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ON PRODUCTS AND SUMS OF THE TERMS
OF LINEAR RECURRENCES

Péter Kiss & Ferenc Matyds (Eger, Hungary)

Abstract. Forafixed integerm>2,let {G{) }°° (1<i<m) be linear recursive sequences of

integers, Mz, zs,....2m =G£11)G(” G("‘) and let = max (z;). In the paper it is proved, under some
“ 1£i<m

restrictions, that there are effectively computable constants ¢ and no such that |5~HI, T nTm |>
e“® if s is an integer having fixed prime factors only, z>ne and x;>v-« for any 1<j<m with a
fixed real mumber 0<~y<1. Similar result can be obtained if we replace the pruduct of the terms

by their sum.

AMS Classification Number: 11B39, 11J86.

Keywords: linear recursive sequence, linear forms in logarithms.

1. Introduction

Let the linear recurrences G¢) = {C'(l)} (t=1,2,...,m; m > 2) of order

n=0
k; be defined by the recursion

(1) GO = AVGE L + AP G 4+ ALGE (> ki 2 2),

n~’7

where the initial values G’? and the coefficients 424{1 (j =0,1,...k; — 1) are

rational integers. Denote the distinct roots of the characteristic polynomial
(2) gD (@) = 2bt - APkt o 40

) (2) L)

of the sequence G*) defined in (1) by v (¢ > 2), and suppose that

z
+|1’1

Research supported by the Hungarian OTKA Foundation, No. T 032898 and
T 29330.
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4 P. Kiss & F. Matyas

for any ¢ (1 < i < m) It is known that there exist uniquely determined
polynomials py (z) € Q(o«1 ,aq), . (z))[;v] (j =1,2,...,t;) of degree less than

O]

the multiplicity m; " of the roots a] ) such that for n >0

@ 60 =p00) () P (o) + D) ()

In that special case when g{")(2) has a dominant root, say o; = a(li), that is,
when the multiplicity of «; is 1 and |a;| > ‘aﬁ“’ for j =2,3,...,4;, then |a;] > 1,
since IAS;) > 1, and p(li)(n) in (3) is a constant which will be denoted by «;. In

this case

(4) 69 = ai (o) + 98 () (87) 44 D) (o),

where we suppose that a; # 0.

We say G(1) to be the dominant sequence among the sequences G0) (1 <i<
(i)
o

m) if g (z) has a dominant root oy and the inequalities

(4,7) # (1,1), where 1 <i<mand 1 <j <1;.

hold for any

T. N. Shorey and C. L. Stewart [13] investigated the counection between the
sequences defined by (4) and perfect powers, then A. Pethd [11], [12] and P. Kiss
[6] proved important results in this field. Recently, some similar multiplicative and
additive problems have been solved by B. Brindza, K. Liptai and L. Szalay [3],
L. Szalay [14], P. Kiss and F. Matyas [8-9] and F. Métyas [10]. All of the authors
show, under some restrictions, that if a term (product or sum of terms) of linear
recurrences is a perfect power then the exponent of the power is bounded above.

The problem is similar when we want to consider those sequences G(*) where
the terms of G*) have given prime factors only. Let p1, pa,...,p, be given distinct
rational primes and let

(5) S={s€Z : s==%p7'...pi", 0<e €N}.

K. Gyéry, P. Kiss and A. Schinzel [4] showed that if G, is a term of Lucas or
Lehmer (special second order) recurrences then

(6) Gy €S

holds only for finitely many sequences and finitely many integers z. K. Gyéry [5]
Improved this result.
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P. Kiss [6] proved that if G*) is defined by (4) then, under some conditions,
G — s

computable positive constants depending only on the pimes p1, ps, ..., p, and G,

l,- . .
> e ¥ for all integers s € S and 2 > n’/, where ¢’ and n’ are effectively

P. Kiss gave a summation of the results concerning this topic in [7], where
among others there were cited two theorems (Theorem 3 and Theorem 6) without
proofs hoping that the paper containing the proofs had already appeared. Unfor-
tunately, because of some technical reasons, these proofs can appear only in this
paper. So the purpose of this paper is to restate the above theorems and to present
their proofs. These theorems generalize and extend the result of P. Kiss [6] for the
products (and the sums) of terms of linear recurrences defined by (3) and (4).

2. Results

For brevity we introduce the following abbreviations:

m
(i
_ (4)
(7) Hil“l,l".',»-»,l‘m - H("Jr,
i=1
and
m
_ (2
(8) Ei'?hl'mm,'fm - E :G-'(I‘.)’
i=1
where 21, 22,..., 2, are positive integers. The following two theorems will be
proved.

Theorem 1. Let v be a real number with 0 < 7 < 1 and let .S be the set of integers

defined by (5). Suppose that for any 1 < i < m the polynomial y@')(z) defined by

(2) has a dominant root «; = a&” and the sequence G is defined by (4). Then

there exist positive real numbers c¢o and ng such that if = 11<1132x (z;) > no,
__l_nl

m

(9a and 9b) Haicvf‘ ¢S and r;>vz for 1 <i<m,
i=1
then
(10) |s =g, g, w,.| > €7
for any s € S and positive integers z1,22,...,2,. The constants ¢y and ng

are effectively computable positive numbers depending only on v, the primes
P1,DP2, -, pr and the parameters of the sequences GV (1 < i < m).
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T

Corollary. Under the conditions of Theorem 1, Iy, o, .. ¢ Sifr= max (z;) >

1<i<m
ng.

Theorem 2. Let G (1 < i < m, 2 < m) be sequences defined by (3) if2 <i<m
and by (4) if i = 1 and let S be the set of integers defined by (5). Suppose that G(!)

is the dominant sequence (with the dominant root oy = a(ll)) among the sequences
G® (1 < i< m). Then there exist positive real numbers ¢; and ny such that if

(11a and 115) ara]' ¢S and x> max (x;),

2<i<m
then
1T
|3 - E:vx.fz ,,,,, l'ml > ettt

for any s € S and positive integers x1,2s,. .., T, satisfying the condition xq > ni.
The constants c¢; and ny are effectively computable positive numbers depending
only on the primes py,pa, . .., py and the parameters of the sequences G*) (1 < i <
m).

Corollary. Under the conditions of Theorem 2, ¥y, v, .z, & S if 1> ny.

3. Lemmas and Proofs

To prove the theorems we need the following auxiliary results.
Lemma 1. Let
A =70+ 71 - logwi + 72 logwa + -+ 7, - logwn,

where the ¥'s and w's denote algebraic numbers (w; # 0 or 1). We assume that not
all the v's are zero and that the logarithms mean their principal values. Suppose
that w; and vy; have heights at most M;(> 4) and B(> 4), respectively, and that

the field generated by the w's and +'s over the rational numbers has degree at most
d. If A #0, then

|A] > (BQ)—CQ»logﬂ',

where
Q =log My -log My---logM,, & =Q/logM,

and C = (16nd)*%" . If vo = 0 and v1,72, ..., vn are rational integers, then

IAI > B—Cﬂlog Q'A
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Proof. It is a result of A. Baker [1]. (We mention that this result was improved
by A. Baker and G. Wiistholz [2], but we do not calculate the exact values of the
constants thus we use only the result of Lemma 1.)

Lemma 2. Let v be a real number with 0 < v < 1, Iy, 5, .z, be an integer
defined by (7) and G (1 < i< m, 2 < m) be sequences defined by (4), that

is, for any 1 < i < m the polynomial g(i)(a:) has a dominant root «; = a(li). If
z; > y-max(21, &2, ..., 2m), then there are effectively computable positive constans
¢» and n, depending only on the sequences G*) and v, such that

HJ‘l Pl — (H ”iuj‘x> (1 + ‘5))

=1

— e

where |¢| < e for any © = max(z1,2a,...,%m) > Na.

Proof. For the proof see Lemma 2 in [9].
After these lemmas we present the proofs of the theorems. We mention that
the constants ¢; and n; (7 > 2) shall always denote effectively computable positive

real numbers depending on «, the primes p1,pa,...,p, and the parameters of the
recurrences. One can compute their explicit values similarly as in [9-10].

Proof of Theorem 1. Suppose that the conditions of the theorem are fulfiled and
(12) |5 - Hl‘l,ﬂz,-»-yﬂ?m] < ech
with a suitable constant cj > 0 and sufficiently large z. By Lemma 2,
m
(13) Oy = (Hr(m»’m) (14 2),
=1

where |e| < e %" if > nz. On the other hand, by (9b),

(14)

> ¥

a0
I | ot = o= > gi=l

i=1

m m m m
m ‘ ZIOgla.HZ z; log o) ZIOg\a,|+7leog|a.|
=1 1=1

if > ng. Using (13) and (14), from (12) we can get the inequalities

!
$ ‘o

€ ; .
m (l + E) S - < 6(60_63)1 = 6—641"

M aio? 1 laio?|
=1 =1
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1

if ¢, < c3. From this estimation, with |¢] < e™¢27,
s 4 e
(15) | <1+ e[+ e <14 e
H ;o
=1

2

follows if @ > ny, which implies that

m

m . . Zlog[aiH»:r Zlogla;]
|s| < (1+e7) H laia? | < (1+4e™%%) e 1= i=1 < efet

i=1

if > ns. Since by (5), using the notation y = max (e5),
StAT

T r

. 2

RIEEN |5| — pr, > Hze. > W — Y log-,
i=1 i=1

therefore
(16) y = 11%1?;(?_(65) < crx.
Let A = |log |-+——1||. It is clear by (9a) that A 3 0, while by (15) and the

<
H G e,
=1

properties of the logarithm function,
(17) 0<A<log(l+e™ %) < e,

Now we give a lower estimation for

r m m

A= Zeilogpi — Zlog\ai[ - Z.’L‘ilog\cm .

i=1 i=1 i=1

Since the numbers p;, |ai] and |a;| are algebraic ones with bounded heights, further
on the numbers e; and z; are bounded above by c72 (see (16)) and 2, respectively,
thus by Lemma 1

(18) A >e—C310g:L‘.

(17) and (18) imply that
csx < cglog x,
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that is,

< Cg,
log

but this is a contradiction if @ > ng. Therefore the inequality (10) of the theorem
holds with 0 < ¢g < ¢3 and ng = 11<1£l<}(6(71,‘J,
3<i<6"

Proof of Theorem 2. Using the estimation

(19) layalt| = gloglarl+wxiloglarl  er0zs
if 21 > n7, suppose that

(20) |5 = oo, | < €17

with a suitable constant 0 < ¢] < c1g and sufliciently large ;.
Using (4) for G and (3) for G (2 < i < m), then

b pt () (ot o
(21) E:L‘],{L‘:g,...,-l'm = (LlLYTI 1 + Z )(7 ( ] )

=2 11 (A1

—— = ara (14 €1)

for any rjp > ns where |e1| < e %1% since x; > max (2;) and |aq| > a'(rl) for
) 3 2<i< 2, 1 7
ZN1sm

any (7,7) # (1,1). From (20}, by (19) and (21), we get that

7 !
s ef1t1 eC1¥1

- (]- +e)| < < = e(cll_clﬁ)*vl — e~ t12¥1
' - |(1, at? C1pdy
14¢7 | €

)

Ot

if 7 > ng. This implies the inequalities

(22) l% < 1+|51|+€_C”$1 < 14 e T2
o

1

if 1 > nip. From this we can get

lsl < l(l-lﬂ'ﬂfl[ (]. -+ e_c“’”l) < et
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if 21 > nq1. According to (5) and the notation y = max (e3),
_l_’l'

”
eCHTL ‘St — Ilpfx > W — eylogz’
i=1
that is,

(23) Yy = 112515)(1(6,) < C15271.

Let A = ‘log ’ .

a;al

. By (11a), A # 0. From (22) we can obtain an upper estimation

for A, as follows:
(24) 0 <A <log(l+4ecso1) emc1s®,

To construct a lower estimation for A we apply Lemma 1 for

A= Zei log p; — log |a1] — 21 log |eq]| .

i=1

We can similarly get, as in the proof of Theorem 1, that

(25) A > emisloga

Making a comparison between (24) and (25), we get
c1321 < c16 log 1,

from which

Z1
26
(26) log #1 < cr

follows. This proves the theorem, since (26) is a contradiction if z; > nis, that is,
the theorem holds with 0 < ¢; < ¢19 and ny = _121_2)&0(7”).
1_1.__ -

The statements of the corollaries are obvious by the theorems.

References

[1] BAKER, A., A sharpening of the bounds for linear forms in logarithms II.,
Acta Arithm., 24 (1973), 33-34.

(2] BAKER, A., WUsTHOLTZ, G., Logarithmic forms and group varietes, J. Reine
Angew. Math., 442 (1993), 19-62.



On products and sums of the terms of linear recurrences 11

[3] BrINDZA, B., LipTal, K. AND Szaray, L., On products of the terms of linear
recurrences, Number Theory, Eds.: Gy6ry — Pethé — Sos, Walter de Gruyter,
Berlin — New York, (1998), 101-106.

[4] Gy6ry, K., Kiss, P. AND SCHINZEL, A., A note on Lucas and Lehmer
sequences and their applications for diophantine equations, Collog. Math., 45
(1981), 75-80.

[5] GYO6Rry, K., On some arithmetical properties of Lucas and Lehmer numbers,
Acta Arithm., 40 (1982), 369-373.

[6] Kiss, P., Differences of the terms of linear recurrences, Studia Sci. Math.
Hungar., 20 (1985), 285-293.

[7] Kiss, P., Results concerning products and sums of terms of linear recurrences,
Acta Acad. Agriensis Sectio Math., 27 (2000), 1-7.

[8] Kiss, P. AND MATYAS, I'., Perfect powers from the sums of terms of linear
recurrences, Periodica Mathematica Hungarica, 42 (1-2) (2001), 163-168.

[9] Kiss, P. AND MATYAS, I, Product of terms of linear recurrences, Studia Sci.
Math. Hungar., 37 (3-4) (2001), 355-362.

[10] MATYAs, F., On the difference of perfect powers and sums of terms of linear
recurrences, Riv. Mat. Univ. Parma, (6) 3 (2000),77-85.

[11] PeTHS, A., Perfect powers in second order linear recurrences, J. Number
Theory, 15 (1982), 5-13.

[12] PETHG, A., Full cubes in the Fibonacci sequence, Publ. Math. Debrecen, 30
(1983), 117-127.

[13] SHorEY, T. N. AND STEWART, C. L., On the Diophantine equation az? +
bz'y + cy* = d and pure powers in recurrence sequences, Math. Scand., 52

(1982), 24-36.
[14] SzaLay, L., A note on the products of the terms of linear recurrences, Acta
Acad. Paed. Agriensis, 24 (1997), 47-53.

Péter Kiss and Ferenc M4atyas
Kéroly Eszterhazy College
Department of Mathematics
H-3301 Eger, P.O.B. 43.

Hungary

c-mail: kissp@ektf.hu

e-mail: matyas@ektf.hu






Acta Acad. Paed. Agriensis, Sectio Mathematicae 28 (2001) 15-19

REAL NUMBERS THAT HAVE GOOD DIOPHANTINE
APPROXIMATIONS OF THE FORM r,,41/7,

Andreas Dress & Florian Luca (Bielefeld & Morelia)

Abstract. In this note, we show that if & is a real number such that there exist a

constant ¢ and a sequence of non-zero integers (Tn )nzo with 1imy, o |1’n‘ = o0 for which

Tn41 c - ) . :

L ﬁ holds for all n > 0, then either v € Z\{0, %1} or & is a quadratic
T e

unit. Our result complements results obtained by P. Kiss who established the converse in Period.
Math. Hungar. 11 (1980), 281-187.

AMS Classification Number: 11J04, 11J70

1. Introduction

Let « be a real number. In this paper, we deal with the topic of approximating
a by rationals. It is well known that there exist a constant ¢ and two sequences of
integers (uy, Jn>o and (Vg )n>o with v, > 0 for all n > 0 and v, diverging to infinity
(with n) such that

(1) or - =2

Un

holds for all n > 0. By work of Hurwitz (see [5]), one can take ¢ := 1//5 and the
1+ V5

5
Several papers in the literature deal with the question of approximating « by
rationals w, /v, requiring u, and v, to satisfy (1) as well as some additional
conditions. For example, if « is irrational and «, b and k are integers with & > 1,
then there exist a coustant ¢ and two sequences of integers (un)nZO and (Un)nZO
with v, > 0 and v,, diverging to infinity such that

above constant is well known to be best-possible for « =

Un

Y — —

v n

< —c; and wu, =a (mod k), v, = (mod k)
Un

(2)

The second author's research was partially sponsored by the Alexander von Humboldt

Foundation.
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holds for all n > 0. The best-possible constant ¢ in (2) is k*/4 in case ¢ and b are
not both divisible by % (see [3] and [4]).

If « is algebraic and 7 is a fixed finite set of prime numbers, then Ridout [10]
inferred from Roth’s work [11] that one cannot approximate a too well by rational
numbers u/v where either v or v is divisible only by primes from P. More precisely,
for every given ¢ > 0, the inequality

1

Ul+f

oo =

v

has only finitely many integer solutions (u, v) with v > 0 and either u or v divisible
by primes from 7, only.

A different type of question was cousidered by P. Kiss in [6] and [7] (see also
[8] and [9]). In [6], it was shown that if & is a quadratic unit with |o| > 1, then
there exist a constant ¢ and a sequence of integers (1, )n>0 with |r,| diverging to
infinity such that -

(4) e R

n ‘ n l?

holds for all n > 0. In [7] it was shown that, in fact, a statement similar to (4) holds
for both « and o® where s > 2 is some positive integer: There exist a constant ¢
and a sequence of integers (1, )n>0 with |r,| diverging to infinity such that both
¢

[Py

of — s
n

and

2

.
(5) }a— ntl ‘ <

Tn

5 2
7| |

hold for all n > (.

An explicit description of a sequence (r,),>0 satisfying inequalities (5) above
was also given in [7]: Let

f=X?4+AX+B (4,B€Z)

be the minimal polynomial of « over Q. Let § be the other root of f. Since « is a
unit, |B|] = |of] = 1 must hold which implies that the sequence

) et

fulfills the inequalities (5) for all n with ¢ := 252720 [a|8]*~ 17,

One may ask if one can characterize all real numbers « for which there exist
a constant ¢ and a sequence of integers (r,, )p>0 with |r,| diverging to infinity such
that inequality (4) or, respectively, inequalit_ies (5) hold for all n > 0. From the
above remarks, we saw that quadratic units « with |«| > 1 have these properties.
Moreover, the sequence r, := o™ (n > 1) shows that integers o with || > 1
also belong to this class. It seems natural therefore to inquire if there are any
other candidates « satisfying the above conditions. The perhaps not too surprising,
answer 1s no. Our exact result is the following.

n>1
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Theorem 1. Let « be a real number.
(i) Assume that there exist € > () and a sequence of integers (1n)n>0 With [ry|
diverging to infinity such that

1

3
IT |§'+E
n

(7) -

Tn

holds for all n > 0. Then, « Is a real algebraic integer of absolute value larger than
1 and of degree at most 2. Moreover, if « is irrational, then the absolute value of
its norm is smaller than \/|«|.

(ii) Assume, moreover, that there exist a constant ¢ and a sequence of integers

(Pn)n>o0 with |ry,| diverging to infinity such that

C

[rn

(8) Ia__ "n+1

Tn

E
holds for all n > 0. Then « Is a quadratic unit or a rational integer different from
0 or £1.

The following result characterizes real numbers « for which - as in (5) - two
different powers can be well approximated by rationals.

Theorem 2. Let « be a real number. Assume that there exist two coprime positive
mtegers sy and sa, two positive integers {1 and 1s, a real number ¢ > 0, and a
sequence of integers (rp)n>0 with |r,| diverging to infinity with n such that

1
|7,n|%+e

7‘n-{-t,‘

(9)

N
7”

hold for all n > 0 and for both i = 1 and 2. Then, either o« € Z\{0, £1} or « Is

quadratic irrational with norm smaller than \/|«| in absolute value. If moreover o
is irrational and there exists a constant ¢ with

si_ I'ntty <

(10)

¥

N 27
n "

then « Is a quadratic unit.

The proofs of both Theorems 1 and 2 are based on the following result which
follows right away from our recent work [1] and [2].

Theorem DL. Let (7, ), >0 be a sequence of integers with |r,,| diverging to infinity.

(1) Assume that

- 2 . 1
(11) lint, oo ————17"’ Pl <



16 A. Dress & F. Luca

Tn41

Then, the sequence ( ) is convergent to a limit « that is a non-zero
n>0

n
algebraic Integer of degree at most 2. If « is irrational, then its norm is smaller

than \/|a|. Moreover, there exists no € N such that (v, )n>n, Is binary recurrent.
(i) If

(12) |72 — raqirno1] < c

holds for some constant ¢ and all n, then « Is a quadratic unit or a non-zero integer.

We point out that in our work [1] and [2], we gave more precise descriptions
for both the sequences (r,)n>0 satisfying (11) or (12), respectively, and the limit
o= lim Int1

n—00

, but the above Theorem DL suffices for our present purposes.
Tn

We now proceed to the proofs of Theorems 1 and 2.

