- 47 -

PETER KISS™ Anp BUI MINH pHONG™

RECIPROCAL SUM OF PRIME DIVISORS OF LUCAS NUMUERS

t
ABSTARCT: In this paper, among others, we show that for any
non~-degenerate Lucas sequence the reciprocal sum of

u'™ term in lesa than

the prime divisors of the
log log log n + ¢ for any ">"o‘ The constant c is an
absoluie one, only ng depends on the parameters of
the seguence. It is an extension of o renult of

F.Erdds who proved it for Mersenne numbers.

a
Let R = {Rn} be a Lucas sequence of integers
n=0

def ined by

R = AR __+BR Cn>1),
n n n

-1 -2

where A,B are fixed non-zero integers and the 1initial termsg
are EO=0, R1=1’ Throughout the paper we assume tLhat (A, Bd=1
and the sequence is non—degenerate, that. ig if o and 3
denote the roots of the characteristic polynomial x2~Ax—n,

then o/ is not a root of unity. It is known that in this

case
(o a’-g"
for any n26 . Furthermore i p is a prime and pin, thien

there are terms in R such that le“‘ ¥e shall denocte the
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least index with such property by r(p), i.e. r(p)=n if plE“
but p}Rm for 0dmd{n. In thig case we may p im a primitive
prime divisor of Rn. For primes p with p|B there is no term
ARn(nki) divisible by p if (A,B)=1; in this case we assume
r{pd=m, If p is a prime, piB, D=A?+4B and (D/p> denotes the
Legendre’s symbol with (D-/p)=0 if p|D then, as it is well

known,

2> r(p> | ¢p ~ CD/PXD

and

(4<D) p | R if and only if r(pd|n

(see e.g. (2DD.
In the special case C(A;BY=(3;-2) the termg of the

sequence R are Rnsz“—i. For this sequence P.Erdds [1] proved

that there are positive constants c’and c*’ such that

b % < log log log n + c’
plc2T™-1>

for the distinct prime divisors and

2

djc2™-1>

< c’’.log log n

oy

for the distinct positive divieore of the terme. Erdds notad
that similar results hold for the divisors of the numbers
a1 Cad>1 is an integer) but he asked wether the constanhs
c’ and c*” v}n this case depend on a or not.

In this paper, using a little modification of Erdos’
argumenb,l we exiend< these /resulis for Lucas numbers
furthermore we give their improvements by showing that the
constants in the inequalities do not depend on the sequence.

Ve note that RhﬂO if n®0 (since a3 is not a root of

unity) and we shall write 1 for the reciprocal sum of the

divisors of R if R =1.
™ n



-y -

THEQGREM. There are positive absolute constants ¢ and ¢

which do not depend on the sequence R, such that

4> 2> % < log log log n + ¢
PIR
and
¢
5> 5 4 < e, log log n
d[R_

for any n>n ., where n depends only on the sequence R.

We note that similar results can be obtained if C(A,B)>1
but in this case the constants c¢ and ¢, are not absolute
ones, they depend on A and B

Ve also note that in the case Rh=2“—1 C.Pomerance (3]
obtained results for special divisors. Let E(nd = 5 1-d,
vhere the summation ls extended for positive integers d for
which d}2™-1)> and d{(2™M-1)> if O0<&ndn, further let FCn)=
% 1-d, where d runs over the integers for which d](2"-1) and

d>n. Among others Pomerance proved that
E{n) & % exp {(1+o(1)) Y log log n }

for infinitely many n and the set. of n with
E(md < L clog w7 e
hags logarithmic density 1 for any function 3 for which
find> =+ O ag n = o , furthermore.
- F(n> < exp { - log n log log log n ~ 2*log log n}

for all large n,

PROOF OF THE THEOREHM. In the proof we shall use posgitive

real numbers Cys Cop ovn wich are absolute constants, and



k., k,, ... , which depend on the sequence R.

