An application of the continued fractions for vD
in solving some types of Pell’s equations

BELA ZAY

Abstract. In this paper we study the positive solutions of the Diophantine equa-
tion z?—Dy*=N, where D and |N| are natural numbers, [N|<v/D and D is not the square
of a natural number. Let VD=(ay,a1,..78,) be the representation of VD as a simple con-
tinued fraction expansion. We prove that if the n-th convergent to VD is }—;ﬁ-z(ao,...,an),
then

I{(n+2)a+r:2}13—lH(n+X)s+r+(_‘1)s+1Hns+r
and
H(ﬂ+2)s+r=2115—1,((n+1)s+r+(_1),+1Kns+r-

In cases of D=(2k+1)?>~4 (for any k>2), D=(2k)*—4 (for any k>3), D=k*—1 (for any
k>2) and D=k?+1 (for any k>1) we give all positive solutions of z?—~Dy*=N (INI<\/5)
with the help of Binet formulae of the sequences (H,,4,) and (Kn,+,) (for any r=1,2,...,s).

Introduction

In this paper we consider the equation
(1) 2 -~ Dy* =N

and its solutions in natural numbers, provided D and /N are rational integers,
D > 0, furthermore D is not the square of a natural number. Many authors
studied these Diophantine equations. Among others D. E. FErRGUSON [1]
solved the equations 22 —5y% = +4, V. E. HOGATT, JR. and M. BICKNELL-
JoHNsSON [2] solved the equations

(2) z? — (A* +4)y" = +4
where A is a fixed natural number. K. LiPTAl [4] proved that if there is a

solution to (1) then all solutions can be given with the help of finitely many,
well determined second order linear recurrences.
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Auxiliary results

The purpose of this paper is to give such second order linear recurrences
in case of |N| < v/D and in some special cases.
We shall use a lemma of P. Kiss [3] and some theorems from {5] and

[6].

Let v be a real quadratic irrational number and let

(3) Y= ((lo,(ll,(lg,...) = (ao,al,...,at-l,at,...,aHs_l)

be the representation of v as a simple periodic continued fraction, where s
is the minimal period length of (3). P. Kiss proved:

If the n-th convergent to 7 is }ﬂ(n = (ag,@a1,...,a,) and the n-th con-
vergent to vo = (@7, ..., Grgs—1) I8 %,': = (a¢, @141, - - -, Geqn ), then (as it was

proved by P. Kiss [3])

(4) H(n+2)s+r = (hs-1 + ks—Z)}{(n+1)s+r + (—'1)5+1Hns+rv
and

(5) I{’(n+2)s+r = (h's—l + ks—Z)I\"(n+l)s+r + (‘1)s+1 I"’ns+r7
where n > 0,7 =0,1,...,s — 1 and we assume, that k_; = 0.

In the special case of ¥ = v/D we prove the following lemma.

Lernma 1. Let D be a positive integer which is not a square of a
natural number and let

(6) VD = (ap, @, 5)

be the representation of v/ D as a simple continued fraction expansion, where
s is the period length of (6). If the n-th convergent to /D is

Hy,
_I;'— = (ao,ala"'aan)
then
(7) If(n+2)s+r = 2I{s—-1 H(n+1)s+r + (_1)s+1 Hns+r
and
(8) Al’(n~+—2)s-+—r = 2Hs—ll((n+1)s+r + (_1)s+1]1ns+r

for every integer n > 0 and r (0 < r < s—1).
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The first 2s terms of sequences (/) and (X’,) can be got from the
following well known relations

(9) Hm:amHm-1+Hm——21 H—I:I, H0:a07
and
(10) Kp=anKpn 1+ Knoy, K_1=0, Ky =1,

for any m > 0.
The following algorithm for representing the number v/D as a simple

continued fraction is well known (see in [6], p. 319): We set ap = [\/—lﬂ,

4

b1 = ag, ¢1 = D — a} and we find the numbers a,_1, b, and c, successively
using the formulae

D - b?

n

[ao + bn—l
p_y = | ———

} 5 by = Qp-1Cpn—-1 — bn—-h Cpn =
Cn-1

Cn—1

Now consider the sequence

(bzacZ)a (b3,C3), (b4>C4)7---

and find the smallest index s for which b,4; = by and c¢s4; = ¢;. Then the
representation of v/D as a simple continued fraction is

\/5: (ao,al,az,...,as).

We shall use two other results from [5] (pp 158-159).

Lemma 2. If D is a positiv integer, not a perfect square, then H2 —
DK? = (—1)""'cpy4 for all integer n > —1.

Lemma 3. Let D be a positive integer not a perfect square, and let
the convergents to the continued fraction expansion of VD be H,/K,. Let
N be an integer for which |[N| < D. Then any positive solution ¢ = u,y =t
of ¥ — Dy? = N with (u,t) = 1 satisfies u = H,,t = K, for some positive
integer n.