2. The Proofs

Proof of Theorem 1. We will prove (i) in detail and we will only sketch the proof
of (ii).

(i) By replacing the sequence (r,), by the sequence ((—1)" 7’”)n and o by —a
if @ < 0, we may assume « > 0 and r, > 0 for all n > 0. By letting n tend to
o . . v
infinity i (7), we get o = lim ntl

n—co  Ip
a > 1. We now show that o > 1. Indeed, if = 1, then inequality (7) becomes

. Since r, diverges to infinity, we must have

1 7’71+1 1
n A
or
1
l7’n+1_7'n|< o <1,
A

therefore rp,41 = 7, for all n > 0. This contradicts the fact that r, diverges to
infinity. Hence, a > 1.

Now let § be a real number with 1 < é < «, note that v := 2a — 6 exceeds a,
and choose ng such that

holds for all n > ng. From inequality (7), we get that

(13) brp < Tn41 < ¥
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holds for all n > ng. From inequalities (7) for n and n + 1 and the triangular
inequality, we get

9
Irn—f—l - 7’n7’n+2| |t _ Tn42

nTn+1 Tn Tn41

Tn42 1 1
Flom 22 < (S s L),

P4l 5+e .ate

nt T Lt

< ‘Ot _ Tn4l

n

or

|7’?1.|_1 - 7’n+27’n| 1 Tn+41 1 Tn
(14) Mogs = Povaln] 2 P .
IVAEES! Tn Tn Tyt Tn41

Using inequality (13) in (14), we get

bl
‘7'n+1 — Tny27n] C1 €2

S .€ L€
Vil n Tn+1

for all n > ng, where ¢; = /7 and ¢; = 1/6. We now let n tend to infinity in (15)
and get

(15)

2~ n "n— | 1
(16) lim I = it =0< —.

n—oo n \/§

Consequently, the conclusion of part (i) of Theorem 1 follows from part (i) of
Theorem DL.

The remaining assertions of part (ii) now follow from putting € := 1/2 in (15)
and mvoking rpy1/7n < ¥ as well as part (ii) of Theorem DL.

Theorem 1 is therefore established.

Remark 1. The occurence of € > () in the exponent in inequality (7) is unnecessary.
A closer investigation of the arguments used in the proof of Theorem 1 shows that
the conclusion of part (i) of Theorem 1 remains valid if inequality (7) is replaced
by the weaker inequality

[~

, _7'n+1 l—c .
) o v ey

Seles

Remark 2. Assume that « is a real number such that the hypotheses of either
part (19 or part (i) of Theorem 1 are fulfilled. Using the full strength of our
results from [1] and [2], we can infer that if o is an integer, then (rn).>0 is a
geometrical progression of ratio o from some n on. However, if « is quadratic and
the hypotheses of part (ii) of Theorem 1 are fulfilled, we can only infer that (r,)n>0
is binary recurrent from some n on, and that its charateristic equation is precisely
the minimal polynomial of o over Q. However, we cannot infer that (r,),>0 is the
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Lucas sequence of the first kind for a given by formula (6), mostly because the
constant ¢ appearing in inequality (8) is arbitrary. Of course, if one imposes that
tlie constant ¢ appearing in inequality (8) is small enough (for example, ¢ = 1/2),
then the rational numbers r,41/7, are exactly the convergents of «, therefore r,
is indeed given by formula (6) for all n (up to some linear shift in the index n).

Proof of Theorem 2. If one replaces the sequence (rp)n>0 by the sequence
(Rn)n>0 = (Tnt,)n>0, then the first inequality (9) together with part (i) of
Theorem 1 show that «®!' is an algebraic integer, different than 0 or +1, of
degree at most 2. Similarly, if one replaces the sequence (rn)n>0 by the sequence
(Ry)n>0 = (Pat, n>0, then the second part of inequality (9) together with part (ii)
of Theorem 1 show that o®* is an algebraic integer, different that 0 or #1, of degree
at most 2.

From here on, all we need to establish is that o is itself algebraic of degree
al most 2. Assume that this is not so and let & := Qo] and K; = Q[o’!] for
i =1, 2. Since s; and s, are coprime, we get that X' = Q[a®!, «o*2]. Moreover, we
must have [I; : Q] = 2 for both ¢ = 1 and 2, i.e. K 1s a biquadratic real extension
of Q and Gal(K/Q) = Zy @ Z5. Hence, there exist two non-trivial elements ¢4 and
o2 n Gal{ K/Q) with o;(a®) = o, Le.

(17) 1= fﬂ-(n_") N ((7,-((1))*“

(Fe 0

for ¢ = 1, 2. Since X is a real field and o; is non-trivial, formmla (17) lmplies that
oi(a) = —a for i = 1, 2. Hence, o1(«) = o2(r), which implies o7 = 2. But this is

a contradiction. The remaining of the assertions of Theorem 2 follow from Theorem
1.

Theorem 2 is therefore established.
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APPROXIMATION BY QUOTIENTS OF TERMS OF
SECOND ORDER LINEAR RECURSIVE SEQUENCES OF INTEGERS

Sandor H.-Molnér (Budapest, Hungary)

Abstract. In the paper real quadratic algebraic numbers are approximated by the

quotients of terms of appropriate second order recurrences of integers.
AMS Classification Number: 11J68, 11B39

Keywords: Linear recurrences, approximation, quality of approximation.

1. Introduction

Let G = G(A, B,Go,G1) = {G,}5%, be a second order linear recursive
sequence of rational integers defined by recursion

G =AGn_1+ BGL_s (n>1)

where A, B and the initial terms Go, 1 are fixed integers with restrictions AB # 0,
D = A® 4 4B # 0 and not both (y and G are zero. It is well-known that the
terms of (G can be written in form

(1) Gpn = aa™ — b3,

where o and f# are the roots of the characteristic polynomial 22 — Az — B of the

v G,—-G T —
sequence G and a = ‘a_ﬁ"ﬂ, b= C‘a_%"“ (see e. g. [7], p. 91).

Throughout this paper we assume |a| > |B| and the sequence is non-
degenerate, i. e. «/f is not a root of unity and ab # 0. We may also suppose
that G, # 0 for n > 0 since in [1] it was proved that a non-degenerate sequence &
has at most one zero term and after a movement of indices this condition can be

fulfilled.

In the case D = A% 4+ 4B > 0 the roots of the characteristic polynomial are
real, |a| > |B],(B/a)* — 0 as n — oo and so by (1) nli_l&) C%ﬂ‘ = « follows [6].
In [2] and [3] the quality of the approximation of a by quotients G, 41/Gy was

considered. In [3] it was proved that if G is a non-degenerate second order linear
recurrence with 2 > 0, and ¢ and & are positive real numbers, then

1
c|Gal*

Gn+1
Gn

o —
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holds for infinitely many integer n if and only if
(i) k < ko and c is arbitrary,

(ii) or k = kg and ¢ < cq,

(ili) or k = ko, ¢ = cp and B > 0,

(iv) or k = ko,c = co, B < 0 and b/a > 0,

‘o fon — log | B| — VD™~
where ko =2- %'FI’ and co = I—ml'.

If D < 0 then o and 8 are non real complex numbers with |o| = |3] and by
1) we 1 Gnir _ 1=(b/a)(B/e)™ Tt But |8/a| = 1, thus i Gn41 g t
(1) we have Zg* = 7857 . Bu af =1, thus lim =z does not even

exist. The approximation of |«| by rationals of the form |Gy 11/Gp| was considered
e.g. in [3], [4] and [5]. In [3] it was proved that if GG is a non-degenerate second order
linear recurrence with D < 0 and initial values Go = 0,G1 = 1, then there exists a

constant ¢; > 0, depending only on the sequence G, such that ’|a| — ‘G%n‘

a
|<n

for infinitely many n.

In this paper the root « of the characteristic polynom of the sequence G will
not be approximated by the quotients Gp41/Ghp, but by Gpy1/H,, where H is an
appropriately chosen second order linear recursive sequence. We can always give
a better approximation for |e| if D < 0, and for « in the most cases if D > 0 as
it was given by the authors in [3]. This can be achieved by the approximation of
the numbers of the quadratic number field Q(«) when D > 0. The theorems in [3]
can only approximate quadratic algebraic integers. Since at least one real quadratic
algebraic integer « can be found for any real quadratic algebraic number 4, such
that v € Q(«), our theorem can adequately approximate any irrational quadratic
algebraic number, independently whether it is an algebraic integer or not. We are
going to illustrate the above statement and its applicability to non-real complex
quadratic algebraic numbers.

2. Result

We prove the following theorem:

Theorem. Let A and B be rational integers with the restrictions AB # 0 and
D = A* +4B > ( is not a perfect square. Denote by o and 3 the roots of equation
2®—Az—B = 0, where |a| > |3]. Lett = t+8a € Q(a) with integers s, g > 0,p # 0
and r. Define the numbers kg and cg by
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and let k and ¢ be positive real numbers. Then with linear recurrences G(A, B, qr,
psB) and H(A, B,0,qsB) the inequality

1
c|H,|*

t_ Gn+1
’ H,

holds for infinitely many integer n if and only if
(i) k < ko and c is arbitrary,

(ii) or k = ko and ¢ < ¢o.

(Note that ko > 0 since |B| = |af] < a?.)

Corollary. Since t = L 4 ga is an Irrational number, then

1
cH?

(-"n +1
H,

’t-—

liolds with some ¢ > 0 for infinitely many n if and only if |B| = 1.

3. Examples

1°t Example. { = « is a real quadratic algebraic integer. Let (4,19, o, (1),
where Go,G1 € Z not both Gg and Gy are zero. The characteristic equation 1s
2% — 4 —19 = 0 and o = (4 + /92)/2. If approximation is done according to [3],
the quality of approximation kg = 2 — _ogl_g = 0.4634845713 .

The equation 92 = A% 4 43 can be wnttcn in an infinite variety forms:
27 44-22/47 +4.19,6% +4 14,87 +4 7,102 —4-2,122 —4.13,... .
Using |B| of minimum value oy = 2F :,100“8 = A =10,B = -2, o €
Q(a1),a = ay—3. G(10, =2, —3,~2), H(10,-2,0,—2) and thus ko = 2— ‘f};';j" =
1,696248791 . .. .
274 Example. { is a real quadratic non-algebraic integer. Let ¢ be the root of larger
absolute value of the equation 3622 — 8942 + 1399 = 0. The roots of 2% — 894z +

36-1399 = 22 — 8942 + 50364 = 0 are oy and ;. Since ¢ = %al, Le. t € Q(ay), we
log [B] _

can approximate (. kg = 2 — Toglas] = 0,3902074312 ..., cq = 0,002251014 ... .
Since D = 8942—4.36-1399 = 22.3%.(43%>~4), /D = 2-31\/(43'3 — 4), it follows

that ¢ € Q(a) is also true for the root o of 22 — 43;2 + 1 =0. Indeed, = % + %a
and thus (7(43,-1,10,-3), H(43,-1,0,—0). If we approximate « by the quotients

Gosr/ I, we get ko = 2,c0 = 2,386303511 . ., and thus |¢ C—+—’

holds for infinitely many n.

cH~ \/_UJ
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3"¢ Example. ¢’ is a non-real quadratic algebraic integer.

Let ¢ = o;, where o is the root of 22 + 3z + 10 = 0,i. e.]ay| = ‘ﬁ‘g‘/—ﬁ

V10. Since |ay| = V10 = Gi@ -3 = |a1] € Q(o), where « is a root of
2? — 62 — 1 = 0 and |a1] = o — 3. Calculating with the sequences G(6,1,—3,1)
and H(6,1,0,1), ko = 2 and ¢p = /40 and thus ||a;| — ‘G}’}:l < 2\/%113. This

approximation is the best.

4** Example. « is a complex, non-algebraic quadratic integer. 4z* 4 5z 4+ 6 =
0,z = :SJ;LT%  ea] = 3/%_4 = %ﬁﬂ%‘z—'—ﬁ — 1= fa— 1, where « is root
of the equation 2% —42 —2 = 0. A = 4, B = 2,G(4,2,-2,2) and H(4,2,0,4),
ko = 2 — }g—g% = 1,535669821...,¢0 = 0,5573569115... . Calculating with the

sequences G*(4,2, —1,1) and H*(4,2,0,2), k§ = ko, c§ = 2%0.co = 1,615905915 . . . .

Proof of Theorem. By (1) we can write G4y = a;a™tt — ;874 and H,, =
aa™ — bB" for any n > 0, where

_ G1—Gof _ psB—qrp by — psB — qra
a; = CY—IB — CY*ﬁ 3 1 — a’—/3 3
. gsB — 04 gysB b gsB
1 = - = .

o — 3 a—pf’ a—f

Suppose that for an integer n > 0 and the positive real numbers ¢ and k we
have

1
c|Hulk

Gn+1
2 ki
@) ‘ ot

Substituting the explicit values of the terms of the sequences and using the equality

\ sB N B — gr
(3) at — ajo = A 7__|.Z_)a _w:g’
a—F\s q a— 0
f_ Cnia| |, ara™tt — b, gt (at — are)a™ — (bt — b, 3)3"
Hy | aa™ — bgn - aa®™ — ban

_ |t =0 B)B"
B Hy

follows.
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Therefore using the equality a = b, inequality (2) can be written in the form

(4) 1> c|H,l" - = c|Hp "7 |(bt — b18)8"]

ny k-1
el (1= 2 (£) )t b

a

¢ — Gn+1
[ ——-—Hn

k-1

= claft (alt =219 ot = 011 - (£)

@

Since

g‘ < 1 and o - @ = —B, this inequality holds for infinitely many n only if

1Bllal*~t = |B||a|F~2 < 1, that is if £ < 2 — 112—'?1% = ko and in the case k = ko we

need
1

S E—
©= TalFe- 1[5t — by ]
By (3) and by a = b it follows that |5t — b18] = |b940£ — blﬂ’ = lay — 018 =
|G1] = |psB].
Therefore using the fact that « — 8 = VD

ko—1

VD
gs3

1 pe—
lpsB|

¢o

Thus by (4) we obtain that (2) holds for infinitely many n if k < ko or k£ = ko
and ¢ < ¢q. (If % > 0 then for any sufficiently large n, else for any sufficiently large
even n.)
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LINEAR RECURRENCES AND ROOTFINDING METHODS

Ferenc Matyas (Eger, Hungary)

Abstract. Let A,B,Go and G, be fixed complex numbers, where AB(|Go|+|G1]|)#0.
Denote by o and g the roots of the equation A\*—~AA+B=0 and suppose that |a|>|8|. The
sequence {Wi’_‘;}c:_o is defined by I'Vi"‘()lz(aka"k'*“—bkﬁ"“'“')/(a—ﬁ), where £>1 and d>0 are
fixed integers, a=G, —BGo#0 and b=G, —aGo. In this paper, using new identities of the sequence

{W,(lkz }oo 0 an other proof is presented for the Newton—-Raphson and Halley transformations
M n=

(accelerations) of the sequence {Wff; / Wf(lkg}oo_o. It is also shown that the (transformed)
sequences obtained by the secant, Newton—-Raphson, Halley and Aitken transformations of the

sequence {Wfl’j/Wi’fc)‘} o tend to o in order of o(Wi’l‘g/WT(f()] —ad‘).
AMS Classification Number: 11B39, 65B05.

Keywords: linear recursive sequences, rootfinding methods, accelerations of conver-
gence.

1. Introduction

Let the n*® (n > 2) term of the sequence {Gyr )5, o be defined by the recursion

n=
Gn = AGp_1— BanE;

where A, B, Gy and G are fixed complex numbers and AB(|Go| + |G1|) # 0. If
it is needed then the notation G,(A, B,Go,G1) is also used. For example, the
n'" term of the Fibonacci sequence is F, = G,(1,—1,0,1). The abbreviations
Un = Gn(A, B,0,1) and V,, = (A4, B,2, A) will also be very useful for us.

Let o and 3 be the roots of the equation A2~ AN+ B =0 (a+8 = A, off = B)
and suppose that || > |5]. By the well known Binet formula we get that the explicit
form of the term G, (A4, B, Go, G1) is

(1) Gu(A, B, Go,G1) = % (n > 0),

Research supported by the Hungarian OTKA Foundation No. T 032898.
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where ¢« = Gy — BGo, b = G1 — alGy and suppose that a # 0. For example,
Up=(a® =) (e —B)and V,, = a" + " if o, = (A +VA> —4B) /2.

Z. Zhang [7] has defined the sequence { . d(A B Go,Gl)} . in the follo-

Wing maner.

2) WA, B, Go,Gr) = (a* + 5) W, —afpEwH, | (n > 2),

n
where £ > 1 and d > 0 are fixed integers, while

d _ phgd : aFaktd _ pkghtd
(k) R
Cl’—ﬂ ) V[/l,d(A)BchaGl) Q’—ﬁ

Wi (A, B, Go, Gh) =

For brevity, we write VV( (3 instead of W(I")(A, B, Gy, G1)-
It is obvious that o* and B* are the roots of the equation
Mo (@ Nk =N - ViA+ B =0

and |a| > |B] implies |a*| > |B|*. Using the Binet formula for (2) we get that

o (W - W‘“) (wl(‘() — ab W) gk
Wea= — Bk '
from which
(3) [/V(k) akank+d bkﬂnk+d
n,d —

o—f
yields for n > 0. It can be seen that W( a4 1s a generalization of G, because e. g.
Ga = Gn (A, B,Go,G1) = W (A, B, Go, G1) .

If W( 0 7 0 then let

k

(4) (kzi _ IV1(1 cg
n, (k)

II/7'1. 0)

By (3), @ # 0 and || > |/], one can easily prove that

hm R( ()1 = q¢

n—oco
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. [e=]
1. e. the sequence {RE;’ZI tends to the root o® of the polynomial
’ n=

(5) FOO) =X = (0 + YA + op% = \* — Vyd + B

Recently, many authors have studied the connection between recurrences and
iterative transformations. The main idea is to consider such sequence transfor-
. . (o0}
mations T of the convergent sequence {X, }o._, into the sequence {7, }._,, where
{T, }oo, converges more quickly to the same limit X'. Thus, one can investigate the
properties of these transformations or the accelerations of the convergence. We say
that {7, }o—, converges more quickly to X than {X,}n. o if T, =X = o(X,, — X),
Loeif lim (7, = X)/(Xp,— X)) =0.
77— 00

The most known four sequence transformations to accelerate the convergence
of a sequence are the secant S(X,, X,,), Newton-Raphson N(X,,), Halley H(Xn)

and Aitken transformation A(X,, X,,, X;), namely if {f\n}n—o = { fll" 21 o and
X = a? (i. e. the root of f(A) =0 in (5)), then

XnXm - Bd

6 S(Xy yAm) =

( ) ( n) X n+ A,m - Vd
X2 pd

7 N(Xp) =~

(™) (Yo) = F—

X2 —3BYX, + VyB?

8 H /\'n = )
® ()= 32 3vn, v V2 — B

Np X = X3

AN, X, X)) = =0t om
©) (Xn 2 X, = 2\ + X,

where we assume that division by zero does not occur. (The formulae (6)-(9) can
be obtained from (5) using the known forms of the transformations S, N, H and A,
or they can be found in [4] p. 366 and p. 369.)

Some results from the recent past: G. M. Phillips [5] proved that if 7, =
then A(r, _,, 7., ~”+t) = 1’0,1 J. H. McCabe and G. M. Plulhps [3] generahzed this

1" i

for r, = U—&i‘i, and they also proved that S ( ? ) = 1n+m and N(r,) = ry,. M.

Ful
F,

n

ny' m
J. Jamieson [1] investigated the case 7, = L" for d > 1. J. B. Muskat [4], using

the notations »,, = UJ 2 and R, = ", 24 (d > l) proved that

(Cl) P (711)7771) = Tn4m, b(Rn;Rm) = Tn4m,
(10) (b) N(7n) = Tan, N(Rn) = Tan,
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(C) H("’n) = T3n, H(Rn) = —RBny
(d) A(rn—t, Tn, 7’71+t) = Pap, A(Rn—t; Rn, Rn-H) = Tap.
Similar results were obtained for special second order linear recurrences in {2]

by F. Mdtyds, while Z. Zhang ({7],[8]) stated and partially proved that

: k) ok 2k
(a) S (Rfl,gi’ an}d) = REn-ir)m)/Z,d’ (2[71 + TTl),

ay @ N (rE) = REY,

(c) H (REY) = BEOY,
& k k 2k
(d) A (Rfl_)t_d, R, Rilt,d) = R0

It is easy to see that (11) implies (10) if £ = 1,Go = 0,G1 = lor &k =
1,Go = 2,Gy = A. We mention that R. B. Taher and M. Rachidi [6] investigated
the so-called e-algorithm to the ratio of the terms of linear recurrences of order
r> 2.

The purpose of this paper is to present some new properties of the sequence

N 00
{W,(lkcg (see Lemma 1 and Lemma 2) and, using them, to give new proofs

) n=0
for (11)/(b) and (c), since Z. Zhang, using some other properties proven by him,
presented the proof for only the cases (11)/(a) and (d) in [7] and [8]. We also show

.\ ) 0O
that the transformations S, N, H and A creat such sequences from {Rffzi}

I n=0
which tend to a? in order of o(REf?, — ad>.

