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KRYSTYNA D I A L E K AND A L E X A N D E R GRYTCZUK 

SOME REMARKS ON C E R T A I N D I O P H A N T I N E EQUATIONS 

ABSTRACT: The paper gives resutte on ihe nolutionn of ihe 

equation& 

a x n + a J x n ~ 1 y + . . . + a y n = m , x p + y P i = z 2 , O i 
4 . 1 + 1 + 1 a n d 5 = 1 + 1 + 1 
n x y z n x y z ' 
w h e r e m f n art? i n i e g e r s a n d p C > 3 ) i s a p r i m e . 

1 . I n t r o d u c i i o n 

I n t h i s p a p e r we g i v e Rome r e m a r k s c o n c e r n i n g t h e 

f o l l o w i n g ' p r o b l e m e n e : 

1 ° L e t i > n < x , y ) d e n o t e s t h e f o r m o f d e g r e e n £ 3 a n d l e t m € Z 

t h e n t h e e q u a t i o n 

C i . l ) . x , y)*=m 

h a s s o c a l l e d r e g u l a r s o l u t i o n s i n < x , y > « Z 2 . 

2 ° I f Cx , y ) 1 1 ! a n d p > 3 i s a p r i m e a n d t h e p i j i m l . j o i i 

C I . 2 ) x p + yp » z 2 

h a s a s o l u t i o n i n i n t e g e r s x , y , z t h e n 

p j z o r p j <pC z ) , 

w h e r e >p d e n o t e s t h e E u l e r f u n c t i o n . 

3 ° L e t 

< 1 . 3 ) 4 = 1 + 1 + 1 n x y z 
a n d 

C I . 4 ) 5 - 1 + 1 + 1 n x y z 

E r d ő s a n d S t r a u s c o n j e c t u r e d , , t h a t t h e e q u a t i o n < i . 3 ) 

h a s a p o s i t i v e s o l u t i o n i n i n t e g e r s x . y , z f o r e v e r y n a t u r a l 

n u m b e r n £ 2 C s e e [ 4 1 , Open p r o b l e m s , p . 5 0 ; No I B ) . 

S i m i l a r c o n j e c t u r e was p o s e d b y S i e r p i n s k i C s e e Í 4 J , O p e n 



p r o b l e m s , p . 5 8 , No 1 9 ) f o r t h e e q u a t i o n ( 1 . 4 } . 

We g i v e e x p l i c i t f o r m o f s o l u t i o n i s o f ( 1 . 3 ) f o r 

n = d k , 4 k + 2 , d k + 3 , B k + 5 j k = i , 2 , . . . and f o r n ^ d k , d k * 2 „ 

d k + 3 ; k = l , 2 , . . . o f t h e e q u a t i o n ( l . d ) . 

2. Regu lax ' s o l u t i o n s o f t h e a q u a t i o n <f> Cx , y ) —m. 

J . H . E v e r t s e t 2 J p r o v e d t h a t i f 

C 2 . 1 } N « c a r d ^ < x , y > « Z 2 j * > _ ( x , y ) ~ m ^ , 

w h e r e n ä 3 , ^ ( x , ! ) i s a p o l y n o m i a l , w h i c h h a s t h r e e 

d i s t r i c t r o o t s a n d t=o>( | m | ) , w h e r e o ( | m | ) d e n o t e s t h e n u m b e r 

o f d i s t i n c t p r i m e d i v i s o r s o f | m | , t h e n 

2 

(2. 2} N 5 n 

1 5 
Ü M 

+ 6 * 7 
(3) 

( t + i ) 

An i m p r o v e m e n t o f ( 2 . 2 ) was g i v e n b y E . F l o m b i e r i a n d 

W . M . S c h m i d t [ 1 3 . L o t F C x , y ) « Z t x , y J be a n i r r e d u c i b l e f o r m 

o f d e g r e e «»£3 and l e t N b e t h e number o f s o l u t i o n s o f t h e 
t rr> 

e q u a t i o n 

( 2 . 3 ) f n ( > c » y } " m 

i n i n t e g e r s x , y sue!» t h a t ( x , y ) = l , t h e n 

( 2 . 4 ) N < C n n, m 1 

w h e r e C i s a n a b s o l u t e c o n s t a n t . I f n > C . t h e n 1 2 

( 2 . 5 ) 

w h e r e < x , y > = <~x,—y> . 