Recalling that ¢, = ¢,45 in the Lemma 2., we can formulate Lemma 4.
which is a consequence of the first three lemmas.

Lemma 4. Let D be a positive integer not a perfect square, and let

VD = (ap,a1,---,a5)
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be the representation of /D as a simple continued fraction. Suppose that
N is a non-zero integer with |[N| < v/D, and let

(11 H,=1, Hy=a9, Hn=anHp 1+ Hp_2, 1<m<2s,
(12) K 1=0, Kg=1, Kpn=anKpn_1 + K2, 1 <m<2s,
(
(

~—

13) ]I(n+2)s+r = 2HS-—1H(71,+1)5+T + (_1)s+1Hns+'ra 1<r< s n >0,
14) K(ny2)sir = 2Hs 1 K(ng1)ys4r + (-1 "' Kgpr, 1< <8, 020,

B
a.

(15)  Cpspre1 = (1) TTTHHE - DK2), 1<r<s.

If1 <r<s,c41 #0 and 4/ g—?—lc)’;—:”! is a natural number then let d, =

‘/(_—_16)_;:1qu. Denote by M the set of positive solutions (z,y) of 22 — Dy* =
N. Then

(16) M= {(1‘7 y): T = d'ans+ra y= d'r‘](ns-f-m n>0,1<r< 5}-

This also means that: If there exists no natural numbers d, (1 < 7 < s)

which satisfy the above conditions then there isn’t integer solution z =
u, y=1tof 22 — Dy = N (|N]| < D), that is M is the empty set.
Theorems

Applying Lemma 4. for some special equations we obtain the following
results.

Theorem 1. Let k (k > 2) be a natural number with D = (2k+1)* —4.
Let o and 3 denote the zeros of fi(z) = z? — (2k + 1)z + 1 and let o > j.
Denote by M the set of positive (z,y) solutions of 2 — Dy* = N.

a) IfFN =41 and 1 {1 <[ < /%) is a natural number, then
2

M= {(‘“’y): z =™ +0"), y:l%’ mzl}'

(b) EN = (2 1) and 1 <1< 5+ 1/ then

I

(l _ _;_) (03m+3 + 63m+3) ,

3m+43 _ 43m+43
e

M:{(z,y):z

Y
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(c) If N =1 — 2k then
— 1Na3mt+l! - 3m+1

2 3
)= (Ol . 1)a8m+1 - (ﬁ _ 1)ﬁ3m+l’ . 2 1} .

2(a - f)

(dy If1 < |N| <2k, N #1—2k and N isn’t a square of a natural number
then M = () (empty set).

Theorem 2. Let k (k > 3) be a natural number and D = (2k)% — 4

Let a and 8 denote the zeros of f,(z) = 2% — 2kz + 1 with a > 3. Denote
by M the set of positive (z,y) solutions of z? — Dy? = N.

() If N =4 and | (1 << /52

>—) Is a natural number then

M= {(x,y); z=l(a™ +5™), y=li—:§_m’ ™2 1}'

(b) If N = (20 —1)* and [ is a natural number (1 <1< } + vk? — 1) then
1 2m 2m
M=<(z,y): z= 1—5 (™ + 5%,
1 a2m_52m
N R
1= (1-3) = ey

(c) If1 < |N| < 2k and N isn’t a square of a natural number then M = 0.

Theorem 3. Let k (k > 2) be a natural number and D = k* — 1. Let
« and (3 denote the zeros of f3(z) = z? — 2kz + 1 where o > 3. Denote by
M the set of positive solutions of 22 — Dy* = N.

(a) If N =1? and 1 <[ < vk —1 then

' 3 I n N _ l(a"“ —,Bn+1)
M= {(w,y)w—g(a gty = e B mzl}.

(b) If 1 < |N| < 2k —1 and N isn’t a square of a natural number then
M =0. '
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Theorem 4. Let k (k > 1) be a natural number and D = k? + 1. Let
a and f denote the zeros of fy(z) = z? — 2kz — 1 with a > 3. Denote by

M the set of positive solutions of 2 — Dy* = N.
(a) If N = 1% and 1 < [ < vk then

2n+1 _ A2n+1
M{(a:,y):a::é(aznﬂﬁ-ﬂz”“),y:l(a a__,g ),m21}.

(b) If N = —1? and 1 < | < Vk then

2 a-—f3

(c) If 1 <|N| < k and |N| isn’t a square of a natural number then M = 0.

2m _ A2m
o {u,y):z: Lam s gim), g = L0 mzl}'

Proofs
To prove Lemma 1. we need the following two lemmas.