2. Results

Applying the notations introduced in this paper, assume that £ > 1 and d > 0
are fixed integers, in (1) AB(|Go| +|G1]) # 0, # 0 and || > [B]. We always
assume that division by zero does not occur. First we formulate two lemmas.
Lemma 1. Let n and m be non-negative integers with the same parity. Then

k) g,k k) (k %) 4,

(a) W:E,gvvr(n,zi - I/Vvs,o)m/ysz,)OBd = I/VElJ:’ﬂ)'dDd’

n

(b) WidWilh + W kWil = WigWoibVa = W V.
Lemma 2. Let n be a non-negative integer. Then

(a) WiaWly) = wilow e Bt = w2 ua,

) WEDW - WEWE) 4 WG = WEDD,

Theorem 1. Let n be a non-negative integer. Then
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k 2k
("7’) N (sz,zi) = Rfl,d)’
(b) # (RY)) = REY.
The following theorem implies tha.t the transformations S, N, H and A produce

such sequences from the sequence R which tend very quickly to o
q 7, i n=0

Theorem 2. Let [ > k > 1 be fixed integers. Then

Rg?d —a%=o0 (Rffﬂi - ad> .

Corollary. Theorem 1 and (11) show that the transformations S, N, A and H
transform Rfikzi mto RSZ) and into RS 2), respectively, thus Theorem 2 Implies
that all of the mentioned transformations give accelerations of the convergence.

3. Proofs of Lemmas and Theorems

Proof of Lemma 1. Because of the similarity of the proofs we present only the

proof of part (a). Using the explicit form (3) of WT%, we write

((L ank+d _ bkﬁ1zk+d)(akarnk+d bkﬁn1k+d)

W W = Wil Wi B¢ = :
(e = B)
((z}“a”'” b}“,@”k)(a a,m.k bkﬁmk) dﬁd 3 B Otd _ ﬁd
(o~ )’ R
a2k o 22k +d _ bzkﬂ%zmd p—.
‘ a— B — Yd ntm g

Proof of Lemma 2. Here we also give only the proof of part (a). By (3)

[/V(L)VV ”L) I,v(k)pv(zk)Bd _ ((L ank—i—d bkﬁnk+d)(a2ka2nk+d _ bZkﬁan—{-d}
n,d n,0""n,0 2
(o = B)
(akank _ bkﬁ11k)((tgka27lk — b2k ﬁ"nk) dﬁd _ o — ,Bd

('af—ﬁ)z  a-f
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‘a3ka3nk+d _ bakﬁ?mkﬁ—d _ UdW(Sk)
v — ﬂ n,d -

Proof of Theorem 1. (a) By (7) and (4)

Wi\ _ g (k) V2 5

N(R(k)) wit Waa) —({Wao B
nd) T W) T o) Yy,
Ve 2wl Wi - (W) va

Applying Lemma 1 in the case n = m, we have

) _ Ve W,fj’ : (2k)

()
N (R = RV
( YV ugew T

(b) By the Halley transformation (8) and (4)

N ]
(1) - 334+ vt

3 (R(k))d _ 3VdRE:igt 4 Vd? _ pd

n,d

(W,Efi) 3 3Bw) (W’ng) L ype ([/T,ng)a

RN ] ) N 2 AN 3
s(wiet) Wi - avaw i (W) (v - By (wil)

n,d

x-V’S’:’()i ( (PVST;) *_pd ( Wfl“g )2) —~p? M’s‘:% (mrvfl’fi wn’:‘g— vy ( wf:'g)z)
Wy(.lfc)- ( (wi‘fl) 2 _Bd(wr(l’f%)z) +(wi’.‘3 —vy Wr(:'g) (zw’(l’:c)l .wi":éf vy ( wf‘:%) 2) -

The numerator and the denominator of the last fraction, by Lemma 1, can be
rewritten as

v (W) - Brw i)

n,d !
and ‘ ,
Ua (WEWED + (W) - vaw ) wis)) |
respectively. From these, by Lemma 2,
9 3k
I (R(k)) - Uffwyg.,d) (3k)
n,d ) UZI/V(BIG) — “tnd

1" n,0

follows.
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Proof of Theorem 2. To prove the theorem we have to show that

L ]31(:,)(1 - o _
1M —(L)—* = 0.
noee Rn d ad

Applying (4) and (3), we get that

RO, —at Wl —atw(y Wi

n,d
D
. nk
= <(L) Y 1_(%)k (%)nl,
from which, by |a| > |8] and I > k > 1,
li RS: )d,' —at 0
im j —
nme Rg‘,()i - a'd
follows.
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MULTIPLICATIVE FUNCTIONS SATISFYING
A CONGRUENCE PROPERTY IV.

Bui Minh Phong (Budapest, Hungary)

Abstract. It is proved that if an integer-valued completely multiplicative function f with
f(n) #0 (Yn € N) and a polynomial P(2z) = ag + a1z + -+ (I.k.?l?k € Q[z] satisfy the
relation

ApP(E)f(n+m) = ApP(E)f(n) (mod m)

for a suitable non-zero integer Ap and for all n, m € N, where
P(EYf(n) =aof(n)+ arf(n+ 1)+ -+ arf(n+ k),

then there is a non-negative integer & such that f(n) = n® for all n € N. A similar result is
true for P(x) = (.L - l)k and a multiplicative function f.

AMS Classification Number: 11A07, 11A25.

Keywords: mwltiplicative functions, congruence properties, characterization of
arithmetical functions.

1. Introduction

An arithmetical function f(f(n) # 0) is said to be multiplicative if (n,m)
= 1 implies

flnm) = f(n)f(m),

and it is called completely multiplicative if this equation holds for all positive
integers n and m. Let M and AM* be the set of all integer-valued multiplicative
and completely multiplicative functions, respectively. Throughout this paper we
apply the usual notations, i.e. P denotes the set of primes, N the set of positive
intgers and Q the set of rational numbers, respectively.

The problem concerning the characterization of some arithmetical functions
by congruence properties was studied by several authors. The first result of this
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type was found by M. V. Subbarao [9], namely he proved in 1966 that if f € M
satisfies the relation

(1) f(n+m)= f(n) (mod m)

for all n,m € N, then f(n) is a power of n with non-negative integer exponent. In
[4] among others we extended this result by proving that if f € M and (1) holds
for all n € N and for all m € P, then f(n) also is of the same form. For further
results and generalizations of the above problem we refer the papers [1] and [4]-[8].

Let
P)=a+az+ -+ apz® (ar #0)

be an arbitrary polynomial with integer coefficients. In the space of the sequences
{z1,22,...} let E, I, A denote the operators defined by the following relations

Ez, = Tng1, [x, =z, Az, = Tn41 — Tn.
For the polynomial P(z) and the function f{n) we have

P(E)f(n) = aof(n) + arf(n+ 1)+ -+ ap f(n + k).

For any fixed subsets A, B of N we shall denote by Ap{A, B) the set of all
f € M for which

(2) P(E)f(n+m)= P(E)f(n) (mod m)
holds for all n € A and mn € B. It is obvious that
(3) wa(n) =n

is a solution of (2) for every non-negative integer a and for every triplet (P, A, B).
In the case P(z) = 1, for example, from the result of [4], we have

Kp(N,P)={v0,¢1,--,¢a,---}

and
I\P(paN) = {900)901) e Pay e ‘}1

where @,(n) is defined in (3).

We are interested for a characterization of those triplets (P, A, B) for which

(4) Kp(A, B) = {90,901, .., 0ar- )

is satisfied. In [5]-[6] we proved that (4) holds for the following two cases:

(a) Plz)=(z-1)* (keN), A=N, B="P,
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(b) Ple)y=a2M -1 (MEN), A=N, B=7P.

Hence we apply the method of I. Katai [2]-[3] to prove the following.
Theorem 1. Let [ € M* with condition
(5) f(n)#0 forall neN.

Let P(2) be a non-zero polynomial with rational coefficients for which there exists
a suitable non-zero integer Ap such that

(6) ApP(E)f(n+m)= ApP(E)f(n) (mod m)
for alln € N and m € N. Then there is a non-negative integer o such that

(7) f(n) =n% forall neN.

We mention that in the special case P(z) = (z — 1), Theorem 1 is true under
the assumption f € M.

Theorem 2. Let f € M and let A# 0, k > 0 be integers. If A¥ f(n) satisfies the
relation

(8) ANY F(n 4+ m) = AAY f(n)  (mod m)

for alln € N and m € N, then (7) holds.

2. Proof of Theorem 2

In the proof of Theorem 2 we shall use the following results.

Lemma 1. Let f(n) be an integer-valued arithmetic function and let
k€N, Qe N. If A* f(n) satisfies the relation

(9) A* f(n + Q) = AF f(n) (mod Q)
foralln € N, then fors=1,2,...,k
s—1

(1) A 41Q) = A f(n) =S (”; 1) AR Q1) (mod Q)

=0
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holds for all n € N, t € N, where
AL(Q,1) == ATf(L+1Q) - A f(1) (i=0,1,...).

Furthermore, if QQ is o prime, then (9) implies that

(%54
(11) A = D (jiJAf;"’“Q(Q,l) (mod Q)
7=0

holds for all t € N, where [x] denotes the largest integer not exceeding .
This lemma and its proof can be found in [5] (see Lemma 1-2 ).

Lemma 2. Let o€ N and f € M. If

(12) fn+9p%) = f(n) (mod p)

for alln € N and p € P, then f € M* and for each ¢ € P

fla) = ¢,
where a(q) > 0 is an integer.

This lemma is indentical to Lenuna 3 in [5].

Now we prove Theorem 2.

Assume that f € M and (8) is true for all n, m € N. First we shall prove that
there exists an o« € N such that (12) holds for all n € N and for all p e P. If k = 0,
then (12) is obviously true.

Assume that £ > 1 be an integer. Let o be a fixed positive integer such that
(13) po = max(|A], k — 1) < 27!

Since

AN f(n)y = AF(Af(n)),
by (8) it follows that

AF(Af(n+ p™7Y) = A¥(Af(n))  (mod p7H)

holds for all n € N and for all p € P. Thus, by using Lemma 1 and (13), for
s=1,2,..., k we have

s—1

(14) A fn+ ) = AP ) = (” ; 1) ATTH (7N t) (mod p)
j=0
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holds for all n,t € N, p € P. Applying (14) in the case n = 1 +4p®~! and t = 1,
one can deduce from (13) that

s—1 w1
s g . o s a1y ) S
AP R (4 Dp ) = AP f (L dp 1):2(”. )A?; et )

(15) = Af”(pa—l, 1) (mod p),

since it is obvious that for a prime p

so—1
(’p, )zo (mod p) if 1<j<p* 2.
J

From (15) we infer that
AT =AY (PN 1) (mod p),
and so
(16) A p) = AL p) = o= AE(p" 1 p) =0 (mod p)

Lolds for all p € P. By using (14) with & = s and ¢ = p, (16) implies (12). Thus,
(12) is proved.

Now, from Lemma 2 we have f € M* and
(17) Ha) = ¢

for each ¢ € P, where a(g) > 0 is an integer.
It is clear from (8) that

A* f(n+p) = A f(n)  (mod p)

for all n € N and p € P satisfying the condition p > |A|. By using (11) in the case
k = s, we have

(18) S(L4+tp) = f(1) =t (f(1+p) = f(1)) (mod p)

for all t € N and for every prime p > po := max(]A|, £ — 1), because [%] =0 for

p > k. Considering t = p + 2 and taking account (18) we get

(Jl+p)=1*=0 (mod p),
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and so by (18) we have

(19) JL+1p) = F(1) =0 (mod p)

for all t € N and for every prime p > po.

Let ¢,r be distinct primes and let a(q) > a(r). Then there is a prime p such
that,
p > max(po, ¢*W7)) and ¢r* —1=0 (mod p)

for some positive integer s. Using (19), we have f(¢r°) = f(1) =1 (mod p) and
Flgr®) = @@ psal) = (40)=e() (104 p),

which implies a(p) = «(¢) = o . Hence, f(n) = n® for all n € N, This completes
the proof of Theorem 2.

3. Proof of Theorem 1

Let f € M* and f(n) # 0 for all n € N. We denote by [; the set of all
polinomials P with rational coeflicients for which there exists a suitable non-zero
integer Ap such that

ApP(E)f(n+m)=ApP(E)f(n) (mod m)
holds for all n,m € N. By our assumption (6), we have Iy # 0. It is clear to check
that
(i) cP(z)€l; forevery P€l;, c€Q
(i) Plx)+ P'(x) € I; for every P, P' € I;
(i) «P(xz) € Iy for every P € Iy. Thus, (i)-(iii) show that Iy is an ideal in Q[z].

Let
S(z) =co+ciz+ -+ gzt (e =1)

be a polynomial of minimum degree in [;. If k¥ = 0, then Theorem 1 follows from
Theorem 2. In the following we assume that & > 1. Let

S(z)=(x —061)...(x = 0).

From the fundamental theorem of symmetric polynomials it follows that for a fixed
integer s > 1 the polynomial

)
e

j=1
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has rational coefficients, consequently
Qs(2*) = (" = 07)...(2° =) e I}

Then, by the definition of I, there is a non-zero integer A, such that
(20) AQu(E ) f(n+m) = A,Qu(E*)f(n) (mod m)
for all n,m € N. On the other hand, by using the fact f € M™*, we have
(21) Q(E*)f(sn) = f(5)Qu(E)f(n).
Therefore, (20) and (21) imply that

AQUE)f [s(n +m)] = A,Q(E*)f(sn) (mod sm)
and
(22) AS($)Qu(E) f(n +m) = A J(5)Qu(E)f(n) (mod sm)

for all »,m € N. Since f(s) # 0 and f(s) is an integer, (22) shows that Q,(x) € I;.
Thus
5(x) = (S(x), Qs(x)) € If

and so deg 6(z) = k, S(z) = @s(z). This implies that
{0100 = {05,...,03)
for all s € N, consequently
fp=---=0,=1 and S(z)=(z—1D"

Thus, Theorem 1 follows directly from Theorem 2.

References

[1] IvAnyl, A., Ou multiplicative functions with congruence property, Ann. Univ.
Sci. Budapest, Eétvos, Sect. Math. 15 (1972), 133-137.

[2] KATaAlL 1., On arithmetic functions with regularity properties, Acta Sci. Math.
45 (1983), 253-260.

[3] KATAl, I., Multiplicative functions with regularity properties I, Acta Math.
Hungar., 42 (1983), 295-308.

[4] PronG, B. M., Multiplicative functions satisfying a congruence property,
Studia Sci. Math. Hungar., 26 (1991), 123-128.

ki



Bui Minh Phong

[9]

PaonG, B. M., Multiplicative functions satisfying a congruence property II.,
Ann. Univ. Sci. Budapest. Edtvis, Sec. Math. 33 (1990), 253-259.

Praong, B. M., Multiplicative functions satisfying a congruence property III.,
Publ. Math. Debrecen 39/1 - 2 (1991), 149-153.

PHonG, B. M., Multiplicative functions satisfying a congruence property V,
Acta Math. Hungar., 62 (1993), 81-87.

PuonG, B. M. aND FEHER, J., Note on multiplicative functions satisfying
congruence property, Ann. Univ. Sci. Budapest, Eotvos, Sect. Math. 33 (1990),
261-265.

SuBBaARAaO, M. V., Arithmetic functions satisfying congruence property,
Canad. Math. Bull., 9 (1966), 143-146.

Bui Minh Phong

Department of Computer Algebra
Eo6tvos Lorand University
Pazmany Péter sét. 1/D

H-1117 Budapest, Hungary
e-mail: bui@compalg.inf.elte.hu



Acta Acad. Paed. Agriensis, Sectio Mathematicae 28 (2001) 45-53

ON THE STABILITY OF A SUM FORM FUNCTIONAL
EQUATION OF MULTIPLICATIVE TYPE

Imre Kocsis (Debrecen, Hungary)

Abstract. The stability of a so-called sum form functional equation arising in information

theory is proved under certain conditions.
1. Introduction

A function « is additive, a function M : [0,1] — R is nwltilpicative, and a
function ! : [0,1] — R is loga.uthlmc if a(z +y) = a(z) + a(y) for all 2,y € R,
M(2y) = M(z)M(y) for all z, vy €]0,1[, M(0) = 0, M (1) = 1, and {(zy) = {(z)+!(y)
for all 2,y €]0, 1], I(0) = 0, respectively.

We define tle following sets of complete probability distributions

I‘n:{pl,.. ,on) €[0,1]" - Zp,—l}

and

n
1—‘2 = {(Pl,. .A,Pn) E]U, 1[11: Z])i = ]_}
i=1

Through the paper [ and A, shall denote [0,1] or ]0,1[ and T, or T2,
respectively.

Let n > 3 and m > 3 be fixed integers, My, M5 : I — R be fixed multiplicative
functions and f:/ — R be an unknown function. The functional equation

n m m

(1.1) ZZ/MJ)_ZMI P quﬂ—{-prl ZMq 4;)

i=1 j=1 j=1

which holds for all (p1,...,pn) € A, and (q1, ..., ¢m) € A,y plays lmportant role
in the characterization of information measures.

The general solution of (1.1) is known when Mj or M, is different from the
identity function. The M;(z) = Ma(z) = 2, 2 € I case will be excluded from our
investigations, too. In the closed domain case, when the multiplicative functions
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are power functions, the general solution was given by L. Losonczi and Gy. Maksa
in {8].

Theorem 1. Let n > 3 and m > 3 be fixed integers, a,F € R, a £l or § # 1,
Mi(p) = p%, Ma(p) = p?, p € 10,1], 0 = 0° = 0. The general solution of equation
(1.1) is

fo) = ar(p) + C* —4”), pel0,l] if a#p

f(p) = az(p) + pl(p), pe,l] if a=p#1
where a1 and as are additive functions, ai1(1l) = a2(l) = 0, [ is a logarithmic
function, and ¢ € R.

In the open domain case the general solution of (1.1) was given by B. R.
Ebanks, P. Kannappan, P. K. Sahoo, and W. Sander in [2]:

Theorem 2. Let n > 3 and m > 3 be fixed integers, My, M, :]0,1[— R be
fixed multiplicative functions, My or M, is different from the identity function.
The general solution of equation (1.1) Is

Fp) = () + COMy(p) = Ma(p)),  p€l01[ if My # Mo
f(p) = az(p) + M1(p)l(p) — b, p€)0, 1 if M;=M,
where ay and a» are additive functions, ay(1) = 0, { is a logarithmic function,

c€eR, and
b=ax(l) =0, if My =M, ¢{0,1},

as(1)

b= 20 i My = My =0,
nm
»(1

b= Wy i M=M= 1
nm

Applying the methods used in the proof of Theorem 1 in Losonczi-Maksa
[8] with arbitrary multiplicative functions (which are not both identity functions)
instecad of power functions we have the following generalization of Theorem 1.

Theorem 3. Let n > 3 and m > 3 be fixed integers, My, M, : [0,1] — R be fixed
multiplicative functions, My or M, is different from the identity function. Then the
general solution of equation (1.1) is

f(p) = ar(p) + C(M1(p) — Ma(p)), p€0,1] if M # M

f(p) = aa(p) + M1(p)l(p), pel0,1) if M;= M,
where ay and as are additive functions, ai(l) = aa(1l) = 0, [ is a logarithmic
function and ¢ € R.

For the problem of the stability of functional equations in Hyers-Ulam sense
we refer to the survey paper of Hyers and Rassias [4]. By the stability problem
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for equation (1.1) we mean the following: Let n > 3 and m > 3 be fixed integers,
My, My : I — R be fixed multiplicative functions, and 0 < ¢ € R be fixed. Prove
or disprove that the functions f: I — R satisfying the funtional inequality

n

(1.2) ST Fpia) =D Malp) > flag) = Y flp) > Mi(gy)| <e
i=1 j=1 j=1

i=1 j=1 i=1

for all (p1,...,pn) € Ay and (q1,...,¢m) € Apy are the sum of a solution of (1.1)
and a bounded function.

The stability of equation (1.1) on closed domain, when the multiplicative
functions are power functions was proved in Kocsis-Maksa [6].

Theorem 4. Let n > 3 and m > 3 be fixed integers, €, 0,3 € R, ¢ > 0, o #
1 or B # 1. If the function f : [0,1] — R satisfies the inequality (1.2) for all
(P1,.- ., pn) €Ty and (q1,...,qm) € Ty then there exists an additive function «, a
logarithmic function [ : [0,1] — R, a bounded function B :[0,1] — R, and C € R
such that a(1l) = 0 and

f@)=a)+Cp* —¢°)+ B(p), pe0,1] if o#p,
f(p) = a(p) + p*l(p) + B(p), pef0,1] if a=F#1

In this paper we deal with the stability of (1.1) on closed domain and on open
domain when the functions M; and My are arbitrary multiplicative functions (My
or M, is different from the identity function).

We notice that the condition n = m or (n # m) is essential in the open
domain case when zero probabilities are excluded, while it is not essential in the
closed domain case.

