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PROPERTIES OF THE LEAST COMMON 
MULTIPLE FUNCTION* 

ABSTRACT: In this paper we show some properties of the 
function L(x), the least common multiple of the natural 
numbers not greater than an integer x, and the function 
Q(x) = x\/L(x). 

The subject of this paper is to show the number-theoretic 
properties of the function L(x) = LCM[\,2,...,x], the least 
common multiple of the numbers < x. This function has a 
connection with the function FI(x), the number of primes < x 
and it is related to the two Chebyshev functions 
y/(x) = ln(l(x)) and 6{x) for which 

0(x)= 2 > 0 ) and y/(x) = 0(x) + 6(x]/2) + 0(xV3)+... 
p< X 

' Research was supported by the Hungarian National Foundation (Grant 
No. 1641) for Scientific Research and the National Scienfitic and 
Engineering Reseurch Council of Canada. 
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L The properties of the function L(x) 
For any positive integer x, L(x) can be written in the form 

a ) £ ( * ) = n 
p<x 

Where k is defined for primes p by 

p"<x<p" 

and so for any prime p<x we have 
ln(x) 

(2) 
HP) 

where [ ] is the integer part function. From (1) and (2) 

(3) In (£(*)) = £ 
p<x 

ln(x) 
In (p) HP) 

follows, which was shown also in [6]. 
In the folio wings we prove some other properties of L(x). 

LEMMA 1.1. 

lim In{L(x)) _ i 

6{x) 
PROOF. By (3), using that kp = 1 for p s with Vx < p < x, we 

get 
In(Z,(*))= £ kp \n(p)+ X HP) = 

p<-Jx -Jx<p<x 

= 2 ln(/ '- ') + Ö(x). 
p<yfx 

But 

and 

X l n ( / ' - ' ) < X ln(x) = ln(x)• n( Vx) 
p<,Jx p< Jx 
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ln(x).n(Ví) 
-» 0 as x - > oo 

0(x) 
from which the lemma follows. 

LEMMA 12. 0<n (*) ln(x)- ln U(x)) < 0(x) 
PROOF. From the inequality r - / < [r] ^ r , using (3), we 
obtain 

n(x) ln(x) - 0(x) ^ ln(Z(x))g n(x)ln(x) 
and so the lemma is proved. 
LEMMA 1.3. 0(x)z ln(Z(x))^ n(*)ln(x). 
PROOF, p < x implies 1 < ln(x) /\n(p). Hence from (3) we 
obtain 

ln(x) 0(x) = ]>>(/>) g X 
p<x p<x IHP)} 

The other inequality is part of Lemma 1.2. 
We will need also the following result 

ln(p) = lnU(x)). 

LEMMA 1.4. m lim 
*->co ln(*)n(*) 

1. 

PROOF. We can deduce this from 6{x) « x plus the Prime 
Number Theorem (cf. e. g. in [2]). Or one can prove it from 
inequalities 

' 1 A x
 / - x 

< 0(x\ ri(x) < (5) 1 
ln(x) 

If 
ln(x)V 21n(x) 

for 41 < x, which can be found in [5], since by Lemma 1.3 we 
have 
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1 . I ' '"(*) 
Vta(x) ( 3 

ln(x) 
< 

21n(x) 
x 1 + 

IK*) 
ln(x)ri(x) 

< 1. 

21n(x) 
The function n(x) can be approximated through the 

function L(x). We will show that H(x) is asymptotic to 
ln(Z(x))/ln(x) 

COROLLARY 1.5. 

\n(x)U(x) 
PROOF. From Lemmas 1.3 and 1.4, we have for x > 41, 

1 - 1 
< 

0(x) ^ ln(Z,(x)) ^ 
V ln(x) ln(x)ri(x) ln(x) TI(x) 

Now we can show that y/(x) - ln(L(x)) is asymptotic to x. 