Lemma 5. Let foy,(z1,22,...,2,) and gny2(21,22,...,2,) be the
polinomials which are defined by recurring relations

fn+2($17---7$n) = xn.fn+1(z1)-'-azn-1)+fn(zla---7l'n—2)a n>1
and

Gnt2(Z1s- .y Tn) = T1gns1 (T2, Zn) + gn(Z3, ..., Zn), n 21
respectively, where f; = g1 = 0 and f, = g, = 1. Then
fn+2(x1>" 'ax’n) = gn+2(xla H "xn)) n 2 -1

also holds.
Proof. We can easily verify that

fi =91, fa =92, fa(z1) = 21 = g3(21)
falzy,22) = 22 fa(1) + fo = ga(z2)z1 + g2 = ga(zy, 72).
Assume that n > 3 and

fn+z—z'($1 seeny 33n—1) = 9n+2-z‘(171 y .- -:xn—l)

holds for + = 1, 2, 3, 4.



An application of the continued fractions for /D... 9

Using the definitions and the last assumptions we can finish the proof
by induction for n:

frr2(@r, . 20) = 2o fagi(zr, o Ta1) + frlr, 0 20 2)
=Zpgnt1(T1,. 3 Tno1) + gn(Z1,. .., Tn2)
=ZnZ19n(T2,. .y Tn1) + Tngn-1(T3,. .., Tp_1)
+21gn-1(Z2,.. ., Tn_2) + gn-2(T3,...,Tn_2)

=z (zpfrl(z2, . Tno1) + faci(z2, .., 2ns2))
+(znfno1(zs, s Tno1) + faoz(z3, .o, Zro2))
:xlfn+1(zZa . ~axn—1a‘rn) + fn(zlh . "azn—laxn)

FT19n41(T2, ., T0) + gnlZs, ..o, T0) = gny2(z1, ..., 20).
Lemma 6. If z; = z,45_; holds for every i (1 < i < n+ 1) then
fn+2($1, S ,fEn) = fn+z($2, . -,$n+1)
is also valid for every integer n (n > —1).
Proof. This is evident for —1 < n < 2, because
fH=0,fa=1, fs(z1) = 21 = 2 = f3(22)
and
fa(z1,22) = 2201 + 1 = 2325 + 1 = fa(z,,23) (since z; = z3).
Let n > 2. Assume that if y; = y,_; holds for every ¢« (1 < ¢ < n — 1) then
fn(yla- . ayn—-2) = fn(yZ,- . 'ayn——l)
is also valid. Let y; = 7,4, for every 7 (1 < i< n—1).
Then
Yi = Tigl = Tp42-(i4+1) = Tn—itl = Yn—i
and so
fn(a:Zv ce 7'7:71‘1) = fﬂ(xiia o '7xn)~

Using this equation, Lemma 5. and the relation z; = z,4; we obtain,
that

fn+2(zl" . 'amn)
=Gnt+2(z1,...,%n) = T1gn1 (T2, .-+, Tn) + gn(23, .., 20)
:$n+1fn+l($21- . wxn) + fn($37-- -:l'n)

:xn+1fn+1(m2’- . -azn) + fn(z27~ . "rn—l)

:fN+2(x2a' "’In+1)
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which completes the proof of the lemma.

Proof of Lemma 1. It is well known [see in [6] p. 317] that in
the representation of VD as a simple conntinued fraction, the sequence

ai, @y, ...,a,—11s symmetric, that is a; = a,_;, for every 2 (1 < ¢ < s-1)
and

(17) as = 2agp.

If %: is the n** convergent of (a1,as,...) = (@1, @z, ..., ds) then

hoy =1, hy=a1, hp=appr1hng+hn2, n>1
and
k1=0, ko=1, kp=apnp1bkp_1+ kn—2, n>1

Using this last definition and (10) by Lemma 6. we obtain, that
ks—Z - fs(a2) s ,(15_1) = fs(al P .,as_g) = A,s——2~

It is known (and it is easy to see by induction for n) that

(19) Kn=hoq, n>0
and
(20) H, = agh,1 + "Cn—la n > 0.

By (19), (12), (17), (18) and (20)

hs—l + ks—2 = I{s + kz:—-Z = asA's—l + Afs—Z + ks-—?
:20“011’5__1 + 2ks_2 = 2(a0hs..2 + ks—Z) = 2H5

Using this equation we obtain (7) and (8) from (4) and (5) respectively.
Thus the theorem is proved.

To proofs of the Theorem 1., Theorem 2., Theorem 3. and Theorem 4.
we use the Lemma 4. and the representation of v/D as a simple continued
fraction:

Lemma 7. Let k be a rational integer. Then

Il

(2k +1)? — 4
(2 )2 4
~1

(2k,1,k-1,2,k — 1,1,4k) for k > 2.
(2k —1,T,k—2,1,4k —2) for k >3,
(k-1,1,2k—2) fork>?2,

= (k,2k) fork> 1.