N < 2 1 3 R»1*1 n, m 

I n t h i s p a r t we c o n s i d e r s o c a l l e d r e g u l a r s o l u t i o n s o f 

( 2 . 3 ) . 

L e t ip Cx, y ) <s Z C x , y J a n d n ^ 3 , a n d l e t 

( 2 . 6 ) y ( x , y ) «= a x n + a v n " i y + . . . + a y n » m. 
N O 1 N 
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L e t d=|jao ,as , . . . >
 a

nJ » | rre | > 4-, m X d a n d s u p p o s e t h a t C 2 . 6 ) 

h a s a t l e a s t t w o s o l u t i o n s . L e t 

C 2 . 7 ) < x k ' y k > * Z > k - i . 2 , . . . 

d e n o t e t h e s e q u e n c e o f s o l u t i o n s o f ( 2 . 6 > . T h e s e q u e n c e 

C 2 . 7 ) w i l l b e c a l l e d r e g u l a r i f 

C a ) f o r e v e r y i < k , d e t 

Cb> f o r e v e r y i < k „ 

K - V I 
k ' m 

* o 

d e t 
[ x . , y t 

K > = i 

We p r o v e t h e f o l l o w i n g t h e o r e m : 

THEOREM 1 . L e t N 4 d e n o t e t h e n u m b e r o f r e g u l a r s o l u t i o n s o f 

C 2 , 6 > a n d l e t | m | > l , m-fd, w h e r e d = f a . „a^ , . . . , a J . T h e n 

c 2 . e ) N £ n. 

PROOF. S u p p o s e t h a t t h e e q u a t i o n C 2 . 6 ) h a s N > n r e g u l a r 

s o l u t i o n s 

< x 1 , y 1 > , < x 2 , y 2 > , . . . , < x n + 1 , y n , t > , 

t h e n f r o m C 2 . 6 > we g e t 

C2. 9 ) 

a x n + a x n _ 1 y + o i 1 1 7 1 

a x ^ a x " 4y' + 
O 2 1 2 2 

+ a y? = m r>J 1 

y ^ ea m n 2 

+ a x n " * y + . . . + a y " O n * ! 1 n + i - n + 1 r r ' n + l 

T h e f u n d a m e n t a l d e t e r m i n a n t o f t h e s y s t e m C 2 . P > h a s t h e foi^m 
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C 2 . 1 0 ) A = 

<7. * r v í ' y; 

'•Z>
 X 2 y 2 ' 

n +1 

I t i s e a s y t o s e e t h a t f r o m C 2 . 1 0 ) 

C 2 . 1 1 ) A - 1 [ [ykxi ~ xkyJ 
i ^ i < k 5 n + l 

d e t 
[x. , y t 

[ x k -l i l < k 5 n + l 

f o l l o w s . T h u s b y ( 2 . 1 1 ) a n d C a ) i t f o l l o w s t h a t A * 0 

t h e r e f o r e b y C r a m m e r ' s r u e l e we o b t a i n 

a n d 

C 2 . 1 2 ) 
m • A ' 

2 
~ Ä  

m » A ' n • 1 
3 ' a i " 

