
Effective integrabil i ty of the 
differential équat ion 

Po{x)y(n) + Pi{x)y{n~l) + • • • + Pn(x)y = o, I I . 

KRYSTYNA GRYTCZUK 

A B S T R A C T . In the present paper we give an application of our resuit given in 

[1] to the classical Euler's differential équation. 

1. Introduction 

Consider the classical Euler's differential équation 

(1) zVn) + aiSB-Vn-1> + • • • + an^xyV + any = 0 

where ü{ E R 

In the paper [1] it was shown (see Th.2) that the necessary and suffcient 
condition for the fonctions 

(2) y = s0tk(x)ul(x), k = 1, 2 • • •, n 

to be the particular solutions of the differential équation 

(3) Po(x)y{n) + i \ ( s ) y ( n _ 1 ) + • • • + Pn(x)y = 0 

is that 
n 

(4) ^2Pj(x)sn_jfk(x) = 0 , k = 1,2, • • - , n , 
j=o 

where smfk(x) = s'm_l k(x) + s m - a n d smik(x),uk(x) E 

C( n ) ( J ) ; J = (xux2) C R, uk(x) £ 0 for x E J. 
In the present note by using this resuit we prove the following theorem. 

Theorem. The necessary and sufficient condition for the function y0 = 
Ï a to be a particular solution of (1) is that the A satisfies the following 
algebraic équation: 

F(X) = A(A — 1) • • • (À — (n — 1)) + 

ai A(A - 1) • • • (A - (n - 2)) + • • • + an_x A + an = 0. 
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2. Proof of the Theorem. 

Putting in (2) uk(x) = x , So,*:^) = 1 for k = 1,2, • • •, n we get 

(6) Vk = Vo = xx. 

By the définition of the functions sm>k(x) and (6) we obtain 

( 7 ) I Sj(x)A(A - 1 ) . . . (A - (i - 1)) j = 1,2, - - -, n 

By (4) and (7) is follows that 

(8) Po(z)sn(x) + Pi(®)an_i(®) + • • • + Pn(x)s0{x) = 0 . 

On the other hand from (1) we have 

(9) Po(x) = xn , A ( x ) = a ! ^ " 1 , • • •, Pn-1 (z) = xn , Pn{x) = an . 

From (7), (8) and (9) we obtain 

xnA(A - 1) • • - (A - (n - 1)) xx~n + aixn~l\(\ - 1) • • • 

• • • (A - (n - 2)) x A - ( n - x ) + • • • + a n z A = 0 . 

Let 

F(X) — A(A - 1) • • • (A - (n - 1)) + 

+ aiA(A - 1) • • • (A - (A - 2)) + • • -an_iA + a n . 

Then by (10) and (11) we have 

(12) F(X)xx = 0. 

Since x / 0 on J then by (12) we get F(A) = 0, so denote that A must be 
a root of the algebraic équation 

A(A - 1) • • • (A - (n - 1)) + aiA(A - 1) • • • (A - (A - 2)) + 
h an-1A -f- an = 0 

and the proof is complété. 



Effective integrability of the differential équation 117 

3. Remarks . 

Suppose that ail roots of the équation F(X) = 0 are distinct and real. 
Then the differential équation of Euler (1) has n-particular solutions of the 
form: 

Vi = ZAl , 2/2 = XÁ2 , • • • ,Vn = • 

It is easy to see that those solutions are linear independent over J = 
(0,+oo). Hence in this case we obtain that the generál solution of (1) has 
the form: 

y = Clx
Xl + C2Z

A2 + ••• + cn = xA n . 

Now we can assume that ail roots of the équation F{ A) = 0 are distinct but 
they can be comp lex numbers. If À = a + bi is a root of F then we have 

XA = xa+bi = = x a gib In x = x (COS(6 hl x) + i sin(6 ln x)) 

and we see that fonctions 

(13) xa cos(ölnz) and xasin(61na;) 

are real solutions of (1) and linear independent over J. Since ai £ R then 
exists the conjugate complex root to À, namely À = a - bi. In similar way 
we obtain (13). If X\ is fc-multiple root of F(A) then we have 

(14) F(X1) = F'(X1) = '-- = F^-l\X1) = 0, fW(\O/O. 

Then by differentiation m-time the expression F(X)xx with respect to A we 
obtain 

From (14) and (15) it follows that the fonctions 

Vm = x A l ( l n x ) m , m = 0,1, • • •, k - 1 

are particular solutions of (1). 
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