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CONVERGENCE OF
HOMOGENEOUS MATRIX-VALUED A-MARTINGALES

Tibor Témacs (Eger, Hungary)

Abstract. 1. Fazekas in [3] studied the classical martingale convergence theorem of Doob
for one-parameter A-martingales. The theme of this paper is similar but for two-parameters

homogeneous A-martingales.

1. Preliminary result

Let (2, F, P) be a probability space in which (§;:¢ =1,2,...) is a sequence of
random variables. Let (F;:¢ = 1,2,...) be a sequence of o-subalgebras of F. We
call the process (&, F;) ¢ = 1,2, ... a linear martingale if &; are F;-measurable and
integrable for every i = 1,2, ... furthermore

E(& | Fic1) =a1(D)&i—1+ - + am(i)€i—m

for every i > m integers where m is a fixed integer. This process satisfies equation
E(X: | Fi—1) = A(t)Xt—1 for every t > m where

ar(t) ... am,(t)
St 1 0 0
Xe=1 : and A(t) = _ o :
- o
Generalized we call an m-dimensional process (X, F;) t = 1,2,... A-martingale if

X integrable, A(t) are given non-random matrices for every ¢ positive integers and
E(X: | Fio1) = A@)Xe—1 (¢ = 1,2,...). If A(t) does not depend on ¢ then X; is
called a homogeneous martingale. Let Ay = X; — A(t) X1, A(s, s) = I the identity
matrix and

A(t,s) = A(t)A(t —1,5)

for every t > s furthermore we assume that the limit A(s) = tlim A(t, s) exists
— 00
¢
for every s = 1,2,.... Let Y; = > A(s)A; which is called the accompanying
s=1
martingale of X;. I. Fazekas proved in [3] the following theorem:
If ||A(t, s) — A(s)|| < ci—s (t>8), D en < 00, there exists a positive function

n=0

f(w) for which f(w)||As(w)|| < ||A(s)As(w)]|| for every s > 1 and w € £ and
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supE|| X¢|| < oo then tlim Xt = X almost surely. ( ||.|| denotes the norm of
t — 00

matrix.) In this paper this result is extended to two-parameter version.

2. Main result

Let N denote the set of positive integers and let m be a fixed positive integer.
Let (2, F, P) be a probability space in which (¢;;:4,j € N) is a sequence of real-
valued random variables. Let (F;;:4,j € N) be a sequence of o-subalgebras of F
which satisfies the so-called condition (F4) introduced by Cairoli and Walsh [2]:

]E(f | ]:ij) = ]E(]E(f ‘ ]:z'oo) | ]:ooj) = E(]E(f | ]:ooj) ‘ ]:ioo)y (F4)

for every i,j € N where Fioo = o{Fi;:j € N} and F; = o{F;;:i € N} (o{.}
means generated o-algebra).
In order to study a convergence property of &; we introduce the following
matrix:
&ij—m+1 ce G
Xij = : :

giferl,jferl ... §i7m+1,j

Definition 1. Let Ay be given non-random real matrices (their types are m x m).
Suppose that Ag o = I (the identity matrix),

NijAp = Nigr e Vi, g,k 1 € NU{0} (1)
Xij is Fij-measurable and integrable for every i,j € N. If
E(Xitk,j+i | Fij) = A Xij

for every k,l € NU{0} and 4, j > m integers then the process (X;;, Fi;) ¢,7 € N is
called a homogeneous matrix-valued A-martingale.
Let us introduce the martingale difference

Ajj = Xij —E(Xij | Fim1y) —E(Xaj | Fij—1) + E(Xij | Fie1,5-1)
=X —MNoXic1; — Mo X1+ A1 Xm0

for 4,7 > 1 integers, Ay 1 = X11, A1 = X1 — A1, 0X;-1,1 for i > 1 integers and
Ay =X1,; — Mo X1 j—1 for j > 1 integers.

i J
Lemma 1. With the previous notations and conditions X;; = > > Nj_g j—1Ag
k=11=1
for every i,j € N.
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Proof. Using (1) we have this lemma by induction.

Definition 2. We assume that Ay; is convergent and A = klim Ag;. Then

l— o0
T S W
k=1 1=1
is called the accompanying martingale of Xj;.
Lemma 2. If f:RT — R" is a convex non-decreasing function and

sup Ef (|| X)) < ¢ < o0
2,3

then supEf(||Y:;]]) < ¢ as well. (In this paper ||.|| denotes the norm of a matrix.)
]

Proof. Let r, s be fixed integers, 1 <i<r, 1 <j < s and

TS) ZZAr kos—1 D% 0

k=11=1

Then it is easy to see that (f(\|§/;§-rs)\|,]:ij) 1 <i<r 1<j<sisareal
submartingale, so we get by Lemma 1

Ef(IYY)) <EFIYEO)) = Ef(1Xnsl) < ¢

for every 1 < i <r, 1 < j < s integers. On the other hand lim ngm) Y;; thus

s—00

by Fatou’s lemma we have Lemma 2.

Theorem. Let the process (X;j,F;;) 4,7 € N is a homogeneous matrix-valued
A-martingale which is satisfies (F4). Let us suppose that Ay, Is convergent, A =
klim Ay and there exist constants c; such that

l—o0

oo oo
Ak — Al <ew and DY e < oo (2)
k=1 I1=1
for every k,l € N. If
|Awll < " (3)

for every k,l € N where 0 < ¢ < 1 is a fixed real number and

s;gﬂa(||xkz|1og+<||xm|>) < o0 (1)
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then X;; converges almost surely.

Proof. We get by Lemma 1 and (2)

.

[ Xi; = Yisll = > (Nickjo1Ag — AAy)

k=1 l=1

g

i
D Aickjot = Al [ Awl < Z Cit,j—t | Akt]-

k=1 1=1 k=1 1=1

<.

Let r =14 —k and s = j — [ thus we have by (3)

i—1j-1 i—1j—1
X = Vil = D0 T erallAicrjsl DD eneg T =
r=0s5=0 r=0 s=0
1 i—1j—1
o 2 D ersd Y
q r=0 s=0
So we get by Kronecker’s lemma (see it for example [4]) that lim || X;; —Y;;]| = 0.
j—oo
By (4), Lemma 2 and Cairoli’s theorem (see in [1]) there exists lim Y;; thus the
Jj—roo

Theorem is proved.
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