uz = 0 (mod 5) by Lemma 8 (2) and hence
a=u, =2u?—1=4 (mod 5). This completes the proof of Theorem 1.4.
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