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ON POLYNOMIAL VALUES OF THE SUM AND THE PRODUCT
OF THE TERMS OF LINEAR RECURRENCES

Kalman Liptai (Eger, Hungary)

Abstract. Let ¢V={G{" }:10 (i=1,2,...,m) linear recursive sequences and let F(z)=dz7+
dpxP+d,_12P " +...4+dy, where d and d;’s are rational integers, be a polynomial. In this paper

we showed that for the equations » G&?:F(z) and [ G;ii):F(m) where z;-s are non-negative
i=1 i=1
integers, with some restriction, there are no solutions in z;-s and z if g>qo, where qo is an effectively

computable positive constant.

AMS Classification Number: 11B37

1. Introduction

) .\ ) 00
Let m > 2 be an integer and define the linear recurrences G = {GC(EZ)}
z=0
(i =1,2,...,m) of order k; by the recursion
(1) 6P =aAPCD, 4 ADCD, 4+ ADGD (@ >k > 2),

where the initial values G;i) and the coefficients A% (j=0,1,...,k; — 1) are

j+1
rational integers. Suppose that

A (e

+ ‘GY)

bt et ) #o

for any recurrences and denote the distinct roots of the characteristic polynomial

gD (u) = v — Agi)ukifl L A}(:i)
of the sequence G by agi),aéi),~..,a§f) (t; > 2). It is known that there

exist uniquely determined polynomials pgi) (u) € Q(agi),agi),...,ag))[u} (j =

1,2,...,t;) of degree less than the multiplicity mg-i) of roots a;i) such that for
x>0

@ G =p @) (o) + @) (o) + 4P w) (o)
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Using the terminology of F. Matyas [9], we say that G(!) is the dominant

sequence among the sequences G (i = 1,2,...,m) if mgl) = 1, the polynomial
(1)

pgl)(x) = a is a non-zero constant and, using the notation o7’ = ¢,

(1)

(3) ol = [af"] > |af?] =+ > |af]

and |of > ’ay)

for2<i<mand1l<j<t,. (Since A,(Cll) € Z\ {0}, therefore || > 1.) In this case
xT
(4) GV = ao* +p{) (@) (o) + -+ pP (@) (af)

If ‘agi) (j =2,...,t) in a sequence G and mgi) = 1 then we denote

>‘ (0

pgi) (x) by a;, in the case i =1 by a.
In the following we assume that

(5) F(2) = do? + dpa? + dp_12P71 + -+ + dy,

is a polynomial with rational integer coefficients, where d # 0, ¢ > 2 and g > p.
In the paper we use the following notations:

(6) Xt wayetm = ZG@
i=1

and

(7) Go1,w2,esam = HG(Z)
i=1

where x;-s are non-negative integers.

The Diophantine equation
(8) G, = F(x)

with positive integer variables n and x was investigated by several authors. It is
known that if G is a nondegenerate second order linear recurrence, with some
restrictions, and F(z) = dz? then the equation (8) have finitely many integer
solutions in variables n > 1 and ¢ > 2.

For general linear recurrences we know a similar result (see [11]). A more
general result was proved by I. Nemes and A. Pethd [10], furthermore by P. Kiss
[4].

Using some other conditions, B. Brindza, K. Liptai and L. Szalay [2] proved
that the equation

1) (2
G 1) G 2) - w!
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implies that ¢ is bounded above, while L. Szalay [12] made the following gener-
alization of this problem. Let d # 0 fixed integer and s a product of powers of

given primes. Then, under some conditions, the equation ng;ll) sz) e GéTL) = sw?
in positive integers w > 1,q,x1,...,T,, implies that ¢ is bounded above by a
constant.

The author in [8] showed that for the equation e = F (x), with some
restriction, there are no solutions in n,m and x if ¢ > qg, where qq is an effectively
computable positive constant.

With some restrictions, P. Kiss and F. Matyas [7] proved an additive re-
sult in this theme, namely, if X, ., = sw? for positive integers w >

"3I7'L

1,21,22,...,2Zm,q and there is a dominant sequence among the sequences G,
then ¢ is bounded above.

P. Kiss investigated the difference between perfect powers and products or
sums of terms of linear recurrences. Such a result is proved in [3] for the sequence

G which has the form of (4). Namely, under some restrictions, ‘swq — chl)’ > e

for all integers w > 1,x,q and s, if x and ¢ > n1, where ¢ and n; are effectively
computable positive numbers. Using some conditions, P. Kiss and F. Matyas [6]
m . .
generalized this result substituting Gg(cl) by [] G&?, where the sequences G have
i=1
the form of (4).
F. Matyas [8] proved a similar result in additive case.