The basic tool for the proof of the stability theorems is the stability of the
sum form functional eqation

7

(1.3) > elpi) =0,

=1

where n > 3 is a fixed integer, ¢ : I — R is an unknown function and (1.3) holds for
all (p1,...,pn) € Ay. The general solution of equation (1.3) in the closed domain
case was given by L. Losonczl and Gy. Maksa in [8] and in the open domain case
by L. Losonczi in [7]. In both cases the general solution of (1.3) is

(1.4) w(p)=a(p)—ﬁ(—u, pEl,

n

where a 1s an additive function.
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The stability problem for equation (1.3) was solved by Gy. Maksa in [10] on
closed domain and by I. Kocsis in [5] on open domain.

Lemma 1. (Maksa [10]) Let n > 3 be a fixed integer and 0 < ¢ € R be fixed. If
the function ¢ : [0,1] — R satisfies the inequality

(1.5) <e,

> em)
i=1

for all (p1,...,pn) € Ty, then there exist an additive function A and a bounded
function B : [0,1] — R such that B(0) = 0, |[B(p)| < 18¢, and

o(p) —@(0) = A(p) + B(p), pe0,1].

Lemma 2. (Kocsis [5]) Let n > 3 be a fixed integer and 0 < ¢ € R be fixed. If the

function ¢ :]0,1[— R satisfies (1.5) for all (py,...,pn) € IO, then there exist an

additive function A and a bounded function B : [0, 1] — R such that |B(p)| < 220¢,

and

Al
e(p) = A(p) — Al) + B(p), pe)o,if.

n

In what follows the following two lemmata will also be needed.

Lemma 3. Let A is an additive function, M : I — R Is a multiplicative function
B : I — R is a bounded function, and ¢ € R.

If A(e) = M(z)+ ¢ for all ® € I then
Alz) =dz,z € R
for some d € R and
M@)=0 or M(z)==2, z€l.
If A(z) = M(z) + B(z) for all © € I then
Alz) =dz,z € R
for some d € R and
M{z)=0 or M{z)=2% z€l

for some 00 < o € R.
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Proof. If A(z) = M(z)+c for all € I then, because of A(z) = M(\/z)* +¢ > ¢,
A is bounded below on I. Thus A(z) = dr, 2 € R for some d € R. (See Aczél [1].)
Therefore M(z) = dz — ¢, x € [. Since M is multiplicative we have that ¢ = 0 and
d e {0,1}.

If A(z) = M(z)+ B(z) for all 2 € I we have similarly that A(z) = dz, 2 € R
for some d € R and M (z) = dz — B(z), 2 € I. Thus M is bounded on I that is
M(z)=0o0r M(z)=2%2 € I, for some 0 < v € R.

Lemma 4. Let Mi, M5 : | — R be fixed multiplicative functions, M; # M,, A
be an additive function and ¢ € R. If My(z)— May(2) = A(xz)+ ¢ holds for all z € |
then My and M, are zero or identity functions of [.

Proof. Let « € I, Mi(a) # Ma(a). Then from the equations
(1.6) Mi(z) — Ma(z) = A(z) + ¢

and

My(a) My () — Ma(a)Ma(z) = Alaz) +c

we get that

1 Mi(a) Ale c(1l — M1(a))

Ma(x) M) = e T an@ O W@ = Ma(a)

T My (a) — Ma(a)
that is, there exist an additive function A* and a constant ¢* € R such that

My(z) = A*(2) + ¢* for all @ € I. Thus, by Lemma 3, M; is zero or identity
function of /. Furthermore, by (1.6), we have the same for M,.

2. The main results

We present two generalizations of Theorem 4. The following theorem says that
the functional equation (1.1) is stable on the closed domain.

Theorem 5. Let n > 3 and m > 3 be fixed Integers, 0 < ¢ € R be fixed and
M1, Ma : [0,1] — R be fixed multiplicative functions, My or M, is different from
the identity function. If the function f : [0,1] — R satisfies the inequality (1.2) for
all (p1,...,vn) € Ty and (q1,...,qm) € I'ny then there exists an additive function
a, a logarithmic function [ : [0,1] — R, a bounded function B : [0,1] — R, and
' € R such that

flp) = alp) + C(M1(p) — Ma(p)) + B(p), pe€[0,1] if M # M,
f(p) = a2(p) + M1(p)l(p) + B(p), pel0,1] if M= M.
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The following theorem states that the functional equation (1.1) is stable on
the open domain when n = m > 3 and My # Ms.

Theorem 6. Let n = m > 3 be a fixed integer, 0 < ¢ € R be fi-
xed and My, M> :]0,1[— R be fixed multiplicative functions, My # M,. If
the function f :]0,1[— R satisfies the Inequality (1.2} for all (p1,...,pm),
(q1,---,9m) € T then there exists an additive function a, a bounded function
B:]0,1[— R, and C' € R such that

f(p) = alp) + C(M1(p) — M2(p)) + B(p), p€]0,1[.

The proofs of Theorem 5 and Theorem 6 are based on the following arguments.
Tu the closed and open domain case we use Lemuma 1 and Lemma 2, respectively.

Applying Lemma 1 or Lemma 2 for the function

m

= > (f(pas) = Ma(p)f(g3) = f(P)M2(g;))

i=1
with fixed @ = (¢1,--.,9m) € A (1.2) implies that

m m m

> (flpgs) = Ma(p) Y [(g5) = F(p) D Ma(g;))

(21) ji=1 ji=1 j=1

= Ai(p, Q) + b1(p, Q) + L1(Q)

holds for all p € I, where A; : R x A,, — R is additive in its first variable
and by : R x A, — R is bounded. In the closed domain case L1(Q) = mf(0) —
£(0) Zm Ms(q;) particulary. Let P = (p1,...,pm) € D, p € 1, write pp; instead
of pin (2.1), 1= 1...m and add up the equations we obtained. Thus we get

SN Flepia) = Ma) D> Mu(pi) Y J(45)
(22) i=1j=1 i=1 ji=1
- Z opi) Z Ma(g5)) = Ar(p, Q)+ Y bilppi, Q) + mLi(Q).
=1

Write now P instead of @ in (2.1) to obtain

> fpwi) —Ml(pim - pZMo (pi)) = Avp, P) + b1(p, P) + La(P),
i=1 i=1
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that is,
Z/ (ppi) = M; p)Zf (i) = F(0) Y Map)) + As(p, P) + ba(p, P) + L1(P).

i=1

Putting this into (2.2) and collecting the terms symmetric in P and @) on the left
hand side we get

m

> Z/ (vpigj) = F(p) ZMq (p:) ZM«, %)

i=1 j=1

m m m m

= My(p) ZMl pi) Zf a)+ D _ (i) ZMa 4j)

=1

m

+ Axlp, P) ZM (4;)) + b1 (p ZM’ 45)) + La(p) Y Ma(g5))
j=1 i=1 j=1

1P, @)+ > balpps, Q) + mL1(Q).
i=1

Since the right hand side is also simmetric in P and ¢ we have

m

> Ma(g;) = 1| — Au(p, Q)
j=1

i[\/fg(pi) - 1]
i=1

m m m m

= Mi(p) | D Milg) D flpiy+ Y Ma(pi) Y f(a5)
j=1 i=1 i=1 j=1

m m m m

=D Map) D fla) = Y Maley) ) i)
(23) i=1 j=1 j=1 i=1
O Malp) = L(P) S Mayy)
i=1 j=1
1(p, Q)Zﬁ[q ;) — bi(p, P) Zﬁ[» ;)
i=j

+> bapg;, P) = D ba(ppi, Q) + mLi(P) — mL1(Q).
=1 i=1
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The left hand side of (2.3) is aditive in p, while the right hand side can be
written in the form Mi(p)Fi(P, Q)+ Fa(p, P, @)+ F3(P, @), where F5 is bounded.
Applying Lemma 3 with fixed P, Q € A,, we get that

Ai(p, P) ZMz(fjj) - 1J —A1(p, Q) {Z Ma(pi) — 1:|

ji=1 i=1

m m
=p | AL, P) | D Ma(gs) — 1| — A1(1,Q) {Z My (ps) - 1}
j=1 =1
futhermore M; is a bounded multiplicative function or

m m m m

(25) > (Mi(pi) = Ma(pi) Zf((!j) = (Mlg) = Ma(g3)) Y f(pi).

i=1 ji=1 i=1
If (2.5) holds then, by (1.4), and by Lenima 4 we have that

1"[1 = A/['_g or

(2.6) Mi(p) = p%, Ma(p) =9p?, pel, 0<aweR, 0<pB€ER.

Proof of Theorem 5. In the case My # Ma, by (2.6), we can apply Theorem 4.

The case M; = M,. If the functions M; and M, are power functions we can
apply Theorem 4 again. Suppose now that M; is not a power function.

Fix @ = (91, .,¢m) € Tp, for which Z?;l Mi(q;) # 1 (exists such a Q) and
let

_ Az, Q) —2A44(1,Q)

(2.7) a(z) = o zE€R.
) 1“27‘:111’[1((11‘)

Then « is additive and a(1) = 0. From (2.4) we get that
m

(2.8) Ax(p, P) = pAr(1, P) + a(p)(1 = Y Ma(ps)),
i=1

while from (2.1), with p = 1 and P = @, it follows that

(2.9) AL, P) = [£(0) = £ ) Ma(pi) — mf(0) = ba(L, P),

i=1
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where p € [0,1], P € ['),. Equations (2.8) and (2.9) imply that

Ai(p, P) = a(p) (1—21\/[1 p,)

+p ([f(U) — L] Ma(pi) —mf(0) - hi(1, P))

i=1

(2.10)

After some calculations we have that

m

(ba(p, P) = pIS(1) + (m = 1) F(0) + ba(1, P)]) D Mi(g5)
j=1

(2.11) = (b1(p, Q) = pIF(L) + (m = 1)F(0) +ba(L, Q) D Mu(ps)
i=1

+ bipas, PY =Y balppi, Q) + plba(1,Q) — ba(1, P)].
=1 j=1

Since the right hand side of (2.11) is bounded in @, while Z;’;l M;(q;) is not, we
have

(2.12) bi(p, P) = p[b1(1, P) + f(1) + (m = 1)f(0)], pe[0,1], PET,.

By (2.11), it follows from (2.1) that

m

Z (h(pqj) ~ Ma(p)h(q; ) — R(p)M1(q; ) + h(0)M1(q;)
j=1

= p[A(0) = h(1)]M1(q;) = 1(0) = [(1) = h(0)]pg;) = 0,
where h(p) = f(p) — alp), p € [0,1]. Applying Lemma 1 we get that

hipq) — Mi{p)h(q) — M1(q)h(p) + (0)M1(q) — p[h(0)

(2.13) ,
— M(D)]M1(q) — h(0) = pq[h(1) = 2(0)] + M1(p)h(0) = As(p, q)

p,q € [0,1], where A, : [0,1] x [0,1] — R is additive in its second variable. Define
the function /7 on [0,1] by H(p) = h(p) — 1(0). Thus (2.13) can be written in the
form

(2.14) H(pq) — Mx(p) H(q) — M1(q)h(p) + H(1)pM(q) = Aa(p,q).
A calculation shows that the function G : [0,1]*> — R defined by

(2.15) G(p,q) = H(p,q) — Ma(p)h(q) — Mi(q) H (p)
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satisfies the equation
(2.16)  Glpg,v) + M(r)G(p,q) = Glp.qr) + M(p)G(q,7), p,a,7€[0,1].
From (2.14) and (2.15) we have that G(p,q) = Aa(p,q) — H(1)M (q). With (2.16)
this implies that

Aa(p, qr) — Ax(pg, 7) + Mi(p)Aa(q,v) = Ma(r)[A2(p, ¢) — H(1)(pg — M1(p)q)].

The left hand side is additive in the variable » and the multiplicative function M;
is not the identity function so Aa(p,q) = H(1){(p — M1(p))¢ thus (2.14) goes over
into

(2.17) H(pg) — H(\)pg = M1(p)(H(q) — H(D)q) + M1(q)(H(p) — H(1)p),
where p,g € [0,1]. Let {:[0,1] — R, {(0) =0 and

II(p) - H(1)p

Z(p) = _Tl(p)—, € [0, 1]

Then (2.17) shows that / is a logarithmic function and for all p € [0, 1] we have
J() = alp) + h(p) = alp) + H(p) + h(0) = alp) + M(p)I(p) + H(L}p + h(0).
With B(p) = H(1)p + h(0),p € [0,1] we obtain the statement of the theorem.

Proof of Theorem 6. Here n = m, My # M, and, by (2.6), M; and M ave
power functions, that is, Mi(p) = p®, Ma(p) = pP, p €]0,1] for some 0 < o € R,
0 < B € R. Interchanging P and ¢ in (1.2) and applying the triangle inequality
we have

m m m

(2.18) Zq] qJ Z/PJ—Z; -} foh < 2

Jj=1 i=1
By Lemma 2 we get
F(p) = A(p) + c1p® + ep” +5(p),  pe]D, 1],

where A is an additive function, b :]0, I[— R is a bounded function, and ¢1, ¢s € R.
With the definitions
a(p) = A(p) — pA(l), peR
B(p) = b(p) + pA(L) + (cr +e2)p”,  p€]O,]
and
C,' = —C2

our theorem is proved.

Remark. It is clear from the paper that some open problem remains counnected
with the stability of equation (1.1). For example the case M; = Ma o My #
My and n # m. The stability problem is essentially solved in the open domain
case.



On the stability of a sum form functional equation of multiplicative type 53

[1]

References

AczEL, J., Lectures on Functional Equations and Thier Applications, Acade-
mic Press New York and London, 1966.

EBanNKks, B. R., KANNAPPAN, P., SAHOO P. K. AND SaANDER W ., Charac-
terizations of sum form information measures on open domain, Aequ. Math.
54 (1997), 1-30.

GER R., The singular case in the stability behaviour of inear mappings, Grazer
Math. Ber. 316 (1991), 59-70.

Hyers, D. H. AND Rassias, T. M., Approximate homomorfisms, Aequ.
Math. 44 (1992), 125-153.

Kocsis, I., Stability of a sum form functional equation on open domain, Publ.
Math. Debrecen 57 (2000)(1-2), 135-143.

Kocsts, I. AND Maksa, Gy., The stability of a sum form functional equation
arising in information theory, Acte Math. Hungar. 79 (1-2) (1998), 53-62.
LosoNcul, L., Functional cquation of sum form, Publ. Math. Debrecen 32
(1985), 56-71.

LosoNczi, L. AND MaKsa, Gy., The general solution of a functional equation
of information theory, —it Glasnik Mat. 16 (36) (1981), 261-266.

LosoNczi, L. annp Maksa, Gv., On some functional equations of the
information theory, Acta Math. Acad. Sci. Hungar. 39 (1982), 73-82.

Maxsa, Gy., On the stability of a sum form equation, Results in Mathematics
26 (1994), 342-347.

Imre Kocsis

University of Debrecen

Institute of Mathematics and Informatics
4010 Debrecen P.O. Box 12.

Hungary

e-mail: kocsisi@tech.klte.liu






Acta Acad. Paed. Agriensis, Sectio Mathematicae 28 (2001) 55-60

ON VERY POROSITY AND SPACES OF GENERALIZED
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Abstract. In the paper the porosity structure of sets of generalized uniformly distributed

sequences is investigated in the Baire’s space.
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1. Introduction and definitions

In [4] the concept of uniformly distributed sequences of positive integers
mod m (m > 2) and uniformly distributed sequences of positive integers in Z
is introduced (see also [1], p. 305).

We recall the notion of Baire’s space S of all sequences of positive integers.
This means the metric space S endowed with the metric d defined on S x S in the
following way.

Let 2 = (2,) € S,y = (1) € 5. If @ = vy, then d(z,y) = 0 and if = # v,
then

1

min{n: z, #yn}

d(z,y) =

In [2] is proved that the set of all uniformly distributed sequences of positive
integers is a set of the first Baire category in (S,d). In the present paper we shall
generalize this result to the space of all real sequences.

Denote by (s, d) the metric space of all sequences of real numbers with d Baire’s
metric.

In the sequel we use the following well-known result of H. Weyl:

Theorem A. The sequence z = (2,)5° € s is uniformly distributed (mod 1) if
and only if for cach integer h # 0 the equality

1 N
O Anihr, __
lim v E e =0

N—oo
n=1

This research was supported by the Czech Academy of Sciences GAAV A 1187 101.
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holds (cf. [3], p. 7).

Denote
U=A{z=(2,)7° €s; (zn)7° is u. d. mod 1},

hence from Theorem A we have

N
U= {ﬁ = ()7 € 5 NILH& % Z emh¥n — () for each integers h # 0 } ‘

n=1

We now give definitions and notation from the theory of porosity of sets (cf.
[5]-[7]). Let (Y, p) be a metric space. If y € ¥ and r > 0, then denote by B(y,r)
the ball with center y and radius r, Le.

Bly,ry={z €Y :o(a,y) <r}.
Let M C Y. Put

Wy, r, MYy=sup{t >0: F,ey [B(z,t) C B{y,")]A[B(z,t)n M = 0]}.

Define the numbers:

7(!/, 7 AI) wr, A/j)
r : '

, ply, M) = lim inf g

ply, M) = lim :
ply, M) = lim sup Jom ;

Obviously the numbers p(y, M), p(y, M) belong to the mterval [0, 1].

A set M C Y is sald to be porous (c-porous) at y € ¥ provided that p(y, M) >
0 (p(y, M) > c>0). Aset M CY issald to be o-porous {o-c-porous) at y € ¥ if
M = Ej M, and each of the sets M,, (n = 1,2,...) is porous (c-porous) at y.

n=1

Let Yo C Y. A set M C Y is said to be porous, c-porous, o-porous and o-c-
porous in Yy 1if it is porous, ¢c-porous, o-porous and o-c-porous at each point y € Yy,
respectively.

If M is c-porous and o-c-porous at y, then it is porous and o-porous at y,
respectively.

Every set M C Y which is porous in ¥ is non-dense in Y. Therefore every set
M CY which i1s g-porous in Y, is a set of the first category in Y. The converse is
not true even in R (cf. [6]).

A set M C Y is sald to be very porous at y € Y if p(y, M) > 0 and very
strongly porous at y € Y if p(y, M) =1 (cf. [7] p. 327). A set M is said to be very
(strongly) porous in ¥y C ¥ if it is very (strongly) porous at each y € Y.

Obviously, if M is very porous at y, it is porous at y, as well. Analogously, if
M is very strongly porous at y, it is l-porous at y.
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Further, a set M C Y is said to be uniformly very porous in Yy C Y provided
that there is a ¢ > 0 such that for each y € Yo we have p(y, M) > ¢ (cf. [7], p. 327).
In agreement with the previous terminology and in analogy with the notion of o—
porosity, we introduce the following notions. A set M C Y is said to be uniformly

o0
o-very porous in Yy C Y provided that M = |J M, and there is a ¢ > 0 such
n=1

that for each y € Yp and each n = 1,2, ... we have ]_)(y, My) > c.

2. Main Result

In this part of the paper we shall study the set of all uniformly distributed
(mod 1) sequences in the space (s, d).

Evidently for an integer A > 0 we have

N—co

1 N ©
c(h) — ) — [ OO ae : - 2rihe, __ s
ucsth= {.L = (xn)7” €5 lim I E R 0} C 7U ﬂ F(k,n)

n=1 r=1ln=r

for every & =1,2,..., where

Flkyn) =<2 =(2,)° €55 liezw“‘” < 1

y —_ _ “n 1 bl 11 : —_— k
Jj=1

Denote

F*k,r) = ﬂ Flk,n)for k=1,2,...,r=1,2,...

n=r

First, for f: R — R let us denote

SMfy=<z= (zn)i° €5, lm — Z e2mihi(zn) — )
n—oo N
J:

and similarly

Uf)={z=(z)T €5 (fza)T isu d. mod 1}.

The next theorem implies, that the set S™*) is g—very porous in (s,d). (Hence, it
follows that o-very porous in ! too, sce Corollary 2.)

Theorem. Let f : R — R be a function. Then the set S (f) is uniformly o—very
porous In (s, d).
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)

Proof. For f: R — R and £k = 1,2,... denote by

<

el

1 & . ]
F(f k,n)= {.L = (zn)° € 5 ;.2162mhf(a:1
J:

Then we have

SMy el M) F kn).

r=1n=r

Let -
F*(f,k,v) = (] F(f,k,n).

n

r

Choose r € N fixed. Let € > 0 and @ € s. Further let § > 0 be such that § < 71
Then there exists a positive integer / such that % <éb < ﬁ, (consequently { > 7).

oo
Obviously ,S'(h)(f) C U F(f2+ [g] ,1’). Therefore it suffices to prove
r=1

o (24 )

Choose a sequence y € s as follows:

- Xj, for j:l,Z,...,l,
Yi = b, for 7> 1,

where b is constant. Evidently y € B (.L, %) and B (y, It2+_€1)1]ﬁ) Cc B (w, %) We

> (o) o U2 2] o) -

Let z € B ( W) Then we have

will show

! [(2+e)i]+1 1 [(2+<))+1 I
Z 2rihf(z;) > Z 2rihf(z;)
_— e >l e
(24+e)]+1 = (2+e)]+1 Pt
i
Zeﬂzfzf(71) [(2+6l]+1—l_ 1
(2+s)1 J+1 (2+e)]+1  [2+e))+1
(2+6)l—2!> el € e 1 1

> > :
[(2+e)l]+1= 21el+1 24e+3  e+3 32417 [2]+2
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thus z ¢ F*(f,2 + [-?] , 7). Then

. 1
y(x, 8, F*(f, 2+ [2],r) S [EFeIT -1

8 I = S P2 L

o 3] 1
oo []) 2 2

and letting ¢ — 0 we obtain the required inequality.

