KRYSTYNA GRYTCZUK

FUNCTIONAL RECURRENCES AND DIFFERENTIAL EQUATIONS

ABSTRACT: In this paper we show connections among solutions
of differential equations, power matrices and functional
recurrences. The results can be used to investigate some
functional recurrences connected with number. theoretic

polynomials.

In the paper [1]1, some connections was given among
solutions of differential equations of second order, power
matrices and functional recurrences. ¥e have proved the

following theorem:

THEOREM A. Let s

0,Lo,u,v be functions of x and let A be a

constant. satisfying the following conditions:

. 2 -
cid so,to,u,v € C“CJ> where J—(xi,xz)CR
iid um™0, ve0 on Jand A <R,
Then the functions
y, = sD'ul , Y, = to'vl

are the solutions of the differential equation
Doy” + ny’ + Dzy =0

where

and
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= u’ = g’ uz
s, =53+ A S, 5 s, s} +As, &
= v =t v
Lty =ter At v t, LAt &
Theorem A has been used to investigation of some
functional recurrences connected with number theoretic
polynomials, in particular Pell, Lucas - and Fibonacci

polynomials.
In the presen£ paper we give some generalization of

Theorem A. Namely we prove the following theorem:

THEOREM B. Let u be functions of x for k=1,2,...,n

So,k » Y

and let A be a constant satisfying the following conditions:

(nJy - = .
cad So. kY € ¢ CJ)>, where J—(x‘.xz)ck for k=1,2,...n;
Cb> u, “ 0 on J for k=1,2,...,n and A € R_.

Then the functions

= ey = oy = .Y
(@ B Yy T Sq,4"Yy - Y, Sg. 2 U5 oY So. n Yn
are the solutions of the differential equation

tn) tn-1) 1) Yy =
2> Poy +Ply + ... + P ¥y + P 'y =0,
where

- - J. . j=

3> Pj_1 -1> Dt.j—x ;. J=1,2,...,n#+1
and D denotes the minor of the matrix S which we get by

1,j-1
deleting the first row and j-kolumn of the matrix S, where

rsn,x Sh-1, * o.;
St Sn‘l.l * So,t
(€ S = S..2 Sn-1.2 "' So, 2
Sn n Sn—l,n SD.n
L J
and
u}
by Stk = St-1,x PAS ™

for 1,k=1,2,...,n.



.PROOF OF THEOREM B. Let us denote

. tn3 tn-1)
LCy> = Poy + P‘y + oL+ P“y
then for Y= Sq l‘u} we have
- S R B R cut
L(y,> = L[so'i u1] = r»‘o[so‘t uIJ P Pn[so" u!J.

It is easy to see that

u'
A)’ R oA A-1 A 1
. = + . . ey’ = » FS ——N
Lso.l u Sq. 'Yy A Sq, ¢ Yy uj uy s A .

Putting in the last equality

we get

Similarly we get

LA Ck)_ LAY .
[so.t ui] - [sk—1,1 u1] T Sy, M
for k=2,3,...,n. Thus we get
el ]l=p - . . ¥ . cur=
L[si'0 u ]—Po S, 44y +P1 sn_"i u’+ +P sﬂ'l uy
= [P s +P *s + +P s ]’uX
1 -1, 1 , 1 1
¥e remark that from (4)
6) det S = 0.
follows. On the other hand from (4> we have
n
7> Det S = sn,i.Di,O_Sn-l,t.Di.i+"'+50,1(—1) Dt,n+1‘
Since
P = ¢-1>3 p for j=0,1,...,n+1

j-1 1, §j-1
thus by (6> and (7)) it follows
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L] l 3 —
L(so'k uk] =0 for k=2,...,n

and the proof is complete.

From Theorem B we get the following.

COROLLARY. Let the assumption of theorem B be satisfied and
let.

50,1 = 50,2 = ... = SO,n = 1.

If the functions u,, ..

then the general solution of the differential equation (2>

, & are linearly independent over R
ial

is of the form

A A
= + + ... o+
y ci. ul C2 uz cn un

where ¢ _,c

. .,c,  are arbitrary constans.
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