2. Results and proofs

Using the notations mentioned above, we shall prove the following theorems.

Theorem 1. Let G (i =1,2,...,m; m > 2) be linear recursive sequences of
integers defined by (1). Suppose that GW is the dominant recurrence among the

sequences G\ and o ¢ Z. Let K > 1 and 0 < §; < 1 be real constants, F(x) and
X1 mo,....zm are defined by (5) and (6) with the condition p < d1q. If

x1 > K max (z;)
2<i<m

then the equation
(9) 21 w2yt = F(x),

in positive integers x > 2,21 > X2,...,Tm,q implies that ¢ < q1, where q; is an
effectively computable number depending on K, 61, F(x), m and the sequences G¥).

Theorem 2. Let G@ (i = 1,2,...,m; m > 2) be linear recursive sequences of
integers defined by (1). Suppose that |agl)| > |a§-2)| for1 <i<mand2<j<t;,
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moreover ag )_s are not integers. Let 0 < v < 1 and 0 < 62 < 1 be real constants,

F(z) and Gy, 4,,.. are defined by (5) and (7) with the condition p < da2q. If

'3I77L

x; > ymax(x1,...,Ty) fori=1,...,m then the equation
(10) Gy, = F(x),
in positive integers x > 2,x1 > Zo,...,%t,q implies that ¢ < g2, where qs is an

effectively computable number depending on 7y, d2, F'(z), m and the sequences G,
Remark. P. Kiss in [5] proved similar results with other conditions.

In what follows we need the following auxiliary results.

Lemma 1. Let wy,wa,...,w, (w; # 0 or 1) be algebraic numbers with heights at
most My, Ma, ..., M, > 4, respectively. If by, bs, ..., b, are non-zero integers with
max(|b1|, b2, .., |bn-1]) < B and |b,| < B’, B’ > 3, furthermore

A = |bylogwy + balogws + - - - + by logwy| # 0,

where the logarithms are assumed to have their principal values, then there exists
an effectively computable positive constant C, depending only onn, My, ..., My, _
and the degree of the field Q(w1, . ..wy,) such that

A > exp (—Clog B'log M,, — B/B").

Lemma 1. is a result of A. Baker (see Theorem 1. in [1] with § = 1/B’).
For the sake of brevity we introduce the following abbreviations. For non-
negative integers x1, xs, ..., Ty let

(2) (z) i t1 m ot

. D (];) (Ol] ) .

(11) e =L a=3 e, =33
i=2

a a1
i=2 j=1

and € = €1 + £5. Using (2), (4) and (6)
t . Ty
Srpnmn =00 4 3o (o) 33 (o)
Jj=2 i=2 j=1
and by (11) we have

(12) DI aa®™ (1 + &1 +€2) = aa™ (1 +¢).

HTm T

Let
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So (5) can be written in the form
(14) F(z) = dz?(1 + e3).

The following three lemmas are due to F. Matyas [8|, where n1,n2, ng means
effectively computable constants.

Lemma 2. Let GV be the dominant sequence among the recurrences G (1<
i < m) defined by (1). Then there are effectively computable positive constants c;
and ny depending only on the sequence G") such that

‘€1| <e Gt

for any n1 < x7.

Lemma 3. Let G be the dominant sequence among the recurrences Gt (1 < i <
m) defined by (1), 1 < K € R and =1 > K2r<n;ix (). Then there are effectively

computable positive constants co and no depending only on K and the sequences
G such that

‘€2| < e “2n

for any ny < x7.
Lemma 4. Suppose that the conditions of Lemma 2 and Lemma 3 hold. Then

there exist effectively computable positive constants cs, cs4, n3 depending only on
K and the sequences G such that

c3T1 | ‘ CaT1
e <Xzt asam| <€

for any integer x1 > ns.
The following lemma is due to P. Kiss and F. Matyas [6].

Lemma 5. Let vy be a real number with 0 < v < 1 and let G, .. ... be an integer
defined by (7), where x1, . .., xz,, are positive integers satisfying the condition x; >

ymax(zy,...,x) and |agi)| > \agi)| for 1 < i <m and 2 < j < t;. Then there
are effectively computable positive constants c; and n4, depending only on the
sequences G and v, such that

m
(15) Gorpm = (H aia‘fi> (1+ea),
i=1

where

‘€4| < 6765-maX(r1,m,mm)

for any max(z1,...,Zm) > n4.
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Remark. In general agi) is named the dominant root of the i-th sequence, if agi) ‘ >
’ay)‘ for 2 < j < t..
Proof of Theorem 1. In the proof cg,c7,... denote effectively computable

constants, which depend on K, &y, F(x) and the sequences G(*). Suppose that (9)
holds with the conditions given in the Theorem 1. and z; is sufficiently large. Using
(9), (14) and Lemma 4. we have

< efo™1

(16) |dz?(1 + &3)] = [F(2)| = |21 25,20

Taking the logarithms of the both side we get
[log |d| + qlogx + log |1 + €3]] < csz1
that is
(17) qlogx < crxy.
Now, using (11) and (13), the equation (9) can be written in the form

aq’?

| =1 +es| e

(18)

We distinguish two cases. First we suppose that
aa™t = dx9.