(i.e.)

Remark. Since the set F*(f,2 + [g] ,7) is closed in s, for each
zes\F*(f,2+ [9-] ,1’) holds

(e [])-

Corollary 1. Let f : R — R be a function. Then the set U(f) is uniformly o—-very

porous In (s, d).

Corollary 2. The set S is uniformly o—very porous in (s,d) for every h positive

integers.

Proof. It follows from the fact that the function f(z) =z, z € R.
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ON THE DERIVATIVES OF A SPECIAL FAMILY
OF B-SPLINE CURVES
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Abstract. This paper is devoted to the geometrical examination of a family of B-spline
curves resulted by the modifiaction of one of their knot values. These curves form a surface, the
other parameter lines of which are the paths of the points of the original curve at a fixed parameter
value. The first and second derivatives of these curves are examined vielding geometrical results

concerning their tangent lines and osculating planes.

AMS Classification Number: 68U05

1.Introduction

B-spline and NURDBS curves are well-known and widely used description
methods in computer aided geometric design today. The data structure of these
curves are very simple, containing control points, knot values and - in terms of
NURBS curves - weights. The modification of the control points and the weights has
well-known effects on the curves (see e.g.[9]), while more sophisticated possibilities
of curve modification by these data can be found in [1}, [3], [4], [8], [10].

The modification of the knot values also affects the shape of the curves, but
this effect has been examined only numerically. Some geometrical aspects of the
behavior of a B-spline or NURBS curve modifying one of its knot values have
been described recently in [5], [6], [7]. The purpose of this paper is to extend these
geometrical representations by examining the curves around the parameter value
of the modified knot.

Definition. The curve s(u) defined by

is called B-spline curve of order & (degree & — 1), where N} (u) is the {** normalized
B-spline basis function, for the evaluation of which the knots ug, w1, ..., unqr are

This research was sponsored by the Hungarian Scientific Research Foundation (OTKA) No.

F032679 and FKP No.0027/2001.



62 M. Hoffmann

necessary. The points d; are called control points or de Boor-points, while the
polygon formed by these points is called control polygon.

Definition. The j** span of the B-spline curve can be written as

J
sj (u) = Z dNf (u), w€[uj,ujs).
=j—k+1

Modifying the knot wu;, the point of this span associated with the fixed
parameter value @ € [u;, uj41) will move along the curve

J
sj (@, uq) = Z N,k (T, u;)dy,  w; € [ui—1, uip1]-
I=j— k41

Hereafter, we refer to this curve as the path of the point s; (). In [5] and [6] Juhész
and Hoffmann proved important properties of these paths, among which the most
important is the following

Theorem 1. Modifying the knot value w; € [u;_1,ui41] of the k** order B-spline
curve, the points of the spans s;_41(u), ..., s;pr—2(w) moves along rational curves.
The degree of these paths decreases symmetrically from k — 1 to 1 as the indices
of the spans getting farther from i, i.c. the paths s;_., (@, u;) and s;4m—-1(%, u;) are
rational curves of degree k — m with respect to u;, (m=1,...,k—1).

Beside these paths we can also consider the one-parameter family of B-spline
curves

n
s(u, ;) = A NF (w, ), € [up—1, tng1]
=0
yielded by the modification of the knot value w;. In trems of these curves another

property has been proved by Juhasz and Hoffmanu (sec [6]), namely the family of
these curves has an envelope, which is also a B-spline curve.

Theorem 2. The family of the k** order B-spline curves s (u,u;), (k > 2) has an
envelope. The envelope is also a B-spline curve of order (k — 1) and can be written
in the form

i—1
k-1
b(v) = E N T (v), v € [vio, v,
l=1—=k+1
where v; = u; if j < i and v; = uj41 otherwise, that is the "
removed from the knot vector u; of the original curves.

knot value is
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Hence two families of curves have been received, the paths of the points and
the B-spline curves themselves. These two families of curves can be considered as
parameterlines of the surface patch

s (u, u;) Z diNF( w,u),  wE [who1, Unt1], W € [Uio1, uig1).

The envelope mentioned above in Theorem 2. 1s a curve on this surface, but
the parameter lines behave in a singular way at the points of that curve. We have
seen that it is an envelope of the family of B-spline curves. In the next sections,
where we will restrict our consideration to the cubic case (k = 4) the derivatives of
the two families of curves will be computed in the points of the quadratic envelope
by the help of which we will prove, that this curve is also the envelope of the paths
and both families have the same osculating plane at every point of this envelope,
which plane is also the plane of the envelope itself.

2. The derivatives of the curves

Let the knot value u; of a cubic B-spline curve defined above be modified. At
first the family of B-spline curves will be considered, the derivatives of which can
be calculated by a well-known iterative formula, which can be found e.g. in [9]:

(1) Z d;3 ( NP (w, uy) — f—l—f\fli_l(ju,u,;)>

i Uiy3 — Uy Upa — U]

Using this rule the first derivatives of the coefficients are

ONE 4 _ 1 Uip1 — U Uiyl — U
du g1 — oo Uipl — Ujm1 Uip1 — U;

ONE, _3 1 Ujpr — U Ujpr — U
3u - ( Uip1 — Uj—2 U1 — Uj—1 Uj41 — Yy

1 U— U1 Ujp] — U n Uiga — U U — U
Uigs — Wim1 \ Uigl — Wim1 Ui — Uy Wjan — Ui Uiy — s ) )
A Ard
ONZ _3 1 U— U] Ujp1 — U N Uigs — U U — Uy
8u Ujpa — Uj—1 Ujp1 — Uj—1 g1 — Uy Uiggpa — U Ujgp1 — U

1 U — Us U — U
- b
Uj43 — Uf Uj42 — Uj Ujq1 — Ug
ONE 1 w—U; U= U

5’1L Ui43 — Uy Ujq2 — Uj Uil — Uy
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The second derivatives of these curves can also be calculated applying the

equation (1) iteratively for the basis functions of degree 3. The second derivatives

are
PPN
Z @’k
Gu?
1=i—-3

where the coefficients are

2
O N, -3 1 3 1 Uigl — U Uig1 — U 1

du® Ujr1 — Ui Uigl — Uiy Uiy — U Uig] — Ujm] Uil — Uy
92
O* NP, s 1 1 Ujpy — U Ujp1 — U 1

du’ Ujp1 — Uj_a Ujp1 — Uil Uiy — Ui Uip1l — Ujm1 Uip1 — Uy

s 1 ( 1 Uigl —U U= Uiy 1
Ujpy — Uj—1 \ Uil — Ui—1 Uip1 — Uy Uj4r — Ujmy U1 — Ug
1 U — U Ujpa — U 1
- +
Ujps — Up Uiyl — g Ujpy — U Uiy — Uy
2
B“Nf_l 3 1 1 Uipp — U U Uy 1
Au’ Uigs — Uiy \Uig1 — Uj—1 Uip1 — W Uil — Ui Uipl — Us
1 U — u; Ujpg — U 1
— +
Ujpa — Ug Uiy — Uy Uj4ar — U Uiyl — Uy
3 1 1 U — Ug 1 U — Ug 1
Uip3 — U Uipo — U Uil — Yy Ui43 — Ug Uy — Up Ui
1 U — U; 1 U — Us 1
Ujp3 — Uj Ujpz — U Uj41 — Uy '

PN} _3( 1

du? Ujps — Uj Uipa — U; Ujpl — Uj

Now the other family of curves, namely the paths will be considered. The first

derivative of this family is

O

Js;
- Z d; Fu.

g
{=i—3

where the coefficients are
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31\',-4_3 Uip1 — U Ujp1 — U Ujgp1 — U
= 7
Ju; Uip1 — Uim2 Uit1 = Uim1 (ujp1 — ;)
ONE , W= Uiy Uppl — U Uipp — U
Ou; Uil — W= Ui — Ui—1 (U — U;)°
Ujpr — U U — Uj—1 Ujp1 — U

2
Uig2 = U1 \ Uil — U1 (Ujpq — Uj)

Ujga — U U — Uy Uips — U U — Uj41

(Uiga — ui)2 Uiy — Yy Uiga — Uy (uH.l — u,-)z

ONE | U— U U= Ui_1 Ul — U
- R
Ou; Uipz — Uim1 \ Uil — Wim1 (wipp — ;)
Uipa — U U — U T R B P

(Wig2 — m)2 Uigl — U Uigd — U (uyyq — “i)z

Uiys — U U—U  U— Y

2
(Uiga — ui)” Wige = W Uip) — Uy

Uits — U U — Uiy U — Uj; U=y U — Ujg1

3 2
Ui43 — U WUjgn — U;)" Uigl — Uy Ui — U (Ujp — Uy
+ +

ON} U — Ujys u—u;  U— U

¥ - 2
Qi (wjps — ug)” Uita — Wi Uig1 — U

U — U; U — Uiy U — U; U — U U — U;

3 3
Uigs — U\ (Uipa — ;)" Wil — Ui Uips — U (w0 — ;)

The second dertivatives of these paths are the following

83si _ zl: d 62N,‘*

5 = =33
dus Ou;

I=i—

where the coefficient functions arc large polynomials thus, for the sake of
brevity they are not presented here.

2. New results

Using the derivatives of the preceeding section the following theorems can be
proved (in these proofs the Maple software was applied for the evaluation and

simplification of polynomials):



66 M. Hoffmann

Theorem 3. If we consider the surface s; (u,w;), v € [up—_1,Unt1], w €
[wi_1,u;41) then the envelope of the family of B-spline curves s; (u,;) is also
the envelope of the family of paths s; (i, u;) at the points corresponding to u = u;.

Proof. It is sufficient to prove, that the two families of curves have points and
tangent lines on common at the points corresponding to the parameter value v = wu;.
If we fix the parameters u = @ and u; = 4; then a member of both families of curves
has been selected. Substituting these parameters to both of the curves the existence
of the common point s; (%, @) = s; (&, 4;) immediately follows. For the proof of the
common tangent lines the first derivatives of these curves will be used. Substituting
the parameter w = u; to the coeflicients after some calculations one can receive,
that

aN{*_‘r_‘; _ 1 (?AT?_B _ 1 Uig1 — Uy
au,’ I - 3 Ou w=u; - Uijp1 — YUj2 Ujp1 — ui_l’
INE, 1 ONE , _ 1 ( Uy — Ui_a Uips — Us )
eL I - T3 du — CUig1 — Uioy \Uip1 — Ui_a Ui — Uj_q
81\71-4_1 o 1 6N{L_1 . ]. U; — U1
O ymy, T3 Gu _— - _ui+1 — Ui Ujss — U1
ONE _ON} _0
Ou; _— T Hu — o

which yield, that
E)si (U, Ui)

Ju

L Js; (u,u;)
3 8uz~

u=u; u=u;

L.e. the curves have also tangent lines on common at the points of the envelope.

With the help of the second derivatives of the coefficient functions the
osculating plane of these curves can also he examined.

Theorem 4. The osculating planes of the two families of curves s; (u, ;) and
s; (@, u;) coincide at every point of the envelope and this plane is that of the three
control points d;_3,d;_5,d; -1 for every u;.

Proof. The osculating plane is uniquely defined by the first and second derivatives
of the curve. Since Theorem 3 holds for the first derivatives it is sufficient to prove
that the second derivatives of these curves are also parallel to each other. Using
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the second derivatives of the coefficient functions and substituting the parameter
value u = u; the following result can be obtained:

02 Ard 2 a74
Oui? o, 3 OWP |y Uip1 — Wi_ 2 Uip] — Wim1
PNE, 10°NE, —Ujp1 F Ujmn — Ui + U1
i-2 _ i-2 _ + +
= — = )
Ou;® weu, 3 ou’ N (—wipr + wic1) (Uig1 — Ui-1) (—Uigp1 + Ui—2)
O*NE _1OPNE, _ 1
- = = ——a— = )
du;i? wey, 9 ou’ _— (g1 — wi—1) (Uisr — Ui—1)
52 ard A2 Ard
0° N; . d*N; — 0
2 = 3 =Y
6“" u=u; 6“’ u=u;
which immediately yield, that
9%s;i (u, u;) 19 (u, )
3,2 ~ a Dyp. 2
all. U=uj 3 0“'1 U=u;

Hence the osculating planes of the two families of curves coincide at the parameter
values u = u;. Moreover, the second derivatives do no depend on u;, and using the
notations

_ azN{L—I}

L B PN,

Ju;r T ow?

they can be written in the form

9%s; (0, u;
st |y dy g —dsa) + B(dis —di_y),

0“”:2 u=u,

3%s; (u, u; 1 1

wz =-A(di_3—di_a)+ - B(dj_2 —di_y).
al“ U=Uy 3 . v 3

This means that these derivative vectors are in the plane of the control points
d;_3,d;_2,d;_; for every u;. The same holds for the first derivative vectors since
the envelope is a quadratic B-spline curve (a parabola) defined by these control
points and it has common tangent lines with both of the families of the curves at
u = u;. This yields, that the osculating planes of the curves coincide with the plane
of the three control points mentioned above for every u;.

4. Further Research

Some geometrical aspects of the modification of a knot value of a cubic B-spline
curve Lave been discussed. Defining a special surface with two families of curves it
turned out that these two familics have the same envelope at a certain parameter
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value and even the osculating planes coincide. This plane is a constant plane and
defined by three control points of the original B-spline curve. Natural extensions
of these results would be desired for B-spline curves of arbitrary degree, but the
derivatives of these curves in the direction w; should be calculated by recursive
formulae of the derivatives of the basis functions and these formulae have not been
found yet.
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A SHAPE MODIFICATION OF B-SPLINE CURVES
BY SYMMETRIC TRANSLATION OF TWO KNOTS

Imre Juhdsz (Miskole, Hungary)

Abstract. We study the effect of the symmetric translation of knots #; and U;4ar_3
on the shape of B-splinc curves. We examine when the points of the 7+ k — 2 are of the curve
move along straight line segment. Quadric and cubic special cases are studied in detail along with

the rational case.

1. Introduction

B-spline curve and especially its rational counterpart Lias become a de facto
standard for the description of curves in nowadays CAD systems. A rational B-
spline curve is uniquely determined by its degree, control points, weights and knot
values. The shape of the curve can continuously be modified by means of its control
points, weights and knots. The effect of control points and weights along with their
shape modification opportunities are well known. There are numerous publications
dealing with different aspects of the topic, cf. [1], [2], [5], [7-9]. For the time being,
knot-based shape modifications of B-spline curves are not elaborated, in the related
comprehensive books only uniform parametrization is emphasized due to its casy
to evaluate formulae, but neither the theoretical nor the application issues of knot-
based modifications are described.

In this paper we use the usual definition of normalized B-spline functions and
curves as follows:

Definition 1. The recursive function Njk {u) given by the equations

N,l(u):{l if u € luj, u41)
J 0 otherwise

) U— U; - Uik — U .
NE (u) = L NFH )+ I NE (u)

Ujtk—1 — Uy Uj+k — Uj+1

is called normalized B-spline basis function of order k& (degree & —1). The numbers
u; < uj+1 € R are called knot values or simply knots, and 0/0=0 by definition.

Definition 2. The curve s{u) defined by

s(u) = Z NF(u)dr,u € [up_1, ung1)
1=0
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is called B-spline curve of order k (degree k& — 1), where Nf (u) is the jth
normalized B-spline basis function of order k, for the evaluation of which the knots
%o, U1, - . ., Unpp are necessary. Points d; are called control points or de Boor points,
while the polygon formed by these points is called control polygon.

The jth arc of this curve has the form

i
sj (u) = Z di, u € [uj,ujpi}, (F=k—1,...,n).
I=j—k+1

The modification of knot u; effects the ares s;j(u), (j =i —k+1, i —k+
2,...,14 k —2). An arbitrarily chosen point of such an are, corresponding to the
parameter value @ € [u;, u;41) describes the curve

J
S; (?1, tl,,‘) = Z d( lec (ﬂ,u,—} , U € [u,-_l,uiﬂ}
I=j—k+1

which we refer to as the path of the point s; (&). In [6] we have proved the following
theorem.

Theorem 1. Pathss;_,_1 (&, ;) and s;y, (&, u;) are rational curves in u; of degree
k—z-1,{z=0,1,...,k—2).

The derivative of these paths for & = 4 is studied in [4]. An important corollary
of the above theorem, that will be used in this paper as well, is :

Corollary 1. Paths of the arcs s;_;41 (@, u;) and s;4r—2 (G, ;) are straight line
segments that are parallel to the sides d;_p,d;_r 41 and d;_1,d;, respectively.

In this paper we show some interesting properties of B-spline curve modifica-
tions obtained by the symmetric translation of knots uw; and ;426 _3.
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2. Symmetric translation of knots u; and ;4253

We study how points of a B-spline curve move, i.e. what will the paths be like,
when knots u; and u;yax -3 are symmetrically translated. By symmetric translation
of knots u; and u;, (i < j) we mean the u; + A, u; — A, A € R type modification. In
order to preserve the monotony of knot values A can not take any value but it has
to be within the range [—c, ¢}, ¢ = min{u; — w1, 41 — Uy, U5 — Uj—1, Uj41 — Uj }.
Under the circumstances, the i 4+ k — ch arc of the B-spline curve, that is effected
by both w; and w;42;-3, has the form

itk—2
Sivk_2(u) = Z d; N} ()
I=i-1
itk—d e — u
= D diNF(u)+ (N!““(u)+ N (u)) d;
I=i+1 Witk = Uit1
W + e e S N (w)+ NFSL L (w) ) d,
Uigak_4 — Uighog ‘TE3 i+k—2 ke

LT N () (diy - dy)

1
Uiph—1 — U

U — U4k -2 k—1
- NG () (digr—2 — digr-3) .

Uj42k—3 — Uith-2

Further on we examine the B-spline curves s;yx_3(u,A) and their paths
obtained by the substitution u; = u; + A and ¥;42p-3 = Uipap—3 — A

Theorem 2. Paths s;1r—2 (u, A), X € [—c, c] are straight line segments, If and only
if, the equality u;4p—1 — U, = Ujpax—3 — Uiyk—2 IS satisfied.

Proof. In expression (1) only the coefficients of the terms (d;—; —d;) and
(ditk—2 — di4k—3) depend on A, the rest of the sum can be considered as a constant
translation vector which we denote by p.

(1) If 6 = wigh—1 — Ui = Ujq2k-3 — Uik—2 then 1/ (8 — A) can be factored out,
thus we obtain a straight line of the form

' 1 -
Sitk—2 (U, /\) =p-+ m ((ui-}—k—l — u) Nz-k ! (u) (d.lj_l — dl)
+ (U~ ujpp_2) Ni}:_—k_l_g (u) (di k-2 — ditr-3)) -
(i) If wi4p—1 — ui # Uig2k—3 — Uj+x—2 then the rational curve (1) (in A) has

two points at infinity, one at A = w;jy;_1 —wy;, and another at A = w; o535 —Uipr—2,
therefore the curve can not be a straight line.
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It is worth having a closer look at two special cases of the above theorem.

d.
\ s(1e.,1)
sie,0)
sl 1)

d. !

Ficure 1. The cffect of the symmetric modification of kunots w; and w05 on the
shape of a quadratic B-spline curve, with the indication of paths of the arc s;41 ()

(n=12,k=3,i=6,A e [-1,1]).
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Figure 2: A comparison of two constrained shape modifications gained by the
modification of two knots, and by the alteration of a weight (n = 12,k = 3,7 = 6).

2.1. Case k=3

In this case the arc s;41 (1, A) can be written in the form

N7 () (i - )

Ujgs — U — A

Nips () (diga — di).

siy1 (u,A) =d; +

U — U1
U3 — A— i1
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Obviously, paths of its points are elements of the pencil of lines the base point of
which is d;, provided w;42 — u; = i3 — uiy1, cf. Fig. 1. (This special case can be
found in [3] as well, along with other knot-based shape modifications.)

This means that the symmetric translation of knots u; and u;y2r—3 pulls from
/ pushes toward the control point d; points of the arc s;y; (u) along straight
lines. Therefore this shape modification effect i1s similar to the one obtained by the
alteration of the weigh w; (the weight of the control point d;). However, these two
shape modification methods are not substitutes of each other. The main difference
is that only shape of arcs s; (u),s;41(u),...,sitx-1 (u) are modified when w; is
changed, whereas with the symmetric translation of knots u; and w4253 arcs
si—k+1 (), 8i—ppa (u), ..., Sitak—s (u) are modified, i.e. in the latter case a much
larger portion of the curve is altered. The difference between these two shape
modification methods are illustrated in Fig. 2.