=

]T
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Proof. f z = (1,k~ 1,2,k — 1,1,4k) then z > 1,

1
r=1+4

k—1+

2+
k—1+4

and so

1\? 1
(—) +4k= — (4k—3) =0
T T

from which (using X > 0) we can see that
1
(2k +1)2 —4 =2k + —
T

It is known that VD = /(2k + 1) —4 = (ap,a;,...,a; ) where ag =
[\/—D—} = 2k, and

1
VD =ay+ —, where z= (a5, .-,a;)
T

Every Irrational number can be expessed in exactly one way as an
infinite simple continued fraction. Thus the first part of the lemma is proved.
The proof of other three parts is carried out analogously. We can see these
formulae in [6] p. 321., too.

Proof of Theorem 1. We have only to apply the Lemma 4. and
Lemma 7. By (22)

VD = /(2k +1)> —4=(2k, 1,k = 1,2,k - 1,1,4k), k>2

and so the representation of v/ D as a simple continued fraction has a period
consisting of s = 6 terms. This terms are

ag =2k, a1 =1, aa=k-1,0a3=2, ap, =k -1, as =1, ag = 4k.
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By the formulas (9), (10), (13) and (14) we can verify that

a3n+1 _ ﬂSn-}-l

H6ﬂ+1 - a3n+1 + /Bsn+1a ](6'!1-#1 = o — ,6 )
a—1 03n+1 -+ -1 3n+41
PRBCED CieE LR il
koL, (am o = (51
'Y =
e 2(a - B) !
H6n+3 = a3"+2 + ﬁ3"+3’ I(Sn+3 — M
a-—0 ’
po . (a2 4 (5 2)p
n+ 9 )
- a -~ 2)a®"t? - (8 - 2)33ntE
Kentq = ( ,
2(a - B)
for n > 0 and
B a3n+3 + ,63"+3 . B a3n+3 _ ﬂ3n+3
Hepnys = — 5 Kents = — 5
Honro = (2a — 1)+ 4 (28 — 1)p3n+3
n+ 2 N
- (2a — 1)an+3 — (26 — 1)p3n+3
Kente = ,
2(a - B)
for n > —1. From these equations we obtain, that
1, forr =5
2 -2 4 forr=1or3 L
Honer = DRenir = 4 - 2k, forr =2 == e

3— 4k, forr =46

for any n > 0. From (25) and (16) we can easily verify that the statements
of Theorem 1. are valid.

The proofs of the Theorem 2., Theorem 3. and Theorem 4. are carried
out analogously to the proof of the preceding theorem. For brevity we write
only few formulas (without details) in this proofs.

Proof of Theorem 2.

VD = \/(2k)* —4=(2k-1,1,k - 2,1,k —2), for k>3
a2n+1 _ﬁ2n+l

_ 2n+1 2n+1 - _
= ot 4 g Ky = ———,
a-f

Hynpa
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(a _ 2)a2n+1 + (ﬁ _ 2)ﬁ2n+1

H4n+2 = 2 )
I% (Q—2)Cl2n+1 . (ﬁ_z)ﬁ2n+1
iy =
C1271+2 + ﬁ2n+2 02n+2 _ ﬁ2n+2
Hippg = ———— | Kyyg=—n—"
4n+3 9 L4n43 2(a — [3)
for n > 0 and

(2a = 1)a?™t? 4 (26 — 1)p?n+?
Hinyq = 5 s
. (2a . 1)a2n+2 _ (2[3 _ 1)ﬂ2n+2
1\4n+4 = >
2(a - )
for n > —1 and

1 for r =3
Hfl - DK,zl = {4, forr =1 } = (—1)7'_1cr+1, n > 0.
5—4k, forr=2or 4

Proof of Theorem 3.

VD =k —=1=(k-1,1,2k—2), fork>2

an+1 +ﬂn+1 i an+1 _ /Bn+1
Hopngr = — Kont1 = Tasg
(a _ 1)an+2 + (ﬂ _ 1)ﬂn+2
Hynys = 2 ,
N (O‘—- l)an+2 _(,8__1)/371-1-2
[\2n+2 = o — ﬂ 9

for n > -1 and

. 1, forr=1 _
Hongr — 1)A§n+r = {2/__ % forr =0 } = (__1)1' lcr-{-ls n 2> 0.

Proof of Theorem 4.

VD = k? +1 = (k,2k), for k> 1

o O1n-‘i—1 +ﬁn+1 K- an+1 _Ign+l
n = 9 ) n o — ﬁ

13
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H: - DK: = (=)™ = (=1)"'c.y1, (that is ¢,y = 1 for any n).
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