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KRYSTYNA BIALEK AND ALEKSANDER GRYTCZUK

SOME REMARKS ON CERTAIN DIOPHANTINE EQUATIONS

ABSTRA(QT: The paper gives resulis on the solutions of the

equations

aox"+a1x""1y+...+any“=m, xP+ yPm 2?2 |
a4 1,1 ,1 5.1 ,1,1
nTxtytz end D=t

where m,n are integers and p (>3) ig a prime.

1. Introduction

In this paper we give some remarks concerning the
following problemens:
i° Let pn(x,y) denctes the form of degree n23 and let m € 2
then the equation
1.1 p“(x,y)=m
has N_Sn so called regular solutions in <x,y> « 2%
2° It (x,yd>=1 and pd>3 is a prime and the equntion
€1.2> v xP + yP = 22
has a solution in integers x,y,z then

plz or pletz),

where ¢ denotes the Euler function.

3° Let
a4 1,2 ,1
1.3 - n =t y +=z
and N ’ ‘ ’
3 -1 ,1 4,1
1.4 a =% y + 32
Erdoés and Straus conjectured, that the equatiion 1.3

has a positive soluticn in integers x,y,z for every natural

number n 2 2 (see [41, Open problems, p.58 ; No 18).

>

Similar conjecture was posed by Sierpinski (see (4], Open



problems, p.58, No 19> for the equation (1.4).

We give explicit form of solutions of (1.3) for
n=dk, A4dk+2, 4k+3, B8k+5; k=1,2,... and for n=4k, 4Qk+2,
4k+3; k=1,2,... of the equation (1.4),

L

2. Regular solutiong of the egquation pn(x,y)=m.

J.H.Evertse (2] proved that if

2.1> N = card { <x,y> & 22 v, (x,yd)=m } R

where nz3, »pn(x,i) is a polynomial, which has three

district roots and t=w(|m{d, where wC(|m|) denotes the number
of distinct prime divisors of|m| , then

15[[g]+1]2 2 (5]t

2.2 N = n 7 + 6°7

"An  improvement of (2.2) was given by E.Bombieri and
V.M. Schmidt [1]. Let F(x,y) &€ 2{x,y] be an irfﬂducihlﬂ form

of degres n23 and let N — be the number of solutions of the

equation
2.3> pn(x,y) = m
in integers x,y such that (x,y>=1 , then
2.4 N < ¢ nttt
n, m 1
where G is an absolute constant. If n > C2 , then
€2.5)5 » N < 218 n'*!
n, m

wvhere <dx,y>= <{-x,-y> .

In this part we consider so called regular solutions of

€2.3>.

Let ?,.(x,y> € 2Ix,y] and n23, and let

2.6 e, (x,y) = aox“+a1x“"y+ cov #a Yy = m
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Let d=[aﬂ,a1, e ah], {mi>L, m + d and suppose that (2.6

has at least two solutions. Let

2.7 <x,,y,> « 2%, k=1,2,...

denote the sequence of solutions of (2.6). The sequence

C2.7> &ill be called regular 1if

kt ) yt.
Cad for every 1<k, det = 0
X+ Yy

X, Y.
(b> for every 1<k, m , det LT =1 .
x Y,

¥We prove the following theorem:

THEOREH 1. Let N1 denote the number of regular solutions of

€2.6> and let |mi>1 , wmid, where d=[a0,a1, N an]. Then

2.8> N’ S n.

FEOOF. Suppose that the equation (2.6) haws N1 > n regular

solutions

X ,¥,2, $x,,¥,2, .., Cx
then from (2.6) we get

n+1’ynt1>’

-

n n-1 n
+ + .. + o2
apXgta Xy Yyt .Yy m
n n-1 n
. k + + ... + = m
L €2.9> _ a x,%a x, 'y, ay,
Lo \
n en-1 ) n
+ + oot = m
. aoxﬁ45 alxn4lyh41 anyn‘t

The fundamental determinant of the system (2.9> has the form
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n n-4
x" x‘ y" » yl
n n—-1 n
2.10> A = Xor Xy ¥Yas ees Y,
. s e & . . LI e e e s 8 -
n n-1 n
¢ Xpnet? nttYnegr * 0 Vet

It is easy to see that from (2.10)

c2.11) A = l l [ykxt - xkyt] =

1si<ksn+1

x. , V.
L L
l l det [xk , yk]
1s1<ksn+1

follows. Thus by (2,112 and Cad) it follows that AmD
therefore by Crammer’s ruele we obtain
m - A; m e A; m c A

(2,125 a, = —g——— , a8, W —xp—= ,...,a =

Since a €Z, from (2.12) we have

2.13 Alm'A{ for every i=1,2,...,n+1.
XYy

But. (m,Ad)=1, since from (b) m , det = 1
0 '124"

from (2.13) we get
2.14> AlA{ for every i=1,2,...,n+i.
Thus by (2.14)> and €2.12) it follows
A} A; A’
a=m-—7x= , a®=sm-—735, ..., a=m—x=
where

A2
- €2 for every 1i=1,2,...,n+i,

n+t

and

and
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and therefore mlaj for j=0,1,...,n. Since d = (?o’ax’

cea, an], thus dlaj and therefore m|d . It contradicts to

our conditions |m|>1 and mi{d so the proof is complete.
We remark that by eimilar method we can prove
well—Kpown Lagrange’s theorem concerning the number
solutions of the congruence
£Cx>=0 Cmod pd,
where f e 2Ix]1 and p is a prime Ccomp.(31).