2.2. Case k =4

In this case the arc s;;2 (1, A) is of interest which has the form

Ujpq — U .
siy2 (u, A) = ,LN?H (w) + NP (u) | di
Ujpqg — Uj41

+

U= Ujp1
(02, 0+ W31 () s
Ujq — Uig1
Uj43 — U 3
—— N7 (u)(d;_1 — d;
Ui+3—lli—‘)\ 1()(!1 1.)
U — Uip2

3
——— N7 (u) (dig2 — d; .
Ujps — A — Ujpa Nijs (u) (dige +1)

The coefficients of d; and d;;; are non-negative and sum to 1, ie. the
constant part of the sum is a convex linear combination of the control points d;
and d;4+1. Therefore paths of the arc are straight line segments the extension of
which intersect the side d;, d;4; at its inner points moreover, they are parallel
to the plane determined by the directions d;—; — d; és d;12 — diy1, provided
Ui43 — Ui = Uips — uip2 holds, cf. Fig. 3. If the directions d;_; —d; and d; 12 —d; 1
are parallel then the paths form a pencil of parallel lines.
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Figure 3: Shape modification of a cubic B-spline curve by means of a symmetric
translation of knots u; and u;y5. Paths of points of the arc s;;o (u) are also shown
along with their extensions which intersect the side dg, d7 of the control polygon
(n=12,k=4,i=6,A € [-1,1]).

3. Rational B-spline curves

The rational equivalents of the results of Section 2 can easily be found utilizing
the fact that any rational B-spline (NURBS) curve can be obtained as a central
projection of an integral (non-rational) B-spline curve. More precisely, the rational
B-spline curve in R?

- NEF (u)
s(u) = E wid) = u€ [g—1, wnt1]
1=0 Zj:o wj N]k (U)
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specified by control points do,dy,...,d,, weights wo,w1,...,w, (w; > 0) and
knots (ug,u1,...,Unqt), (d = 2,3), can be produced by projecting the integral
B-spline curve, determined by the same knots and the control points

wodg wydy wpd,
wo |7 wr |7 wy
in R¥*t!, from the origin onto the hyperplane w = 1.

Thus rational B-spline curves iherit those properties of integral B-spline
curves that are invariant under central projection. Therefore Theorem 2 is valid
for rational B-spline curves either. Properties of the case k¥ = 3 remains valid,
since central projection preserves incidence and straight lines. The case k = 4
changes in part, since central projection does not preserve parallelism. For this
reason, points of the arc s;.s (u) move along straight line segments, the extension
of which intersect the side d;, d; 1 at its inner points moreover, intersect the line
determined by the point of homogeneous coordinates (wi—1d;—1 — w;d;, wi—1 — w;)
and (wipadipe — wit1digs, Wita — wigr). (This line is the vanishing line of the
plane direction of Subsection 2.2 in this central projection.)

4, Conclusions

In this paper we have examined the shape modification effect of the symmetric
translation of knots u; and w;p2r_3. We proved that this symmetric translation
moves points of the arc s;ir_o (u) along straight line segments, if and only if,
Ujpk—1 — Ui = Ujpar—3 — Uipk—a holds. We studied the & = 3 and &k = 4 special
cases in detail, and carried over the results to rational B-spline curves as well.
Further research is needed on the simultaneous modification of knots to reveal
their shape modification possibilities.
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POWER INTEGRAL BASES
IN MIXED BIQUADRATIC NUMBER FIELDS

Géabor Nyul (Debrecen, Hungary)

Abstract. We give a complete characterization of power integral bases in quartic number
fields of type & = Q(\/m, \/ﬁ) where ™, n are distinct square-free integers with opposite
sign. We provide a list of all fields of this type up to discriminant 10% in increasing order of

discriminants containing field indices, minimal indices and all elements of minimal index.
AMS Classification Number: 11D57, 11Y50

Keywords: quartic number fields, power integral bases

1. Introduction

Let K be an algebraic number field of degree n. The index of a primitive
element o € Zg 1s defined by

(o) = (Z} : Z[a]T).

The existence of power integral bases {1,a,...,a” 1} is a classical problem of
algebraic number theory. The element « generates a power integral basis if and
ounly if I{o) = 1 (for related results cf. [1]). If the number field K admits power
integral bases, it is called monogeneous. We recall that the minimal index of a
number field K is the minimum of the indices of all primitive integers in the field.
The field indez is the greatest comumon divisor of the indices of all primitive integers

of the field.

Let m,n be distinct square-free integers. Biquadratic fields of type K =
Q(\/m, /n) were considered by several authors. K. S. Williams [6] described an
integral basis of K. T. Nakahara [5] proved that infinitely many fields of this type
have power integral bases, on the other hand for any given N there are infinitely
many fields of this type with field index 1 but minimal index > N, consequently
without power integral basis.

M. N. Gras and F. Tanoe [4] gave necessary and sufficient conditions for
biquadratic fields to have power integral basis. In fact they characterized all mixed
biquadratic fields having power integral basis and established further necessary
conditions for totally real biquadratic fields to have power integral basis. Using the
integral bases 1. Gadl, A. Pethd and M. Polst [3] formulated the corresponding
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index forms and gave an algorithm for determining all generators of power integral
bases in the totally real case by solving systems of simultaneous Pellian equations.

To complete the above theory of power integral bases in biquadratic fields our
purpose is to describe all generators of power integral bases in mixed biquadratic
number fields. The most interesting point is that it turns out, that surprisingly the
coordinate vectors (with respect to the integral basis of [6]) of the generators of
power integral bases in mixed biquadratic number fields are contained in a finite set
of constant vectors for all these fields. We also provide a table of mixed biquadratic
fields in increasing order of discriminants up to 10% displaying the field index,
minimal index and all elements of minimal index.

2. Index form equation in mixed biquadratic fields

To fix our notation we shortly recall the integral bases and corresponding index
forms of biquadratic number fields with mixed signature.

Let m,n be distinct square-free rational integers (not equal to 1), let I =
(m,n) > 0 and let my, ny be defined by m = Imy, n = Iny. By K. S. Willians’
result [6] all mixed biquadratic number fields can be given in the form Q(/m, /n)
so that the parameters belong to one of the following cases:

Case 1: m>0, n<0, m=1 (mod4), n=1 (mod4),

mi=1 (mod 4), n1=1 (mod 4).
Case 2: m>0, n<0, m=1l (mod4), n=1 mod 4),

m1=3 (mod 4), n1=3 (mod 4).
Case 3/A: m>0, n<0, m=1 (mod4), n=2 (mod4).
Case 3/B: m<0, n>0, m=1l (mod4), n=2 (mod4).
Case 4/A: m>0, n<0, m=2 (mod4), n=3 (mod4).
Case 4/B: m <0, n>0, m=2 (mod4), n=3 (mod4).
Case 5/A: m>0, n<0, m=3 (mod4d), n=3 (mod4).
Case 5/B: m< 0, n<0, m=3 (mod4), n=3 (mod4).

and the integral bases are given by

Case 1 {l 1-{—\/5 1+ n 1+\/F+\/—+\/mlnl}
g Peled . 2

Case 2 {l 1+ﬁ 1+ n 1\/F+\/—+\/7771?}1}
ase 4@

2 2

Cases 3/A and 3/B: {1, 1+ \/m) 7 Vi + \/mlnl }

Cases 4/A and 4/B: {1 NIIRVEY Vi + \/7'?1771 }
Cases 5/A and 5/B: {

S W+\/7 1+\/W}
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The integral basis enables one to construct the corresponding index forms (cf. e.g.

(2]):

Case 1:
Ly o ny o Ly o my o ] g 9 Ly o
(l(.Lg + 7) — I;L‘.*) (l(}.’ljg + ?) — T;L‘Q (71.1(333 + 7) —ma(®s + 7) )
Case 2
Ty.o N1 o Tgn ML o Ty o Tq o
([(;1:3 - 74)“ — Zl;c;) (l(:c3 + 74)‘ — 711;) (711(.’1:3 + ?4)“ —mq(xs — —2—4)“>
Cases 3/A and 3/B:
(l;vg — nyci) (l(;l:g + ;—4)2 — %13\) (n1(2x3 + .’1,‘4)2 — 7‘)11.’33).

Cases 4/A and 4/B:

! IO (I 5 ML o 5 M1 o
(;(2173 4+ x4)" — 7.1:4 (21;1:3 - —;;r;) (271.1;1'3 — 7(2;1:3 + ;174)‘)

I4 4 &

Cases 5/A and 5/D:

342

(1(2w4 + r3)? — 711.%3) (ZLL’% — 77111’;‘1) (%L; —my(es + %)‘)

As it is well-known (sec e.g. [1]) N = Q( /1, /n) adwiits power iutegral bases
if and only if the index form equation

(1) I{zq,23,24) = 1 (in o, 23,24 € Z)

is solvable, where I(zs3, 23, x4) is the index form given above. Moreover, all gene-
rators of power integral bases are of the form

o = T1+ Towar + 3wz + Tawy

where {1, w2, w3, w4} is the integral basis of K, (23, x5, £4) is a solution of the index
form equation (1) and z; € Z 1is arbitrary.

Our main theorem characterizes the cases when K has power integral bases
and describes all generators of power integral bases. M. N. Gras and F. Tanoe
[4] has already described the monogeneous mixed biquadratic fields. Our main
point is to show that the solutions of the index form equations in monogencous
mixed biquadratic ficlds belong to a finite set of constant vectors. Especially, the
coordinates of the generators of power integral bases are explicitely given and do
not depend on the parameters in,n, (.
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Theorem. Let K = Q(y/m,/n) be a mized biguadratic number field represented
in one of the forms listed above.

In cases 1, 2 and 3/A there are no power integral bases.

In the other cases the necessary and sufficient condition of the existence of power
integral bases in K is

Case 8/B: my = —1, 1 —4ny = —1 (and by the assumpition ni > 0).

Case 4/A: mi=2,np=-11=1s0om=2andn=-1.

Case 4/B: m; = =2, —ny = %2 (and by the assumption nq > 0).

Case 5/4: ny=—1, 4 —my =1 (end by the assumpiion mq > 0).

Case 5/B: 1 =1, ny —my = £4 {and by the assumption mi,n1 < 0).

The solutions of the index form egquation corresponding to the above integral basis
are

Case 3/B (z2,23,24) = (1,1,-2),(1,-1,2),
Case 4/A (x2,23,24) = (0,0,1),(1,0, -1},
Case 4/B (2, 23,24) = (0,0,1),(1,0,-1),
Case 5/4 m=3, n=—-1 (z2,23,24) = (1,-2,1),(1,-2,-1),
(0,1,0),(1,-1,0),
Case §/A other fields (z2,23,24) = (1,-2,1),(1,-2,-1),

Case 5/B (za2,23,24) = (0,1,0),(1,-1,0).
Note that if (x2,z3,24) is a solution then so also is (—z3, —23, —z4) but we
include only one of them.

Proof of the Theorem. In each case we solve equation (1) using the relevant
index form. In each case the index form splits into three factors taking integer
values, hence all factors must be equal to +1. We detail some tipical cases, the
others are similar to deal with.

Case 1. We have m; > 0, ny < 0, m1=1 (mod 4), n1=1 (mod 4). Set
ny = Iﬂ1| > 0.
The first factor of the index form is non-negative. Multiplying by 4 we get

(229 + 24)* + P12 = 4.

On the left hand side both terms are non-negative integers, hence we have to
consider the following five cases (a. to e.):

(a) (225 + 24)* =0, R1z] = 4

By [ > 0, we have 222 + 24 = 0, that is 2 | z4. On the other hand
(M1,23) = (1,4),(4,1), and a4 is even which imply 7y = 1, that is ny = —1. Then
we obtain nyZ1 (mod 4), a contradiction, hence in case a there are no solutions.

(b) {22y 4+ 24)* = 1, Ny2i =3
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This is only possible if | = 1, 225 + z4 = £1, 7; = 3 (that is ny = —3) and
:1,:’1 =1.Ifzy =1, then zo =0 or zo = —1; if 24 = =1, then 2z, = 0 or 22 = 1.
Then the third factor of the index form is not positive, hence it is equal to —1:

1\ 2

fzo=0,24=10r 25 = -1, 24 = 1, then —3 (9:3+ 5) - % = —1, that is
3(2z3 + 1)% + m; = 4. The first term is non-negative, not greater than 4, divisible
by 3 and odd, hence it is equal to 3. Then 3(2z3 + 1) = 3 and m; = 1, hence
223+ 1=+1, 23 =0o0r 23 = —1.

2 4
is 3(22z3 — 1)® + my = 4. Similarly as above it follows that the first term is 3 and
mi=1, z3=0o0r 23 = 1.

1 2 my
fzo=0,z4=—-1orazy;=1,24 =—1, then -3 |{23— - ) —— = —1, that

The remaining cases are (z3,z4) = (0,1),(—1,1),(0,-1),(1, —1). Considering
the second factor we get é — 2L = £1. On the other hand we have [ = m; = 1,
hence I"%L = 0. It means that there are no solutions in case b, either.
The cases
(¢) 1225 + 24)* = 2, Ry23 = 2,
(d) (225 + 24)? =3, Myzi =1,
(e) {(2z9 + 24)® =4, ny22 =0
are much simpler to consider.

Hence in case 1 there are no power integral bases.
Cases 2, 3/A, 3/B are similar to consider.

Case 4/A. Now we have my > 0, n; < 0. Let 7y = |nyq| > 0.
The third factor is non-positive, so multiplying by —2 we get

4?171]:% +my(2s + 24)° = 2.

The first term is non-negative, less than or equal to 2 and divisible by 4, hence only

47123 = 0 and m;(2z2 + z4)* = 2 are possible. These imply z3 = 0, m; = 2 and
2x5 4+ x4 = £1. Then the second factor is —2? = -1, that is 24 = £1. If 24 = 1,
then 2o = 0 or 3 = —1, and if 24 = —1, then x5 = 0 or 2 = 1. The remaining

cases are (22,24) = (0,1),(—1,1),(0,-1),(1,—1). Considering the first factor we
get %— B ==1.But[>0,n; <0,s0 I‘—Q”L > 0, hence I——;,”L =1, thatis [—n; = 2.
On the other hand, by I,ny € Z, we get { > 1, ny < —1, hence [ —n; > 2. In
this inequality the equation holds, so we have [ = 1, n; = —1. Summarizing, in
this case [ = 1, m; = 2, n; = —1 and the solutions of the index form equation are

(.'112,3,'3,.1‘4) = :I:(U, O, ].),:]:(1, 0, —-1)

Case 4/B. In this case n; > 0, m; < 0, and set my = |my| > 0.
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Now the second factor is not negative, hence it is equal to 1. If we multiply it
by 2, we get
4lz3 + myai = 2.

On the left hand side the first term is equal to 0, because it is non-negative, not
greater than 2 and divisible by 4, which implies 4193% = 0, 77111’3 = 2. From
these we get z3 = 0, my = 2 (that is my = —2), x4 = +1. Then the third
factor is (222 + 24)® = 1, hence 22> + 24 — £1. If 24 = 1, then zo = 0
or to = —1; if 24 = —1, then 22 = 0 or z» = 1. In the remaining cases
((z2,2z4) = (0,1),(=1,1),(0,—1),(1,-1)) the first factor is é — B = %1, that
is { — ny = +£2. Summarizing, we get m; = —2, { — ny = £2 and the solutions of
the index form equation in this case are (2, 23, 24) = +(0,0,1), £(1,0,-1).

Cases 5/A, 5/B can be discussed in a similar way.
In each case it is simple to verify by substitution that the triples (xa3, 23, z4)
obtained above are indeed solutions of the index form equation.

3. Description of the table

We present a list of all mixed biquadratic fields up to discriminant 10%. In this
table Dy, my, st denote the discriminant, the field index and the minimal index,
respectively. They are followed by the solutions of (22,23, 24) = %, that is the
coordinates of the elements of minimal index. If (22,23, 24) is a solution then so
also is (—aa, —23, —24) but we list only one of them. To construct the table we used
[6] (integral basis, Dy ), [2] (to calculate my ). In order to determine the minimal
index st we took the multiplies & - mg of mpy until the index form equation with
right hand side &k - g had solutions. In [3] the authors provided a similar list of
totally real biquadratic fields. These computations were performed in MAPLE and
took just a few minutes.
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THE CONDITION FOR GENERALIZING INVERTIBLE
SUBSPACES IN CLIFFORD ALGEBRAS

Nguyen Canh Luong (Hanoi, Vietnam)

Abstract. Let A be a universal Clifford algebra induced by m-dimensional real
linear space with basis {ej,e2...,e;m}. The necessary and sufficient condition for the subs-
paces of form Li=lin{ep,e1,....tm ,Em+1, . €m+s} to be Invertible is m=2 (mod 4), s=1 and
em+1=€12...m (see [2]). In this paper we improve this assertion for the subspaces of the form

L=lin{eg,ea,, -..ea,, VAL LA L }, where A;C{1,2,...,m} (i=1,2,...,m-ts).
1. Introduction

Let Vi, be an m—dimensional (m > 1) real linear space with basis
{e1,ea, ..., em}. Consider the 2™ —dimensional real space A with basis

E= {Ew, €{1}s-- - €{m}H €{1,2}» -+ E{m—-1,m}> - ~~:e{1,2,.,.,m}}x

where ey ==¢; (i =1,2,...,m).

In the following, for each K = {kq,ka,.. ., k¢} C {1,2,...,m} we writc e =
€kika.. k, With eg = eg, and so

E= {50761; oy €12, Em—Tmy ey 612.‘.171}“
The product of two elements e4,ep € £ is given by
(1) eacp = (—1)IANB (1 pABY, L pe A BC{L2,...,m]},
where
pULBY = 0 g,
JEB

plA, jy=tHie A:i> 5},
A A B = (4\B)U(B\A)

and fA denotes the number of elements of A.
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Each element ¢ = > aqeq € A is called a Clifford number. The product of
A

two Clifford numbers ¢ = 5 aaeq; b= ) bgep is defined by the formula
A B

ab = ZZ(LAbBGAeB.
A B

It is easy to check that in this way A is turned into a linear associative non-
commutative algebra over R. It is called the Clifford algebra over V,,.

It follows at once from the multiplication rule (1) that ey is identity element,
which is denoted by eg and in particular

eie; +eje; =0 for 1 £ j; e;‘-’ =-1 (L,i=12...,m)
and

Chiky kg = Ch1Chy -k 1 <hy <ka<... <k <m
The involution for hasic vectors is given by
Eklkz,u}ﬂt = (_1)
For any « = Y aaes € A, we write @ =
A

o= (T a)
A

> aq€4. For any Clifford number ¢ =
A

=

> aaea, we write
A

2. Result and Proof

We use the following definitions.

(1) An element a € A is said to be invertible if there exists an element a™*
such that aa™ = a7 la = eg; «~ ! is said to be the inverse of «.

(ii) A subspace X C A is said to be invertible if every non-zero element in X
is invertible in A.

(iii) L{ug,us, ... un) = lm{ul, Ua, . . .u,,,},ui cA (:=1,2...,n).

It is well-known (sce [1]) that for any special Clifford number of the form
m —
a=735 aje; # 0 we have a~ ! = [(ﬁz. So L(eo,e1,...,ey) is invertible, and if m = 2
i=0
m+1
(mod 4) (see [2]), then every a = ) aje; # 0, where €41 = €12 is invertible
1=0
a . .
and a1 = Pk So L{eg,e1, .-, em,ems1) is invertible.
al2
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We shall need the following lemmas.

Lemma 1. (see Lemmal [3])If L(ea,,ea,,...,€4,), whereea, € E,es, # ey, for
i# 3, ,7€{1,2,...,k}, is invertible if and only if L{ea, €4, ,€4,84,,---,€4,€4,)
is invertible.

By Lemma 1 we shall study subspaces of A i the form
L(eg,eAl,...,eAl).

Lemma 2. (see Lemma 3 [3]) L(eo,ea,,...,ea,), €a; € E ea, # ea,; for i # j,
is invertible Iif and only if

€a€a; +en e, =0fori#j, 4,5€{0,1,2,...,m}, where es, = eo.

Lemma 3. (see Theorem [3]) If L(eo,ea,,€a,,-.-,€4,), €a, € E,ea, # ea, for
i# 7, t,7€{1,2,....0} s invertible, then

Hi<m+1.
(i) fl=m+1, then

either eq, = €4,€4,...€4,_, or €A, = —€A, €Ay - -EA_,-

The purpose of this paper is to prove the following.

Theorem. L(€o,€a,, -1 €4,,CAnq1r 1 EAmy,) 18 tnvertible if and only if the
following conditions simultaneously hold:

(1) ea,€a; +ea,€a, =0 fori#j 4,j€{0,1,2,...m}, where ea, = e,
(2) m=2 (mod 4),

(3)s=1,

(4) Bither eq,,., =€a,€a,...€4, or €Amir = —€A €A, - €A, -

Proof. First we prove the sufficiency. From e €4, +ea 64, =0fori# j, 4,5 ¢€
{0,1,...m} we have

€a,€a; +Ea,6a, =0and ey, +e4, =0for i #£j, 4,j€{l,...m}.

We shall prove that es,€a,,,, +€a,,,€4, =0for k€ {0,1,...m}. For k =0, by
ab=ba and by m =2 (mod 4), we get that

eOe_Am+l + eAm-i-le_O = eAleA'.! t ‘eAm + CAIEAQ " ‘eAm

=€4,€4,_, --€4, T ea,4,...4,

m
=(-1)"ea,ea,_, - -€a, +eaca,...€a,
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m(m—1}

= (=1)"(~=1)" 7 es,a,-.-€a, t€a€4,...€4,
= —€4,€A,.-.€4, +€a,4,...€4, =0.

