Effective integrability of the
differential equation
Po(z)y™ + Py(z)y" D + -+ Po(z)y = 0, IL.

KRYSTYNA GRYTCZUK

ABSTRACT. In the present paper we give an application of our result given in
[1] to the classical Euler’s differential equation.

1. Introduction

Consider the classical Euler’s differential equation
(1) 2y 4 a2y 4 ez ey =0

where a; € R.
In the paper [1] it was shown (see Th.2) that the necessary and suffcient
condition for the functions

(2) y = sor(z)up(z), k=1,2---,n
to be the particular solutions of the differential equation
(3) Po(z)y'™ + Pi(e)y™ ™) + -+ Pa(a)y = 0
is that
(4) Zn:Pj(x)Sn—j,k(x) =0, k=1,2,---,n,
§=0
ui(z)

where sm k(2) = 57,1 () + Sm—l,k(f”)uk(z) and s, k(z), uk(z) €
C™(J); J = (z1,22) CR, up(z) #0for z € J. :
In the present note by using this result we prove the following theorem.

Theorem. The necessary and sufficient condition for the function yy =
z* to be a particular solution of (1) is that the ) satisfies the following
algebraic equation:

FQA) =AxA-1)-(A=(n-1)+

(5) ardA-1)---(A=-(n-2)+---+apn_1A+a, =0.
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2. Proof of the Theorem.
Putting in (2) uk(z) =z, spr(z)=1for k=1,2,---,n we get
(6) Ye = Y = z?.

By the definition of the functions s, x(z) and (6) we obtain

By (4) and (7) is follows that
(8) Po(z)sn(z) + Pr(2)sn-1(z) + -+ + Pa(2)so(e) = 0.
On the other hand from (1) we have
(9)  Po(z) =z",Pi(z) =a1z™, -, Baoi(z) = 2™, Po(z) = ap .
From (7), (8) and (9) we obtain

" AA-1)---A=(n =1))z* " a2z AA - 1)---

(10) (A= (n—2)) 2D e = 0.
Let
) F)=2xA-1)--(A=(n-1))+

+aAA=1)---(A=(A=2)) 4+ apn1A+an.
Then by (10) and (11) we have
(12) F(\)z* = 0.

Since z # 0 on J then by (12) we get F(A) = 0, so denote that A must be
a root of the algebraic equation

AA=-1)---A=(n=-1)+arx(A-1)---(A=-(A=-2))+
oot @ 1A+a, =0

" and the proof is complete.
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3. Remarks.

Suppose that all roots of the equation F(A) = 0 are distinct and real.
Then the differential equation of Euler (1) has n-particular solutions of the
form:

yI:mAl, y2:m)\2"",yn:x)\n'
It is easy to see that those solutions are linear independent over J =
(0,400). Hence in this case we obtain that the general solution of (1) has
the form:

Y= clx’\l + czmAz 4+t = g,

Now we can assume that all roots of the equation F(A) = 0 are distinct but
they can be complex numbers. If A = a + b7 is a root of F' then we have

g = 29t = 292% = 2% % = ¢ (cos(bIn z) + i sin(b1n z))
and we see that functions
(13) z%cos(blnz) and z°sin(blnz)

are real solutions of (1) and linear independent over J. Since a; € R then
exists the conjugate complex root to A, namely A = a — bt. In similar way
we obtain (13). If A; is k-multiple root of F(X) then we have

(14) FQA)=F(M\)=--=FY0) =0, FOO)£0.

Then by differentiation m-time the expression F(A)z* with respect to A we
obtain

; J
7=0
From (14) and (15) it follows that the functions
ym::ph(]n;n)m, m=0,1,---, k-1

are particular solutions of (1).
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