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Abstract. In this note we give a complement of some results of Friesen given in [2]

about some connections between Legendre symbols and continued fractions.

1. Introduction

In the paper [1] P. Chowla and S. Chowla gave several conjectures
concerning continued fractions and Legendre symbols. Let d = pq, where
p,q are primes such that p = 3 (mod 4), ¢ =5 (mod 8) and let Vd =
[90; @5 -+-,7s) be the representation of \/d as a simple continued fraction.

3
Denote by § = 3 (—1)*"'g;. Then P. Chowla and S. Chowla conjectured the
i=1

following relationship: (%) = (-1)*, where (g) is the Legendre’s symbol.

This conjecture has been proved by A. Schinzel in [3]. Further interesting
results for d = pg =1 (mod 4) and for d = 2pg was given by C. Friesen in
[2]. From his results summarized in the Table 1 on page 365 of [2] it follows
that in the following cases: p = 3 (mod 8),¢g =1 (mod 8) or p = 7
(mod 8),g=1 (mod8orp=1 (mod8),¢g=3 (mod8) orp=1
(mod 8), ¢ =7 (mod 8) are not known a connection between Legendre’s
symbol and the representation of \/pq as a simple continued fraction. In this
~ connection we prove the following Theorem:

Theorem. Let d = pg = 3 (mod 4) and /pq = [0;G1,---,s), then
§ = 2m; ¢ = 2,p,q; and

(I_)) - (_l)mg;_l; -ifcm =P

<§> - (_1)%.”%_1 ’ ifem =q

()@)-com rees

-

where c,, is defined by the following recurrent formulas:

[q0+bm
Qm = |——

Cm

:| s b+ bmy1 = CmGm, d=pg= bfn+1 + CmCmti-
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2. Proof of the Theorem

In the proof of the Theorem we use the following lemmas:

Lemma 1. Let v/d = [qo;31;...;7s] be the representation of v/d as a
simple continued fraction. Then

(1) gn [9%], bn + but1 = cngn, d = b2, + cncpy, for any integer
n>0

(2) if s = 2r+1 then minimal number k, for which ¢t = cx4y is k = 55+

(3) if s = 2r then minimal number k, for which by = byyy is k = §

(4) l<ecn<2v/d, forl1<n<s-—1

(6) P:_, —dQ%_, = (-1)"c,, where P./g, is n-th convergent of Vd.

This Lemma is a collection of the well-known results of the theory of
continued fractions.

Lemma 2. Let v/d = [qo;71,.--,Gs)- The equation 2% — dy? = —1 is
solvable if and only if the period s is odd. Moreover, if p =3 (mod 4) and
p is a divisor of d then this equation is unsolvable.

This Lemma is well-known result given by Legendre in 1785.

For the proof of the Theorem we remark that by the condition d =
pg = 3 (mod 4) it follows that p = 3 (mod 4) or ¢ =3 (mod 4) and
consequently from Lemma 2 we obtain that the period s = 2m. From (5) of
Lemma 1 we get

(6) P = pgQh_y = (1) cnm.

On the other hand by (1) and (3) of Lemma 1 it follows that

(M) | 2mt1 = GmCm, d=pg="0b% 1 + CmCmt1.

From (7) we obtain

(8) 4pq = (gl m + 4Cmi1)-

By (8) it follows that ¢, = 1,2,4,p,q,pq,2pg,4pq. Using (4) of Lemma 1

we get that ¢, = 1,2,4,p,q. If ¢,, = 1 then it is easy to see that (6) is
impossible. If ¢,, = 4 then from (6) we obtain

(9) Pﬁz—l - P‘]an—l = (—1)m4-
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Since (Pp_1,@m-1) = 1 then by (9) it follows that P,_; and @Q,,_; are
odd and consequently we obtain P%_;, = Q% _; =1 (mod 4). Since pg = 3
(mod 4) then by (9) it follows that 1 = P%_;, = pgQ?% _, + (-1)"4 = 3
(mod 4) and we get a contradiction. Therefore, we have c¢,, = p,q,2. Let
¢m = p then from (6) we obtain

(10) pX? - qQ? | =(=1)", where P,_; = pX.

m—1

From (10) and the well-known properties of Legendre’s symbol we obtain

o (- (7) e

In similar way, for the case ¢,, = g we get
q p=1
12 (——) = —1 2 m_
(12) » (-1)
By (12) and the reciprocity law of Gauss we obtain

If ¢;, = 2 then by (6) it follows that (3(—_—;—)1) = (i“qi)l) = 1. Hence, in
virtue of pg = 3 (mod 4) we obtain (%) (%) = (=1)™ and the proof is

complete,
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