3. On _the equation xP + yP = z?

In 1977 Q. Ter janian [8] proved that if the equation
»2P 4 y2p = 2P

»
where p is odd, has a solution in integers x,y,z , then

2pix or 2ply

the
of

In 1981 A.Rotkiewicz [5) improved this result showing

that if x2P + y2P = 22P hag a solution in integers x,y,=z,

where p is and odd prime, then 8p°|x or 8p°|y

In 1982 A.Rotkiewicz (6] obtained that if (x,yd>=1

and p>3 i=s a prime and plz and 24z or piz and 2|z

then the equation

3.1> xP + yP = z?
. has no solution in inteqers X,¥Y,Z .

For other results see also [71.

In this part we prove the following theorem:
THEOREM 2. Suppose that (x,y)=1 and p>3 is a prime. If
equation (3.1)> has a solution in integers x,y,z , then
3.2> plz or pletzd ,

wvhere ¢ denotes the Euler function.

»

the
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FROOF. First, we prove that if ((x,y)=1, ndm and

€3.3) x" o+ " x™ - y™,

tL.hiesn

€3.4) njlm.,

Since m > n Lhus m = nq + r , where O0Srdn. Wr consider

two cases:
i q iz an odd number,
ciid q is an even number.

In the case (i> , we have

€3.5) x"-y" =

= x" [xn+yn] (xn(q—i)_xntq—ziy_._' . ‘_yh(q-!)]_ynq [xr+yr].

Since [x" + y" y'“!] = 1 thus from €(3.3) and (3.5) we get

(3.6> x" + y" x" + y",

which ig impossible if r>0. Thus r=0 and therefore n|m.

In case (ii) we have g = 2% q* , where 2,q*d=1 | o1

and therefore for m=n2%qg' +r, O0srdn wa get

. 20 2« 2@

€3.7) xM—yMe=x"” (an ] -[y“q ] + [y“q ] [x'~y'].
Since

2¢ 2%
X"y Xt [an‘] _[}nq')

< thus by assumption (3.3) and (3.7) we obtain o
S . s ~ o ' S ~ -

xn_’_ynlxr_yr’
and similarly as above it is impossible if r>0. Thus r=0 and

nim follows. Since (x,y>=1 ,

3.8 [X.XH+Y“]=1 and [y,x"+y“]=1
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and therefore from Euler’s theorem we have

6] Ly
3.9 x =1 [mod{x“+y"]]
and

so[x“+y“] :
¢3.10>. y =1 [mod [x“+y"]].

From (3.9) and (3.10) we get
™ » n n
oy o[xnen)
3.11> x"+y" xp[ -y .

By ¢3.3> , (3.44) it follows that

3.12> nltoe [x“+y“].

If the equation (3.1) has a solution in integers X,Y,%
such that (x,y>=1 | then
€3.13> » [xP+yP] = p [22].

From {(3.13> and (3.12) we get
2
3.14) p I P [z J.

It is easy to see that ¢ [?2] =z pCz) for arbitrary

fixed integer z, therefore we get
plz or pileizd

~and the proof is finished.

4. On _a conjecture of Erddg — Straus and Sierpinski.

In this part we prove two theorems.

THEOREM 3. The equation



4.1> a.1,41,
n X y

N

has a solution in pogitive integers x,y,z for every n=dk,

Adk+2, dk+3, 8k+5, where k=1,2,...

The proof follows from the following identities:

4
1_ ., i + 1
K+¥2 174'T3 D) KA

1 1 1
2 Y OO Y UGS ORTY

i_ 4 i + 1
k+2 Ck+1HCk+2) C+15C3k+3)

- 1 1 1
SIS * WFS OGSy STy

THEOREM 4. The equation

4.2 %:%‘.4-.1);.4.;_

hag a solution in positive integers x,y,z for every n=4l,
Adle+2, Ak+3, where k=1,2,...

The proof follows from the following identities:
5 . 1 4, .1, 1
Ak k+1 ak 7 KTk 15
5 . .4 + 1 + 1
Jk¥32 k+1 2RI [4 T SIPATI )

5 o4, .1 . 1
Jk+3 k1T 7 dk¥3 T kA AR+ 3y
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