For k € {1,2,...,m} we have
eAke_Am+1 +eAm+15Ak = €A, €4, ---€A, ... B4, T EA, ...€4, ... €4 €4,

k= _ _ —k _
= (—l)m €Ap ---CALEA, ... €4, T (_1)177, €Ay - - CALEA, .. .CA,

= (=)™ F[(=1)""teq,, A1 CAgy €A T AL €A Ay - CAL]

i (m—1)(m—2)
= ()" (DT T ea A €A - €A,

Fea, - CAL_1 LA, ...EAm] = 0.

m+1
Take 0 # a = aoeg + > ajea, € L{€o,ea,, . - €A, €A mpt)-

i=1
m+41
1 _
Let a=! = e ageo é a;€a, |. Then
=1

m+1 m41

1
-1 _
a-a = |a|2 agep + E aen, tpeo + g aj€4,
i=1 i=1
1 m+41 m+1 m+1
R - 2 -
= I(L‘z ageg + ag E t;eq; + E ajeq; | + g A€M €A,
i=1 j=1 i=1
1 m+1
2 : = - 2
+ ftiij(eA,EAj+€Aj€A,) = W Z a; | eg = eg.
i<y i=0
Similarly, one can check the equality ¢! - a = eq.

Now we prove the necessity. By Lemma 2 we have ea,84, + €4,€4, = 0 for
i#4 4,7€{0,1,...,m} and by Lemma 3 we get that s = 1 and
either es,,, =ea,ea,...€4, O €4,, = —€4,€4,...64, .

We shall prove that m = 2 (mod 4). From €A€a; +ea;6a, = 0 for ¢ #
7 67€40,1,...,m} one gets
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ea, + €4, =0, 1€ {1,2,...,m}. Hence either fA; = 4p; +1 or HA; = 4p; +
2 (ppelN),ie{l,2,...,m}. Soes,eq, =—eq (i=12,...,m).

Let m = 0 (mod 4) or m = 3 (mod 4). Choosing ¢« = ep + €4,,,, and

b==eqg—ey4 we find

m—1
ab = €04 €Apmyy — €Apyr T CAnmyi CApgr = €0 T €A, €A, CA, . LA,

m m(m—1) m(m+1)
= €0 — [(—l) (—l) B 80] :eg—(—l) B eg =eg —ep = 0.

Hence the non-zero numbers a and b are not invertible.

Let m=1 (mod 4). Choosing a = ey, +ea,,,, and b =ea, —ea,,, we get
ab = (6141 + CAmi1 )(eAI - eAn1+l)

= CAA;, T €A CAL 1 T AL BAL T CAmy CAmp

m(m+1)

= —€0—€4,64,€4,...€4,, T €A, €4,.--.€4,, €4, — (—1) eo

m

-1 _ _
=ea,..-€4, +(—l) €A EACAL . €A, = €A, €A, — €A, ... B4, = 0.

Hence a and b are not invertible. So m =2 (mod 4). The theorem is proved.
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THE LIE AUGMENTATION TERMINALS OF GROUPS

Bertalan Kirdly (Eger, Hungary)

Abstract. In this paper we give necessary and sufficient conditions for groups which
have finite Lie terminals with respect to commutative ring of non-zero characteristic m,

where m is a composite number.

AMS Classification Number: 16D25

1. Introduction

Let R be a commutative ring with identity, (¢ a group and R(G its group ring
and let A(RG) denote the augmentation ideal of R, that is the kernel of the ring
homomorphism ¢ : RG — R which maps the group elements to 1. It is easy to
sec that as R-module A(RG) is a free module with the elements ¢ — 1(g € ) as
a basis. It is clear that A(R() 1s the 1deal generated by all elements of the form
g—1(g €G).

The Lie powers AP(RG) of A(RG) are defined inductively:

A(RG) = ABNRG), APTU(RG) = [AM(RG), A(RG)]-RG, i X is not a li-
mit ordinal, and API(RG) = ﬂ)\ AVNRG) otherwise, where [K, M] denotes the
v<

R—submodule of R(/ generated by [k, m] = km — mk,k € K,m € M, and for
K C RC,K-RG denotes the right ideal generated by K in RG (similarly RG-K
will denote the left ideal generated by ). It is easy to see that the right ideal
ARG is a two-sided ideal of RG for all ordinals A > 1. We have the following
sequence

A(RG) D AYRG) D ...
of ideals of RG. Evidently there exists the least ordinal 7 = 73[G] such that
AFN(RG) = AUHU(RG) which is called the Lie augmentation terminal (or Lie
terminal for simple) of G with respect to R.

In this paper we give necessary and sufficient conditions for groups which have
finite Lie terminal with respect to a commutative ring of non-zero characteristic.

*Research supported by the Hungarian National Foundation for Scientific Research Grant,
"No T025029.
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2. Notations and some known facts

If H is a normal subgroup of i, then I(RH) (or I(H) for short) denotes the
ideal of RG generated by all elements of the form 2 — 1 (h € H). It is well known
that I(RH) is the kernel of the natural epimorphism ¢ : RG — RG/H induced by
the group homomorphism ¢ of G onto G/H. It is clear that [(RG) = A(RG).

Let F' be a free group on the free generators z;(7 € I), and ZF be its integral
group ring (Z denotes the ring of rational integers). Then every homomorphism
¢ : F — G induces a ring homomorphism ¢ : ZF — RG by letting ¢(>° nyy) =
Y ny¢(y), where y € F and the sum runs over the finite set of nyy € ZF. If
f € ZF, we denote by Af(RG) the two-sided ideal of ’G generated by the elements
#(f), ¢ € Hom(F,G), the set of homomorphism from F to G. In other words
A7 (RG) is the ideal generated by the values of f in R( as the elements of G are
substituted for the free generators w;-s.

An ideal J of RG is called a polynomial ideal if J = Af(RG) for some f €
ZF, F afree group.

It is easy to see that the augmentation ideal A(RG) is a polynomial ideal.
Really, A(RG) is gencrated as an R—module by the elements ¢ — 1 (g € G), Le. by
the values of the polynomial  — 1.

Lemma 2.1. ([2], Corollary 1.9, page 6.) The Lie powers APN(RG)(n > 1) are
polynomial ideals i RG.

We use the following lemma, too.

Lemma 2.2. ([2] Proposition 1.4, page 2.) If f € ZF, then [ defines a polynomial
ideal A;(RG) in every group ring RG. Further, if § : RG — KH is a ring
homomorphism induced by a group homomorphism ¢ : G — H and a ring
homomorphism ¢ : R — K, then

0(A;(RG)) C Af(KH).

(It is assumed that 9¥(1g) = 1k, where 1g and 1g are identity of the rings R
and K, respectively.)

Let 0 : RG — R/LG be an epimorphism induced by the ring homomorphism

0 of R onto R/L. By Lemma 2.1 API(RG)(n > 1) are polynomial ideal and from
Lemuma 2.2 it follows that

(1) (AN (RGY) = AR/ LG).

Let p be a prime and 7 a natural mumber. In this case let’s denote by G?” the
subgroup generated by all clements of the form 4?” (g € G).
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If K,L are two subgroups of G, then we denote by (A, L) the subgroup
generated by all commutators (g, h) = g~ th=¢h, g € K, h € L.

The n** term of the lower central series of G is defined inductively: v1(G) =
G, 72(G) = G’ is the derived group (G, G) of G, and v, (G) = (yn-1(G), G). The
normal subgroups Gy (k = 1,2,...) is defined by

o

Gpi= [ (G 7:(G).

n=1

We have the following sequence of normal subgroups G, . of a group &

G = Gp’]. 2 (_T'pvz 2 e 2 Gp,

-t S e
where G, = kgl Gk
In [1] the following theorem was proved.

Theorem 2.1. Let R be a commutative ring with identity of characteristic p™,
where p a prime number. Then

L. mx[G] =1 if and only if G = Gy,

2. R[G] =2 if and only if G # G' =G,

3. x[G] > 2 if and only if GG, 4s a nilpotent group whose derived group is
a finite p-group.

3. The Lie augmentation terminal

It is clear, that if G/ is an Abclian group, then API(RG) = 0 . Therefore we
may assume that the derived group G’ = v2(() of G is non-trivial.

We considere the case char i = m = p'ph*...pls(s > 1). Let II(m) =
{p1,p2,...,ps} and Ry, = R/p!" R (pi € T(m)). If 0 is the homomorphism of RG
onto 2, G, then by (1)

(2) 0APNRG)) = AP(R,, G)
and
(3) APN(R,, G) = (APNRG) + p RG)/p™ RG.

Theorem 3.1. Let G be a non-Abelian group and R be a commutative ring
with identity of non-zero characteristic m = pPiph? .. .pPe(s > 1) Then the Lie
augmentation terminal of G with respect to R is finite if and onli if for every
pi € II(m) one of the following conditions holds:
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1. G =Gy,

2. G#G =Gy,

3. G/Gp, is a nilpotent group whose derived group is a finite p;-group.
Proof. Let p; € II(:n) and let one of the conditions hold: G = G, or G # G' = Gy,
or G/G,, is anilpotent group whose derived group is a finite p;-group. From (2),(3)
and Theorem 2.1 it follows, that for every p; € II(m) there exists &£; > 1 such that

ABI(R, G) = AR, G) = .,
where R,, = R/p}*R. If
k = max]_, {ki},

then
AR, ) = AB+(R, G) = ...
for all p; € II(m).
Since APN(R, @) = (APN(RG) + p* RG)/p} RG for all n and every p; €

II('m), then from the previous isomorphism it follows, that an arbitrary element
x € AFN(RG) can be written as

Teq
r = x; +p;laq,

where z; € AFH(RG), ¢; € RG. Tf m; = m/p}", then myz = myz; since mp} is
zero in f. We have
E m; | ¢ = E m T,
pi€lI(m) pi€II(m)
7

Obviously m; and p'* are coprime numbers and for all p; € II(m) p;
my for j # 4. Therefore Zplen(m) m, and the characteristic m of the ring 2 are

i divides

coprime numbers. Consequently Zpien(m) m; is invertible in 2. So

z=ua g mixi,

pi€ll(m)

where a e,y = 1. Hence x € AFFNREY and & € AM(RG) = AFFI(RG).

Conversely. Let 7r(G) = n > 1, l.e. A"HRG) # A™(RG) = AMHRG) = .. ..
Then for every prime p; € II(m)

AR 2 AR @) = A[k+ll(}gmc) =...

holds for a suitable & < n and Theorem 2.1 completes the proof.
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A MATEMATIKAI KEPESSEGEK MERESE KONTROLL-
ES VERSENYHELYZETBEN

Orosz Gyulédné (Eger, Hungary)

Abstract. ‘T'his paper is about two motivated situations. We show that what kind of
situation is better [or pupils to give more efficiant achivement. It was examined by using test
papers among elementary schools pupils from 5th to 8th grades. Our results prove that the

-controlled situation was better than competition one.

1. A kutatds hattere

A pszichopedagégial irodalomban a tanuldsi tevékenység olyan motivacids
szemponti kutatdsai, melyek precizebb kutatdsi eszkozokre tamaszkodnak, ardny-
lag kis szamiak. Ennek oka valdszintlileg a kutatds metodikail nehézségében rejlik.
»Az 1skolal tanulds motivacidjara irdnyuld kutatasok tébhbsége a tanulét mozgdsitd
inditékok és késztetések vizsgdlatdra korlatozédik. A legtébb pszicholégus a moti-
vaci6 fogalmat haszndlva nem azokra a tényczGkre és helyzetekre utal, amelyekkel
a motiviaciés dllapot létrehozhatd a tanuléban, hanem a motivicié tébbnyire
retroaktiv vizsgdlat révén kimutathatdé inditékaira vonatkoztatja, aldbecsiilve ily
médon a tanulds és motivicié clvdlaszthatatlan dinamikus kapcesolatat” — osszegzi
Lazar A. (1980). Kutatdsunk az iskolai helyzetek (a mindennapi tevékenységtol
elvonatkoztatva, mint pl. kontrollhelyzet, versenyhelyzet) motivicids tényez8inek
feltardsdhoz kivan hozzdjdrulni. Azokra a lehetdségekre prébdlunk rdvildgitani,
amelyek a tanuldsra jellemzd motivdciés helyzetek létrehozdsdra alkalmasak és
el6segitik a belsé inditékok mozgdsitiasat, fokozdsat, a belsd fesziiltség kialakitdsat.
Kutatdsunk alapjdt Lazar A.: Motivdcids helyzetek, tanuldsi eredmények (1980)
munkdja képezte. Az éltala vizsgdlt motivdcids helyzetek koziill mi csupan két
teriilet clemzdésével foglalkozunk, vdlaszt keresve arra a kérdésre, hogy a matemati-
katanulds eredményességét hogyan befolydsolja a kontroll- illetve a versenyhelyzet.

2. A mérés eszksze, résztvevdi

A két motivacids helyzet Gsszehasonlitd clemzésére az 1999-es tanévben Me-
z6csaton megrendezett Tobbet ésszel ... matematikaverseny teremtett lehets-
séget. A tanuldk évfolyamok szerinti teljesitménye (5—8. osztdly) biztositotta
a versenyhelyzet mint motiviciés helyzet tanuldsi eredményét. A versenyre
szerkesztett feladatlapokat, javitdsi itmutatdkat felhasznédlva elvégestitk a mérést
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kontrollhelyzetben is. A kontroll motivicids helyzetet gy biztositottuk, hogy
a feladatlapokat eldre kiosztottuk a tanuléknak azzal az utasitdssal, hogy azokat
otthoni munkdban oldjdk meg. Az elvégzett munkajukat a kovetkezé napon a
matematikaéran ellenérizni fogjuk. ‘

Mivel a versenyen matematikdbdl jé képességili tanuldk vettek részt (tandraik
szerint jO képességiinek tartott), ezért tagozatos osztalyokat vontunk be a kont-
rollhelyzetii mérésiinkbe: Altalanos Iskola, Uszéd (108 16), Reformdtus Altaldnos
Iskola, Mez8csat (73 16), Altaldnos Iskola, Szeghalom (154 £8).

A mérésiink célja a tanuldk teljesitményének Gsszehasonlitdsa, a kiillonb6zo
motivacids helyzetek hatékonysdgi sorrendjének megallapitdsa évfolyamonként.

3. Az 5. osztélyos tanuldk teljesitménye a két motivacids helyzetben

Az 5. osztdlyos tanuldk az aritmetikai gondolkoddst méré feladatban (1.)
35%-o0s teljesitményt nytdjtottak a versenyen, és jelentGs javulds (17%) kovetkezett
be a kontrollhelyzetben mért teljesitményiikben. Az induktiv gondolkoddst mérd
2. feladatban jobb teljesitményt nytjtottak a versenyen is, de ebben a feladatban
is jelentds (14%-o0s) javulds mutatkozik a kontroll motivdcids helyzet javdra. A
legnagyobb kiilénbség a tanuldk teljesitményében a problémamegoldé gondolkodast
mérd 3. feladatban mutatkozik (23%). A geometrial szamitasokhoz kapcesolddd 4.
feladatban még mindig igen alacsony a tanuldk teljesitménye, de itt is 17%-o0s az
eltérés, amely a 1. dbrardl leolvashato.

Versenyhelyzet
&1 Kortrollhelyzet

1feladat 2feladat 3feladat 4feladat Osszesen

1. dbra
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4. A 6. osztdlyos tanulék teljesitménye a két motivaciés helyzetben

A 6. osztalyos tanulék két motivacids helyzetben mért teljesitményénél is
hasonlé eltéréseket kaptunk, mint az 5. osztialyosokndal. A legjelentdsebb javuldst
a problémamegoldé gondolkoddst mérd 4. feladat esetén tapasztaltuk. A legkisebb
kiilonbség itt is az induktiv gondolkodast mérd 2. feladatndl mutatkozik, de még
ez is jelent&snek (14%) mondhatd (2. dbra).

A két osztdly kozott mutatkozd hasonld eltérések feltételezésiink szerint abbdl
adédhatnak, hogy a feladatok analégids feladatok voltak. A matematikai képességek
azonos, illetve koézel azonos teriileteit mérték mindkét osztalynal. A gyakorlati
életbdl vett problémdhoz kapcesolddik az els6 feladat. Az alacsony teljesitmény-
szintet feltételezésiink szerint a szoveg megértése okozta. A tanuldk figyelmetleniil
olvastdk el a feladatot, s ez okozta az elkévetett hibdkat. Tapasztalataink szerint
ez a korosztaly jellemzéen kivonatolja a szdmokat a szoveges feladatokbdl és
azokkal végzi a miiveleteket. Nem veszik figyelembe a szévegben 1év6 adatok kozotti
Osszefiiggéseket, mert azok elemzésére nem forditanak elegendd idot.

B Verseryhelyzet
B Kontrallhelyzet

=

fdaddt 2fdadt 3fdadd Afdaddt Osszesen

2. dbra

5. Az 7. osztédlyos tanuldk teljesitménye a két motivacids helyzetben

A 7. osztalyos eredményekrol elmondhatd, hogy a teljesitmények kozotti
kiilonbségek nagyobbak minden feladat esetén verseny- és kontrollhelyzetben egya-
rant. A nagyobb eltérés azt jelzi szamunkra, hogy a matematikai képességeket
nagyobb érzékenységgel méri a 7. osztdlyos feladatsor, mint az 5—6. osztélyos.
Meglepd, hogy a problémamegoldé gondolkodast mérd 4. feladatban még a verseny-
helyzetben is igen alacsony teljesitmény sziiletett (7%). Feltételezziik, hogy ennek
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oka az lehet, hogy a szokdsos iskolai feladatok kozott ritkdan fordulnak el6 ilyen
problémék. Ennek ellenére szamottevo javulast mutat a kontrollhelyzetben nyijtott
teljesitménynivé. Mindez azt jelenti, hogy a kiilonb6z6 motivacids helyzetekben a
tanulék matematikai képességei kiilonb6z6 mértékben fejlédnek. Fontos informaciét
nydjthatnak ezek az adatok a szaktandr szdmdara a feladatsorok tervezésekor.
Minden feladatndl elmondhatd, hogy differencidltak a teljesitmények a helyzeteket
illetGen.

Osszességében megallapithatjuk, hogy a kontrollhelyzetben mért teljesitmé-
nyek jobbak, mint a versenyhelyzetben mértek (3. dbra).

\Ersenyrelyzel
§ Korirdlhelyzet

1fdakt 2fdatt 3fdadt 4Afdakt Osszesen

3. dbra

6. A 8. osztalyos tanuldk teljesitménye a két motivacids helyzetben

A 8. osztalyos tanuldk teljesitményeirdl hasonld megéllapitdsokat tehetiink,
mint az el6z6 osztalyok esetében. Eltéréseket is ldthatunk, amelyek koziil emlitést
érdemel az a tény, hogy a problémamegoldé gondolkoddst mérd 1. és 3. feladatban
kontrollhelyzetben és versenyhelyzetben jelentésebb javulds (22%) mutatkozik,
mint az alsébb évfolyamoknadl (4. dbra).
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Versanyrdyzt
Kontrdlhdlyzet

5 2 8

Q

1fdadd 2fdaid 3fdadd 4fdadd Ossesen

4. dbra

7. Osszegzés

A két motivaciés helyzetben elért teljesitményekrdl megallapithatjuk,
hogy az 5., 6., 7. és 8. osztdlyos tanuldk kontrollhelyzetben egyértelmiien jobb ered-
ményt értek el, mint versenyhelyzetben. A teljesitményeket kétmintds ¢-prébaval
ellendriztiik, amely minden osztdly esetén szignifikdns (p < 0,001).

Minden évfolyamndl egyértelmi javulds mutatkozott a kontroll motivdcids
helyzet javara. A tehetséggondozé munka gyakorlatdban a mdédszerek megvalasz-
tasandl célszerd figyelembe venni a kiilonboz6 helyzetek differencialt hatékonysagi
sorrendjét.

Végeztiink méréseket monoton- és jatékos helyzetben is. Az adatok feldolgozdsa
soran igen erds eltérések adédtak azonos képességi differencidlt helyzetben dolgozé
tanuldk teljesitményeiben. Ezek részletes elemzésével kovetkezd tanulmanyunkban
foglalkozunk.

Irodalom

(1] KETSKEMETHY LAszLO & 1zs6 Lajos, Az SPSS for windows programrend-
szer alapjai, Felhaszndldi és oktatdi segédlet, Partner Bt. Budapest, 2000.

[2] Lazar A, Motivécids helyzetek, tanuldsi eredmények, Tankényvkiadd, Buda-
pest, 1980.



106 Orosz Gyulané

[3] Orosz GYULANE, Matematikai képességek fejl6dését befolydsolé tényezdk,
PhD értekezés, Debrecen, 2001.

[4] TakAcs GABOR—TaKACS GABORNE : A tanuldl motivicid erdsitése az
alapfoki matematika tanitdsban. Matematika tanitdsa, 3. szdm, (1988).