S i n e : « a e Z , f r o m C 2 . 1 2 ) we h a v a 

C 2 . 1 3 ) A | m • A£ f o r e v e r y i = i , 2 , . . . , n + i 

B u t C m , A ) = l , s i n c e f r o m ( b ) 

f r o m < 2 . 1 3 ) we g e t 

m > d e t fxl » yi 

[ V y k 

C 2 . 1 4 ) A | A> f o r e v e r y i = l , 2 , . . . , n + i 

T h u s b y C 2 . 1 4 ) a n d C 2 . 1 2 ) i t f o l l o w s 

A' A ' 

w h e r e 

A ' i 
T T « 2 f o r e v e r y 1 = 1 , 2 , . . . , n + 1 , 

a n d 
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arid t h e r e f o r e m | a f o r j = 0 , l , . . . , n . S i n c e d = j a ^ . a , j ^ o 1 

. . . , a r j , t h u s d j a . a n d t h e r e f o r e rn j d . I t c o n t r a d i c t s t o 

o u r c o n d i t i o n s J m | > i a n d m j d GO t h e p r o o f i s c o m p l e t e . 

We r e m a r k t h a t b y s i m i l a r m e t h o d we c a n p r o v e t h e 

w e l l - k ^ n o w n L a g r a n g e ' s t h e o r e m c o n c e r n i n g t h e n u m b e r o f 

s o l u t i o n s o f t h e c o n g r u e n c e 

f C x ) ^ 0 Cmod p ) , 

w h e r e f e Zixl a n d p i s a p r i m e C c o m p . t 3 ] > . 

3 . On t h e e q u a t i o n x p + y p " z 2 

I n 1 9 7 7 G . T e r j a n i a n E81 p r o v e d t h n t i f t h e e q u a t i o n 

X 2 p 4- y 2 p - Z
2 p , 

w h e r e p i s o d d , h a s a s o l u t i o n i n i n t e g e r s x , y , z , t h e n 

2 p j x o r 2 p I y . 

I n 1 9 8 1 A . R o t k i e w i c z t ö l i m p r o v e d t h i s r e s u l t s h o w i n g 

t h a t i f x 2 p + y 2 p « z 2 p h a s o s o l u t i o n i n i n t e g e r s x , y , z , 

w h e r e p i s a n d o d d p r i m e , t h e n 8 p ? j x o r 8 p J j y . 

I n 1 9 8 2 A . R o t k i e w i c z [ 6 1 o b t a i n e d t h a t i f C x , y ) = l 

a n d p > 3 i s a p r i m e a n d p j z a n d 2 | z o r p - fz a n d 2 f z , 

t h e n t h e e q u a t i o n 

C3. 1> x p + y p ® z 2 

h a s no s o l u t i o n i n i n t e g e r s x , y , z . 

F o r o t h e r r e s u l t s s e e a l s o E 7 1 . 

I n t h i s p a r t we p r o v e t h e f o l l o w i n g t h e o r e m : 

THEOREM 2 , S u p p o s e t h a t C x , y ) = i a n d p>3 i s a p r i m e . I f t h e 

e q u a t i o n ( 3 . 1 ) h a s a s o l u t i o n i n i n t e g e r s x , y , z , t h e n 

( 3 . 2 > p | z o r p j ^ C z ) , 

w h e r e <p d e n o t e s t h e E u l e r f u n c t i o n . 
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PROOF. F i r s t , we p r o v e t h a t i f C x , y ) = i , n<m a n d 

C3. 3 ) x n + y n j x w - y w , 

thr*n 

C 3 . d > n I m . 

S i n c e m > n t h u s m =• n q + r , w h e r e 0 ^ r < n . V e c o n s i d e r 

t w o c a s e s : 

C i ) q i s a n o d d n u m b e r , 

C i i ) q i s a n e v e n n u m b e r . 

I n t h e c a s e C i ) , we h a v e 

C 3 . 5 > x m - y r 

= x r [ x n + y n ] [ x n c q - i í - x n t < í - 2 , y + . . . - y " c q ~ 1 D ] - y n q [ x r + y r ] . 

S i n c e 

C3. 6 ) 

j •= 1 t h u s f r o m C3. 3 ) a n d C 3 . 5 ) we g e t 

x n + y n x r + y r , 

w h i c h i s i m p o s s i b l e i f r > 0 . T h u s r « 0 a n d t h e r e f o r e nJm. 