Let o/ # o be any conjugate of a and let ¢ be an automorphism of Q with
o(a) = o'. Moreover,

¢ (a) (p(a))™ = ¢ (dz).

- (5)

whence x7 is bounded, which implies that ¢ is bounded. Now we can suppose that
aa’l 1. Put

dxd

Thus

aa®t
dxd

L= llog‘

= ’10g la] + z1 log |a| — qlogz — logd
and employ Lemma 1. with My =z, B’ = ¢ and B = z;. We have

(19) L; > exp(—cglogglogx — %)
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Using (9), (11), (12), (13), (14) and (17) we have
cox? < dx?(1+e3) = aa™ (14 ¢e1 +e2) < crpz?,

that is
cr1iz? < a®' < cp2f.

Using (13), the previous inequalities and the condition p < ;¢ we have

c13(¢—p) c13q(1—61)
1 1
(20) les| < - <| = < exp(—c1421).

xT

Recalling that |log(1 + z)| < z and |log(1 — z)| < 2z for 0 < z < % and using (20),
Lemma 2. and Lemma 3. we find that

‘log |1+ es] |1 +5\71’ < exp(—c1521)

Using (17), (18), (19) and (20) we have the following inequalities

X1 C7X1 X1
c15x1 < cglogglogx + ? < cg loqu + ? < c1gx1

This implies

c lo
B gq.
C16 q

The previous inequality can be satisfied by only finitely many ¢ and this completes
the proof.

Proof of Theorem 2. Similarly the previous proof, ¢;-s denote effectively com-
putable positive constants, which depend on ~, s, F(z) and the sequences G,
Suppose that (10) holds with the conditions given in Theorem 2. Let z1,. ..,z be
positive integers and let o = max(x1,...,x:). We suppose that «j is the dominant
root of the sequence which belongs to . Using Lemma 5. we have

(21) eI < Go = F(x) < ef18%0

if xo > n4. So by (10) and (21) we get
(22) |dz?(1 + e3)] = [F(2)| = |Gay 20,00 | < €757
Taking the logarithms of the both side we get

[log |d| + qlog x 4 log |1 + e3]| < c1820
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that is
(23) qlogx < ci9xp.

The equation (10) can be written in the form

m
[T aie”
1=1

(24) =

= (1+4e3)(1+ 64)_1.

We distinguish two cases. First we suppose that

m
H a;0f" = dx.
i=1

Let o, # as be any conjugate of o and let ¢ be an automorphism of Q with

¢(a) = o'. Moreover,
m
v (H a) = ¢ (da?)
i=1
that is
m m
Haiafi = (H am?) .
=1 i=1

Since o dominant root, p(a;) < ;i =1,2,...,m we have

whence xg is bounded, which implies that ¢ is bounded. Now we can suppose that

t
IT aia® # dz9. Put
i=1

m
[ aic

L2: log Zle =

m m

Zlog |a;| + sz log |a;| — logd — qlogx

i=1 i=1

and employ Lemma 1. with Mo 19 = 2, B = g and B = xg. We have

(25) Ly > exp(—cglogglogx — %)
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Using (15) and Lemma 5. we have
coox? < dxl(l+e3) = Haiaf"(l +e4) < co12?
i=1

that is
xo q
oz’ < cor2f.

Using (13), the previous inequality and the condition p < d2¢ we have

c22(q—p) c22q(1—02)
1 1
(26) les| < - < |- < exp(—casp).

xT

Recalling that [log(1 + z)| < z and |log(1 — z)| < 2z for 0 < z < 3 and using (26)
and Lemma 5. we find that

(27) ‘log 1 +e3||1+ 54|_1‘ < exp(—caqp).

Using (23), (24), (25), and (27) we have the following inequalities

C1970 Zo

Zo
Co4T < co0log qlogx + ? < c9plogq

This implies
c lo
24 - g q.
C25 q

The previous inequality can be satisfied by only finitely many ¢ and this completes
the proof.
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