COROLLARY 1.6. 
I im In(L(x)) = 
* - > « > X 

PROOF. Using Lemma 1.3 and the inequalities (5) we get 
1 fl(x) In(L(x)) n(x)ln(x) 3 

I < s — s < i + •———. 
21n(x) 

which 

x ln(x) x 

This actually shows that ln(/,(x)) = x + o 

implies the following two corollaries. 

' x ^ 
ln(x)J 

COROLLARY 1.7. For all ^>0 and all sufficiently large x, 
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{e-s)x <L(x)<(e + e)x. 

COROLLARY 1.8. (see also in [6]) 

lim L(x)x = e. 
X->cO 

L E M M A 1.9. lim = 1. 
x ln (x ) 

PROOF. We use the following inequality, a form of Stirling's 
Theorem: 

x In(x) - x + — In(x) + - n ^ 2 ^ < In (x!) < y• In(x) - y + — ln(x) +1, 
2 2 2 

rr n 1 ln(x!) 1 , ln(x!) 1 ( 1 Hence 1 < —-—— < 1, and so —-—— = 1 + o . 
ln(x) x ln (x ) x ln (x ) ^ ^ ( x ) ^ 

T H E O R E M L lim , l n ( * ! ) = 1. 
ln(Z,(x))ln(x) 

PROOF. From Corollary 1.6. Lemma 1.9. we have 

ln(x!) ln(x!) 
ln(x!) x ln (x ) _ *->«>xln(x) 

^ l n ( / . ( x ) ) l n ( x ) ~ ^ T n ( L ( x ) ) ~ ln(Z(x)) 

Using Stirling's Formula again and Corollary 1.6 we may 
obtain n as a limit Some other similar result for n was 
obtained in [3] and [4]. 
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THEOREM 2. 

xl2e2x 

(6) lim 7 r—— = 71 
— 21n(Z(x))x2x 

PFOOF. After we multiply the left side of (6) by 2 and take 
the log we obtain 

2 In x!+ 2x - 2x In x - In In L(x) = 
= 2In x!+ 2x - 2xin(x) - In(x) - (In In L(x) - In x). 

The term ln(ln(L(x)))-ln(x) -> 0, as oo, by Corollary 1.6. 
One of the formulations of Stirling's Formula (cf. e. g. Artin 
[1]) says that there exists a S, such that 

I I c 
ln(x!) + x - xln(x) - —-ln(x) = — ln(2^) + —- ( 0 < ^ < l ) . 

Multiply this by 2 and take tlie limit as x -> oo, the theorem 
follows. 

EL Quotient after x! is divided by L(x). 

We derive some induction results about the quotient x!/ L(x), 
which is here denoted by Q(x). 

LEMMA 2.1. L(x +1) = 
(l(x),x +1) 

PROOF. Since L(x +1) = [l(x), x +1]. 
LEMMA 22. L(x+1) divides L(x) (x + 1). 
PROOF. By Lemma 2.1. 
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LEMMA23. L{x) divides x\. 
PROOF. Induction on x, using Lemm 2.2. from 
L(x + \)\L(x)(x + \) and L(x)|x!, L(X + 1)|X!(X + 1). follows. 

DEFINITION 2.4. O(x) = 
L(x) 

LEMMA 2.5. Q(x) is an integer and Q(x) ] x!. 
PFOOF. By Lemma 2.3. 
LEMMA 2.6. Q(x +1) = (ß(x) (x +1), xl). 
FROOF. From Lemma 2.1. using g(x +1) = ö(x).(l(x),x + l). 

LEMMA 2.7. p is a prime if and only if L(p) = p L(p -1). 

LEMMA 2.8. p is a prime if and only if Q(p) = Q(p -1). 

DEFINITION 2.9. K(x) = . 

LEMMA 2.10. A'(x) is an integer, ^(x) = (L(x- l),x) and 
K(x)\x. 
FROOF. Use Lemma 2.6. 
LEMMA 2.11. p is prime iff K(p) = 1. 
LEMMA 1.12. p is composite iff i < K(p). 
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