Functions having quadratic differences
in a given class

GYULA MAKSA

Abstract. Starting from a problem of Z. Dardczy we define the quadratic difference
property and show that the class of all real-valued continuous functions on R and some of

its subclasses have this property while the class of all bounded functions does not have.

1. Introduction

For a function f:R — R (the reals) and for a fixed y € R define the
function A, f on R by A, f(z) = f(z + y) — f(z), ¢ € R. The functions
A, N:R — R are said to be additive and quadratic if

Alz +y) = Alz) + Aly) z,yeR
and

N(z +y)+ N(z —y) =2N(z) + 2N (y) z,y € R,

respectively. It is well-known (see [1], [5], [2]) that, if an additive function
is bounded from one side on an interval of positive length then A(z) = cz,
z € R for some ¢ € R and there are discontinuous additive functions.
Similarly, if a quadratic function is bounded on an interval of positive length
then N(z) = dz?, z € R for some d € R and there are discontinuous
quadratic functions.

In [4] Z. DAROCzY asked that for which properties T the following
statement is true:

(x) Let f:R — R be a function such that for all fixed y € R the
function AyA_, f has the property T'. Then

(1) f=f+N+4 on R
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where f* has the property T, N is a quadratic function and A is an additive
function.

In this note we prove that, if 7" is the k-times continuously differentia-
bility (k > 0 integer) or k-times differentiability (k > 0 integer or £ = +00)
or being polynomial then the statement (x) is true while if 7" is the bound-
edness then () is not true.

2. Preliminary results
The following lemma will play an important role in our investigations.

Lemma 1. For all functions f:R — R and for all u,v,z € R we have

AuBof(z) = Avr A f( J;L)
/ val

A A .
et

The proof is a simple computation therefore it is omitted.
An other basic tool we will use is the following result of DE BRUDIN ([3]
Theorem 1.1.)

Theorem 1. Suppose that f:R — R is a function such that the func-
tion A, f is continuous for all fixed y € R. Then f = f*+ A on R with
some continuous f*: R — R and additive A:R — R.

Finally we will need the following two lemmata.

Lemma 2. Let [: R — R be a function such that A, A, f is continuous
for all fixed u,v € R. Define

(3)  H(z,u,v)= A A, f(z)— flu+v)+ flu)+ f(v) z,u,v € R.

Then the function (z,u) — H(z,u,v), (z,u) € R? is continuous for all fixed
v€E R.

Proof. Let v € R be fixed. Since A, (A, f) is continuous for all fixed
u € R, Theorem 1 implies that A, f = f + A, on R where f7:R — R is
continuous and A, is additive. Thus, by (3),
H(z,u,v) = rﬁ-uf(l‘wLU)—A f(z )— Ay f(u) + f(v)
= fi(z +u) - fi(2) - f5(uw) + f(v)

whence the continuity of (z,u} — H(z,u,v), (z,u) € R? follows.



Functions having quadratic differences in a given class 79

Lemma 3. Suppuse that L is one of the classes of the real-valued
functions defined on R which are k-times continuously differentiable for
some k > 0 integer or k-times differentiable for some 1 < k < +oo or
polynomials. If {:R — R is continuous and A, f € L for all fixed y € R
then f € L.

Proof. If L is the class of the continuous functions (k = 0) or of the
polynomials, furthermore f is continuous and A, f € L for all fixed y € R
then, by Theorem 1 and by [3] page 203, respectively, f = f* + A for some
f* € L and additive function A. Therefore, by continuity of f, A(z) = cz,
r € R with some ¢ € R whence f € L follows.

The remaining statement of Lemma 3 is just Lemma 3.1. in [3].

3. The main results

For the formulation of our main results let us begin with the following

Definition. A subset F of the set of all functions f: R — R is said to
have the quadratic difference property if for all /:R — R, with AJ/A_, f €
E for all y € R, the decomposition (1) holds true on R where f* € FE, N is
a quadratic function and A is an additive function.

First we prove the following

Theorem 2. The class of all continuous functions f:R — R has the
quadratic difference property.

Proof. By (2) in Lemuma 1 we have that A, A, f is continuous for all
fixed u,v € R. In particular, A, (A, f) is continuous for all fixed u € R.
Applying Theorem 1 to A; f we have

(4) A f=fo+a on R

with some continuous f3: R — R and additive a: R — R. Define the func-
tion B on R? by

u+tv

(5) B(u,v):O/AuAvf— / fo+0/fo+0/fo, (1,v) € R?.