I n c a s e C i i > we h a v e q » 2a q * , w h e r e C 2 , q , ) o < l , «->-! 

a n d t h e r e f o r e f o r m =» n 2n q* + r , O S r < n we g e t 

C3. 7 ) 

S i n c e 

x M - y m = x r 

r , . - , 2 ° r 0 2 a 

[ ( x ' ) - [y n q} J 
t h u s b y a s s u m p t i o n C 3 . 3 ) a n d ( 3 . 7 ) we o b t a i n 

x n + y n I x f • y f , 

a n d s i m i l a r l y a s a b o v e i t i s i m p o s s i b l e i f r > 0 . T h u s r = 0 a n d 

n | m f o l l o w s . S i n c e < x , y ) = i , 

C3. 8 ) [ x , x n + y n ] = » l a n d [ y , x n + y n ] « i 
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a n d t h e r e f o r e f r o m E u l e r ' s t h e o r e m we h a v e 

< 3 . 9 ) 

a n d 

C 3 . 1 0 ) 

A * + y ^ s i [ m o d [ x n + y n ] ] 

y ^ ~'y ^ s i [ m o d j x n + y n ] ] . 

F r o m C 3 . 9 ) a n d C 3 . 1 0 ) we g e t 

* > ( x " + y n ] _ <f [ x n + y n J .ri . I C 3 . l l ) x + y 

By C 3 . 3 ) , C 3 . 1 4 ) i t f o l l o w s t h a t 

C 3 . 1 2 ) n j <p ( x n + y n J . 

I f t h e e q u a t i o n C 3 . 1 ) h a s a s o l u t i o n i n i n t e g e r s x,y>x 

s u c h t h a t C x , y ) = i , t h e n 

C 3 . Í 3 ) v [ x p + y p J - v [ x j -

F r o m C 3 . 1 3 ) a n d C 3 . 1 2 ) we g e t 

C 3 . 1 4 ) p j p 

I t i s e a s y t o s e e t h a t <p f z 2 J *= z -pCz) f o r a r b i t r a r y 

f i x e d i n t e g e r z , t i i e r e f o r e we g e t 

p I z o r p j ' / 'Cz ) 

a n d t h e p r o o f i s f i n i s h e d . 

&. On a c o n j e c t u r e o f E r d ő s — S t r a u s a n d S l e r p l n s k i 

I n t h i s p a r t we p r o v e t w o t h e o r e m s . 

THEOREM 3 . T h e e q u a t i o n 



( 4 . 1 ) i a i + 1 + L 
I! x y z 

h a s a s o l u t i o n I n p o s i t i v e i n t e g e r s x f y , z f o r e v e r y n=>4k, 

4 k + 2 , 4 k + 3 , B k > 5 , w h e r e k = i , 2 , . . . 

T h e p r o o f f o l l o w s f r o m t h e f o l l o w i n g i d e n t i t i e s : 

d l s + k x r h y + c k + t > n r r 2 T 

4 _ 1 
4 k + 2 ~ n r + T T T ^ F f T T 

~ C T ? + i k + 1 

= 2 C k Í i y + n t + I > « B k + 5 3 + 2 

THEOREM 4 . T h e e q u a t i o n 

Cd. 2 ) 5. o L + t + L 

n x y z 

h a s a s o l u t i o n i n p o s i t i v e i n t e g e r s x , y , z f o r e v e r y n*=4k , 

d k + 2 , a k + 3 , w h e r e k - 1 , 2 , . . » 

T h e p r o o f f o l l o w s f r o m t h e f o l l o w i n g i d e n t i t i e s : 
5 1 . 1 . 1 

51? JT+T + ZTE" + í c T k + T T 

" k r r + Tohvrs + r k + n r s r a r 

S E T S D k ^ T + S E i S + C T c + i > a k + 3 > • 
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