First we consider inequality 4). Let

ACnd = 35 -15 .
PR,
By (3> we can write
L
ACd =3 5 i— )
din r(pd=d

and A(n) can be divided into three parts:

A = 3 > 5 .
din rdpd)=d
d<log n
1
Az(n) = E E -};
din ri(pd=d
d>log n p3n
and
Any = 3% S 1
3 P
din rcpd=d
d>log n p>n
such that
5> ACnd = A (n> + A (nd + A (D,

By (1> and (2) it is easy to see that there are at most
k d7log 4 primes such that r(pd=d, so the number of primes-

in sum At(n) is at ﬁqsb

. o . lt; }n ’ R log’n
Clog nd°k, Tog iog noC kx Tog iog n
It implies, using the estimation pi< c‘i‘log i for the i'"

prime, that



i
\
o

i

pay
xhere :
2 k 'lng2n
7 og n 1 a
N y = k.o, oeXorw ¢ 196 “opTog - ¢ log'm
for any sufficiently large n. We know that
1
4:3) 3 p < log log x + c,
pSX j
thus by (7> and (8> ;
0> A (n) < log log log n + c,
follows.

Now we give an estimation for Az(n) supposing that

sufficiently large. It is enough to deal with the sum

, = 1
10> A2 (D 2 p b
din r(pd=d
d>log n psn
p(d3
since
i e, d
i - . 1
2 2 5 3 2 # Tega |
din r(pd=d d>log n of
d>log n  pad”
and so
11> Az(n) < A;(n) + o, .
¥e can write A;(n) in the form
. . H N 1
5 = .j.‘.. SO ——
(2> A} Cnd S 3 g+ 0 [Iog n] ’

t=0
vhere N is an integer defined by
2N SN*E
Clog n <{n s Clog n

and the summation in > iv extended for primes p for
t

n ie

which



2t ! 2ttt
Clog n) < p SiClog

and for which the conditons in (10>’ are satisfied.Ve note
i

that 0Ci-log n) in (12) can be different from =zero only ifl

there is a prime p such that log n - 4 < P S logn ,

rCp>=pt+1i and Cp+1d|n. Since r{pd=d, d|n and p<d® for the
L
primes in 3 , by (2),

(3

o i
(p-CD/pd,m> 2d > Vp > [log n]2 73

follows and (D/pd)™) if n is large.

Let x be a real number with conditons

2t 2t 4
Y= Clog nd < x S Clog =y,

and let QCi,x)> be a set of primes p defined by
YLt
0Ci, x> = {p : p<x, Cp=CD/pd>, nd > [1og nJ? 73 }

If qCi,x) denotes the cardinality of the set QCi,x)>, then
evidently

- LS
13> TT p-ospd, nd > [log n]2 art, x> 3
p<lx
-0On the other hand Erdds proved that

I'T <¢p-1 , nd < exp cLxtlog log n-/log x}
p<x

for any x>Clog n'® and xSn C(see (15> and €212 in [11) and

we can similarly obtain that

T 1 (p+1 , nd < exp ccx'log log n-log x} ,

p<x

thus

c14d T ¢p-bspd , nd < 'T Cp-1 , nd * Cp+tl , nd <
p<x p<x

< exp {c7x‘log log nwlog x} .
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Comparing (13> with (14>

=B
15> qCi, x> < :

2+ log x
followa for 124,

Lat. alm) be an arithmetical function suchh that alm) el
if m is a prime gatisfying the conditions for the primes in

L
> and alm)=0 otherwise. Then
i
> atmd s qCi,x
msx
by the definiton of qli,x> and, using i15) and the fact

y,= : , by Abel’s identity we have
16> 5t 3  am:i <
v P m
Yy, <msy,,
c c Ya at. c
< — 2 + -2 —— ¢ 2
22 *Yvlog log n 2Y v, t'log t 2t

for any i=4. But by (8)

1
2 v = z - z
o psClog nd>!® p<log n

o] Ll

|1\, B4

TP

+ O[Taé”ﬁl = 0C1)

i

since p2d—-1 if rlpd=d, and so by (8> and (16) we obtain

2!. 10

N
a7 Ay =mer 3 L+ o < e
t=4

o

For the third summand of A(n) we also get As(n)=0(1)‘
Namely R has at most k,ns/log n " distinct prime divisors
- greater than n, and so really,

s 4

18> Aj(nd s >
pIR
p>n

if n is sufficiently large.

hello

Thus by (&), €9), 11>, (17> and (18D



10>

hel il

= A(n) < log log logn + C,,

piR

n
follows which proves (4) with C=G .

For the reciprocal sum of the positive divisors of Rn

we haYe

S Y 1T [eteoa ) =TT [1aSd <
e @ TT brprize ) - Tl g ]

¢ T—T ei/(p~i) = exp E - =
PR plr_ P

=  exp c,,.+ 3 %
and so by (19>

é { exp { Ciq * log log log n }

n

d|RrR

«
follows which implies inequality (5> with ¢ _=e 14,
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