Obviously, B is symmetric. Now we show that B is additive in its first
variable. For all u, t and v, we have

utt+v utt v

1
B(u+t,v)—B(?L,v):i/Au+tAuf— / fo+0/f0+0/f0

0
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/A Af+7ufo—/fo—/fo
utttv utt utv

=M/A1Auf— 0/fo+/f0 /fo—/fo

Since A:A, f and fy are continuous functions, the right hand side is contin-
uously differentiable with respect to u then so is the left hand side. Differ-
entiating both sides with respect to u and taking into consideration (4) we
obtain that

?—[B(u +t,v) — B(u,v)] = AA AL f(u) — folu+t+v)+ folu + 1)

Ju
+ fo(u + v) = fo(u)
= AtAv(fO + a)(u) - AtAva(U)
= AAya(u) =0 (a being additive).
Therefore

B(u + t,v) — B(u,v) = B(t,v) — B(0,v) = B(t,v),

that is, B is additive in its first (and by the symmetry also in its second)
variable. Thus, it is well-known (see [2]) and easy to see that, the function
N:R — R defined by N(u) = 3 B(u,u), u € R is quadratic and

(6) B(u,v) = N(u + v) - N(u) — N(v) u,v € R.

Define the function H:R® — R by (3) and apply Lemma 2 to get the
continuity of the function (z,u) — H(z,u,v), (z,u) € R? for all fixed
v € R. This implies that the function s: R? — R defined by

1
/quv (u,v) € R?
0

is continuous in its first variable (for all fixed v € R). Therefore, by (3), (5)
and (6) we have

1

s(u,v) = / AuAof = flu+v)+ f(u) + f()

0
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= Blu,v) + /fo—/fo—/fo~ (u+0) + f(u) + (o)
=N(u+v)- (u+v)—( () f(u)) = (N(v) -

L*Y

0/fo—o/fo U/fo

= —A,(f = N)(u) — (N(v) — f(v) /fo-/fO‘/fO

This implies that A,(f— N) is continuous for all fixed v € R and Theorem 1
can be applied again to get the decomposition f — N = f* + A on R with
some continuous f*: R — R and additive function A, that is, (1) holds and
the proof is complete.

Theorem 3. Let L be as in Lemma 3. Then L has the quadratic
difference property.

Proof. If L is the class of all continuous functions then the statement
is proved by Theorem 2. In the remaining cases, since all functions in L are
continuous, Theorem 2 implies the decomposition (1) with continuous f*,
quadratic N and additive A. We now prove that f* € L. For all y € R we
get from (1) that

(7) AyA_yf = AyA_y f*+ 2N (y).

Therefore AyA_, f* € L for all fixed y € R. Applying (2) in Lemma 1
we obtain that A, (A, f*) € L for all fixed u,v € R. Obviously A, f* is
continuous thus, by T.emma 3, A, f* € L. Since f* is continuous, Lemma 3
can be applied again to get f* € L.

Remark. The set of all bounded functions f:R — R does not have
the quadratic difference property. Indeed, let

f(z) = zIn(z? + 1) + 2arctg z — 27, z€eR.

Applying the Lagrangian mean value theorem with fixed u, v,z € R we
have

(8) AuAvf(x) = uAvf’(E) = uvf"(’?)
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for some &, 77 € R. Since | f"(n —z,m— < 1,(8) implies that |[A,A_, f(z)| <

y? for all £,y € R, that is, AyA_yf is bounded for all fixed y € R. Suppose
that f has the decomposition (1) for some bounded f*:R — R, quadratic
N and additive A. Then N + A must be bounded on any bounded interval.
Thus N(z) + A(z) = az? + fz, z € R for some «,8 € R. This and (1)
imply that

(9)  f*(z) =zIn(z? + 1) + 2arctgz — az? - (2 + B)z, z € R.
Since f* is bounded, 0 = I.iI;[.l ﬁx—(f—) = —o and thus

0= b () Z2ACWET G2y - (24 6),

r—+o00 x —+400

which is a contradiction. This shows that the set of all bounded functions
does not have the quadratic difference property.
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