Orosz Gyuldné

Karoly Eszterhazy College
Department of Mathematics
Leanyka str. 4.

H-3300 Eger, Hungary
e-mail: ogyne@ektf.hu



Acta Acad. Pued. Agriensis, Sectio Mathematicae 28 (2001) 107-118

FELSO TAGOZATOS DISZKALKULIAS TANULOK SEGITESE

Szildk Aladarné (Eger, Hungary)

Abstract. Hilfe fiir die discalculierischen Schiiler, die von 5. bis 8. Klasse besuchen. Die
Abhandlung fagt die auserschulische Entwicklungsmdéglichkeiten der discalculierischen Schiiler
zusammnien, die die von 5. bis 8. Klasse besuchen. Die Essay stellt die Planung, Methoden, Mittel,

Ergebnisse der lehrplanlich wohlbegriindete Beschaftigungen vor.

1. A téma valasztasardl

A matematikatandrnak nemecsak tchetséges, j6 és dtlagos képességii tanitvanyal
vannak, hanem nagyon gyengék is, akik tartds segitségre szorulnak. Ez utdbbiak
matematikatanuldsi neliézségekkel kiiszkddnek, s a szakirodalom diszkalkulidasok-
nak nevezi Gket. Egyre tébb olyan iskola vawn, ahol az ilyen gyerekeket tandrdan
kiviili, specidlis fejlesztd foglalkozdsokon prébdljak felzérkdztatni az osztdlyfoknak
megfeleld minimumszintre. Alsé tagozaton tobbnyire a logopédusok végzik est
a munkat, fels6 tagozaton a matematikatanarok tudnak szakszeriien foglalkozni
ezekkel a tanuldkkal. Mivel a matematika tanitdsdan il specidlis mdédszerekre,
cszkozokre, fejlesztésekre épiil a terdpia, tobb felkésziilést igényel a tandrtdl is.
A tandrképzés sordn matematika tantdrgypedagdgidbdl a képzési anyag tilzsi-
foltsdga, az 1dé rovidsége miatt sajnos keveset foglalkozunk ezzel a problémaval.
Tébb matematika szakos hallgatdval szakdolgoztunk viszont ezen a teriileten
eredményesen. Kordbbi cikkiinkben [5] bemutattuk a diszkalkulia jellemz6it, a
vizsgdlati suempontokat. A pedagdgial vizsgélathoz feladatlapokat készitettiink 5.,
6. osztdlyos tanuldknak természetes szdmok, egész szdmok, tortek témdkhoz. A
vizsgdlatokat diszkalkulia-gyamis tanuldkon elvégeztiik, a diszkalkulidra jellemz8
hibdkat osszegyilijtottiik. E tanulmanyban a felzarkdéztatd, fejleszté munkankat,
valamint e munkdnk sordn szerzett tapasztalatainkat szeretnénk dsszefoglalni.

2. A fejleszts, felzarkdztats foglalkozdsok tantervi hattere

(a) Kiilonleges bandsmaédot igényls, tanuldsi nehézségekkel kiizd$ (mds fogyaté-
kos) tanuldk iskolai fejlesztésénck elvei:
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A Nemzeti Alaptanterv a mds fogyatékos tanuldk (diszlexids, diszgrafias,
diszortografids, diszkalkulids, hiperaktiv) iskolai oktatdsdnak is alapdokumentuma,
amely a kerettanterveken és a pedagégial programokon keresztill szabélyozza a
fejlesztés és a tanitds céljait, tartalmait. A NAT alkalmazasit a diszkalkulids
tanuldk esetében a ”Fogyatékos tanuldk iskolai oktatdsanak tantervi irdnyelvei” (2.
szarmi melléklet a 23/1997. (VI.4.) MKM rendelethez) segiti, amely meghatarozza:

— A NAT minimalis kdvetelményeinek modositasi lehetdségeit;

— a miiveltségi tartalmak kijelslésekor egyes teriiletek elhagydsdnak vagy egysze-
risitésének, illetve 1) tertiletek bevonasanak lehetSségeit;

— a tananyagdtadds és a fejlesztés szokdsosndl nagyobb mértéki idébeli meg-
hosszabbitdsdnak lehetGségeit.

(b) A NAT és a kerettantervek alkalmazdsa a helyi tantervek készitésénél:

A részképességzavar tiineteit mutatd tanuldk sajitos fejlesztésének elvei nem
indokoljdk a NAT kovetelményeinek a modositdsat. A tanulék e csoportja ugyanis
képes a minimum koévetelményeket teljesiteni. Tanuldsi zavaratk a Koézoktatdsi
Torvény adta lehetGségeken beliil kezelhetSk. A diszkalkulids tanuldk esetében a
matematika miiveltségteriilet minimadlis kovetelményeinek a teljesitése kompenzd-
cids lehetdségeket, specidlis mddszercket, meghosszabbitott tanitasi iddt, gydgype-
dagdgiai segitséget feltételez.

A vizsgdlt tanulék hibdit, hidnyossdgait és a fentieket figyelembe véve dltalunk
kidolgozott helyl tanterv-részlet alapjan tervesztitk meg a fejlesztd foglalkozdsokat
5., 6. osztdlyra. Mivel a szdmoldsi nehiézségek (zavarok) a legjellemzébbek az
ilyen tanulSkra, igy a megfelelSen kialakitott szdmfogalom, a béviil§ szamksrben a
miiveletek végzése és begyakorlotisdga alapfeltétele a tovibbhaladdsuknak. A helyi
tantervben éltiink a tananyagatadds idébeli meghosszabbitdsdnak lehet8ségével is.
fgy diszkalkulids tanuléink koriilbelill 8. osztdlyra jutnak el egy olyan minimum
szintre, amely egy Atlagos képességi tanuldnal 6. osztdly végén elvarhatd. Nagyon
foutos lenne, hogy. a fejleszt§ terapidk programjai minden olyan iskola pedagdgiai
programjainak tartalmi elemeivé valnanak, ahovd mas fogyatékos (pl. diszkalkulids)
tanulék nagyobb létszamban (10 szdzalék) jarnak.

(¢) Helyi tanterv-részlet:

Tantervi célok, feladatok, fejlesztések:

— Olyan szintil ismeretek kdzvetitése a cél, amelyek a mindennapi élethelyzetek-
ben eléfordulé matematikai feladatok 6nallé megolddsat lehetévé teszik.
— Jartassdg kialakitasa a miiveletek végzésében a raciondlis szamok halmazdaban,

— Pozitiv attitid kialakitdsa a szdmok vilagdhoz.
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— Az analdgids gondolkodds, az elvonatkoztatds, az altalanositas elGkésaitése,
segitése viltozatos targyl tevékenységekkel, tapasztalatszerzéssel.

Tananyag; 5., (6.) osztdly:
(1) Szamfogalom, szdmkori ismeretek:

— A természetes szdmkor bévitése 1000-ig (10000-ig).

— A tizes szdmrendszer 1000-ig (10000-ig).

— A szdmok frdsa, olvasdsa, helylik a szdmegyenesen.

— A szamok egyes, tizes, szdzas szomszédai.

— Negativ szamok fogalma, dbrdzolasuk a szdmegyenesen.

— A tort fogalma, el6adllitdsa tevékenységgel, tortszam irdsa, olvasdsa, tortek
Osszehasonlitdsa.

(2) Miveletek:

Szébeli Osszeadas, kivonds, pdtlas kerek szdzasokkal (ezresekkel).

— Szorzd-, bennfoglald tdblédk.

Irdsbeli dsszeadds, kivonds haromjegy (négyjegy) szdmokkal.

— Osszeg, kiilonbség valtozasai.

- Két-, és hdromjegyd szdmok szorzdsa egy, majd kétjegyd szorzdval.

— Két-, haromjegyt szdmok osztdsa cgyjegyi osztdval.

- Epész szdmok Osszeaddsa, kivondsa, szorzds, ossztis eszkozzel.

Miiveletek tortekkel: azonos nevezGjl, illetve kdnnyen azonos nevez6jlivé ala-
kithaté tortek Osszeaddsa, kivondsa.

— Tortek Osszehasonlitdsa, az egyszerisités, bdvités elGkészitése.
Kovetelmények:

— Legyen biztos szdmfogalina ezres (tizezres) szdimkorben.

— Ertse a negativ szam, tortszdm fogalindt. )

— Tudjon készségszinten 8sszeadni, kivonnl széban ezres szamkdrben.

— Tudja a szorzd-, bennfoglald tdblakat készségszinten.

Legyen jartas az irasbeli szorzdsban, osztasban egyjegyi szorzé és oszté esetén.

— 'Legyeu jartas a természetes szamok nagysdg szerinti dsszehasonlitasdban ezres
(tizezres) szamkérben.

— Tudjon kiilénbségsorozatot folytatni mindkét irdnyban.
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Megjegyezziik, hogy a fenti tanterv szerint tanuld diszkalkulids tanuldk tandrai
munkdjinak irdnyitdsa, szervezése sok feladatot ré a matematikatandrra, ugyanis
jelent8s hatranyban vannak a t&bbi tarsukhoz képest.

3. A diszkalkulia foglalkozdsok tervezése
(a) A foglalkozdsok célja, feladatai:

Vizsgalataink igazoltdk, hogy a szdmoldsi nehézségek, zavarok nagyon jel-
lemz8ek a diszkalkulids tanulékra. Sajnos felsé tagozaton is matamatikatanuldsi
nehézségei lesznek az olyan gyerekeknek, akiknek alsé tagozaton gondjai voltak.
Az ott megkezdett terdpidt folytatni kell. Matematika szakos f6iskolai hallgatdink,
akik ezt a témdt vdlsztottdk szakdolgozatként erre a fejleszté munkdra késziiltek
fel. J6 lenne, ha az iskolakban minél tébb matametikatanar tudna foglalkozni a
diszkalkulids tanuldkkal. Anndl is inkdbb fontos a tandrok képzése, tovibbképzése
ezen a teriileten, mert nem jogszeril kisegitd iskoldba, gydgypedagdgiai intezetbe
tandcsolni a tanuldsi zavarokkal kiizd6 (diszlexids, diszkalkulids, diszgrafids stb.)
gyerekeket, mivel tanitdsuknak, tanuldsuknak helye az dltalanos iskola, kdzépiskola.

A foglalkozasok célja: A diszkalkulids gyerek felzarkoztatdsa az osztalyfoknak
megfelel6 minimum szintre, hogy visszakeriilliessen a tanérai munkéaba.

Mesterhdzi Zsuzsa szerint: ” A specidlis diszkalkulia foglalkozdsok célja a mate-
matika tanuldsahoz sziikséges biztos alapok megteremtése, a megfelel képességek
fejlesztése, jartassdgok, készségek kialakitasa, j6l begyakorolt, s késébb az elvonat-
koztatdsra alkalmas eszkdzrendszer kidolgozdsa, s legféképpen azon belsé feltételek
megteremtése a gyermekekben, amelyek a matematika tanuldsdhoz nélkiilozhetet-

lenek.” [4]

A foglalkozasok feladatai:

— Erzékelés, észlelés, figyelem, emlékezet, gondolkodas és beszéd fejlesztése.

— Sajét testen, stkban, térben, id6ben valé tdjékozddés segitése.

— A szamfogalmak kialakitdasa N-ben, Z-ben, Q-ban.

— A miiveletek és inverzeiknek értelmezése, szébeli, frdsbeli mitveletvégzések
technikajanak kialakitésa.

— Szbveges feladatok megolddsanak elékésuzitése.

— Az absztrahdlds folyamatdnak elékészitése sok kisérlettel, tdrgyi tevékenység-
gel, tapasztalatszerzéssel.

— Motivalds sok eszkozzel, érdekes, jatékos feladatokkal, a szorongdis oldasa.

Megjegyezziik, hogy a fenti feladatok a tantervi tartalmak és kdvetelmények
minimumara vonatkoznak, és ez a szdmolds. Ha ezt a tanuld nem tudja készség
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szinten, akkor bonyolultabb matematikai ismeretek tanitdsanak semumi értelme,
erdménye nincs. Nagyon alapos munkat, aprélékos kidolgozast, koriiltekintést igé-
nyel egy diszkalkulids tanuléval valé foglalkozds. Sajnos az eredmény nem mindig
lesz latvanyos és maradandé. A diszkalkulids tanuldk zéme szinte soha nem tud
elszakadni az eszkdzeitSl (pl. ujjszdmolds), djabb szdmhalmaz tanulméanyozdsa
tovdbbi megprdébaltatdsok elé dllitja, és kezd&dhet minden majdnem el8lrél. Lehet,
hogy a természetes szdmok halmazdban mar el tud ugyan igazodni, de az egész
szamok, tortek csak csoda folytan lenne problémamentes.

Nem minden foglalkozdson fordul eld egyenld sillyal minden feladatksr. A
feladatteriiletek ardnydt mindig az adott révid tavi fejlesztési ¢él hatarozza meg.

(b) A foglalkozédsok szervezése, tartalma, mddszerei, eszkozei:

Azt tapasztaltuk, hogy tanulénként kiilonbozéek a matematikatanuldsi nehé-
zségek, igy egyszerre egy-két tanuldval lehet csak foglalkozni tandrdn kiviil, heti 2-3
alkalommal, 20-25 perces id6tartamban.

Amikor osszeallitottuk a foglalkozasok tervezeteit pontosan tudtuk, hogy kiket
fogunk fejleszteni, és tanuldinknak melyek a legsilyosabb hidnyossdgai. A helyi
tanterv-részlet alapjdn a tananyagot hdrom modulba (természetes szamok, egész
szamok, tortek) soroltuk. E modulok egymastdl teljesen elvéltak, egyikr6l a masikra
valé hivatkozdsokat nem tartottuk szerencsésnek, ugyanis a diszkalkulidsok analdgi-
as gondolkodasanak gyengesége miatt az egymasba épiilés nehezitette volna a mun-
kankat. Megvizsgalt és kiszlirt tanuldinkndl minden modulhoz kapesolédva tobb
tertileten taldltunk fejlesztési feladatokat. fgy a természetes szamokhoz a szébeli
miiveletvégzésck, az egész szamokhoz az §sszeadds-kivonds (Sssuzcvonds), tortekhes
a pozitiv tortek Ssszehasonlitdsa (rendezése) keriilt kidolgozdsra, fejlesztésre. Egy-
egy feladatot 10-12 foglalkozds keretében 6 hét alatt prébaltunk teljesiteni.

A tanuldk 5., 6., 7. osztdlyosak voltak, ugyanakkor a tananyag és a kovetelmé-
nyek pl. a természetes szamokhoz kapcsolodva 3. osztalyos gyerekhez méretezett. Az
cgyes foglalkozasok feladatai pl. a szdbeli miiveletvégzések terdpidjan az aldbbiak
voltak: szébell Osszeadds; szdbeli Osszeadds és kivonds miiveletének kapcsolata;
szobeli kivonds; szdbeli szorzds; szobeli szorzds és osztds miiveletének kapcsolata;
szébell osztds; szébeli miiveletek gyakorldsa.

Minden foglalkozdst részletesen megterveztiink, mely tervek az egyes fog-
lalkozasok konkrét példdinak leirdsan tul tartalmaztdk a fejlesztési feladatokat,
médszereket, taneszkozoket. Mivel a cikk terjedelme nem teszi lehetdvé az egyes
foglalkozasok részletes leirdsat, igy roviden oOsszefoglaljuk azokat a mddszereket,
specialis eszkoudket, amelyeket alkalmaztunk: Sok szemléltetés, tdrgyi tevékenység,
tapasztalatszerzés, gyakorlds az eszkozokkel, ismétlés, motivilas jatékos felada-
tokkal. Taneszkozeink koz6tt helyt kapott minden olyan targyi modell, eszkdz
(helyiértéktablik, miivelettdblak, szdmkartyak, korongok, képosszerakdk, szamo-
16gép, szdmitégép, szorobdn, feladatlapok, munkalapok stb.), amely kézelebb vitte
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diszkalkulids tanuléinkat a téliik elvarhatd ismeretek megszerzéséhez. Mindegyik
modullal az aldbbi fejlesztéseket prébaltuk megvaldsitani:

— Analizald, szintetizald képesség fejlesatise.

— Az analdgids gondolkodds fejlesztése, a transzfergyengeség kikiiszébolése.

— Figyelmetlenség, faradékonység lekiizdése, rovidtava emlékezet fejlesztése.

— Kommunikécids képesség javitasa.

— Az induktiv kivetkeztetés, mint gondolkoddsi mddszer elGkészitése.

4. Eredményeink és tovdbbi fejlesztési terveink

A fejlesztd foglalkozdsokat egri és vidéki iskoldkban tanitdsi gyakorlatok sordn
prébaltuk ki. Iddnk rovidsége miatt mindhdrom modult egy-egy tanuléval. Az
eredmények vdrakozdsunkon felillick voltak. A kapott feladatokat tandri segitség
nélkiil, szinte hibatlanul oldottdk meg a gyerckek. Segédeszkdzt (miivelettdbla,
helyiértéktabla, applikdcids modell sth.) tébb esetben hasznéltak, de az czektsl vald
elszakaddst még nem varhattuk el. Mivel sok batoritast, érdekes, jatékos feladatokat
kaptak, a "szamoldsi szorongdsaik” megsziintek. Szobeli matematikai kifejezéképes-
ségiik javult. Figyelmiik—mivel csak veliik foglalkoztunk—a matematikai feladatok
felé wrdnyult. Hamar elfaradtak, gy a 20—25 perces foglalkozasi id6t nem lehetett
megnyujtani.

Mivel ezek a tanuldk 5., 6., 7. osztalyosként a matematika dérikon is részt
kell, hogy vegyenck, tovdbbi feladatainknak tartjuk a diszkalkulids tanuldk tandrai
integréldsdnak (foglalkoztatdsinak) kidolgozdsdt, a szintentartds lehetdségeit az
egész tanéven keresztiil végzendd, tandrdn kiviili fejlesztd foglalkozdsokkal parhu-
zamosanl. Eddigi munkink credményel is azt mutatjdk, hogy végsé megolddsként
nem azt kell megcélozni, hogy ezek a gyerekek a “kisegitd iskoldkban” végezuék
tanulmdanyaikat, hanem az Aaltaldnos iskoldban szakképzett tandrok segitségével
sajatitsdk el a t6lik elvarhatd matematikal alapmiiveltséget.
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FOISKOLAT HALLGATOK NEZETEI
A MATEMATIKAOKTATASROL

Orosz Gyulédné & Sashalminé Kelemen Eva (Eger, Hungary)

Abstract. The purpose of this paper is to give our student’s belive about mathematics
education. [t consists of a short survey of the research work which deals with the students’
view. We show the participants and the equipments. Our results are based on opened and closed

questions.

1. Elméleti alapok

A tanarok és a tanuldk matematikardl alkotott nézeteinek kulesszerepe van
azon kutatdsokban, ameclyek probaljak feltarni a tanarok és a tanulék mate-
matikdhoz valdé viszonyuldsat. A tanuldi vélemények feltardsdra féleg az elmult
évtizedekben keriilt sor.

A. H. Schoenfeld (1989) vizsgdlatai kimutattak, hogy az algoritmusok és
miiveletek ismerete nem garantilja sziikségszerden a matematikai problémdk meg-
olddsdnak sikerességét. A feladatok megolddsakor a teljesitményt mds tényezdk
1s befolydsoljdk, mint példdul a lelkidllapot vagy a megolddsi mddszer tipusa.
Ramutatott tovibbd, Liogy a matematika hatékony elsajatitasinak gatja lehet az a
»hiedelemrendszer”, amely a gyerekekben ¢l a matematikardl és annak oktatdsirdl.

F. K. Lester (1989) szerinut ezek a ,hiedelmek” alakitjdk ki az egyén szubjektiv
nézeteit Snmagdrodl, a matematikdrdl, a problémamegoldasrél. A szubjektiv (tapasz-
talaton alapuld) implicit tudas (és érzelem) az Gsszetevije az egyén matematikdrdl
alkotott véleményének. A tudatos hiedelmek azonban kiilonbéznek az in. primitiv
hiedelmekt6l, amelyek dltaldban ontudatlanok. Az egyén hiedelmeinek spektruma
rendkiviil széles, és komponensei befolydsoljak egymdst.

T. F. Green (1971) példdul a hiedelmek litszdlagos logikus struktirdjardl be-
szél. Az egyén hiedelmel egy hiedelemrendszerben csoportosulnak, amely keveredik
az egyén tuddsrendszerével. A hidelemrendszert a tovabbiakban gy fogjuk tekin-
teni, mint egy matematikai szemléletet, mely a matematikatanitds szempontjabal
taldn informativabb.

A. H. Schoenfeld (1989) a ,matematikai vilignézet” kifejezést taldlta megfele-
16nek. A tovabbi kutatdk Erkki Pelikonen és Giinter Torner (1996) ezt a kifejezést
csiszoltak. Szerintiik az egyén matematikai szemlélete hiedelmek és eliméletek széles
skdlajabdl tevédik Ossze, amelyeket az alabbi négy f6 kategdridba sorolnak:

1. a matematikardl kialakitott nézetek,
2. a matematikan beliil Snmagunkrdl kialakitott nézetek,
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3. a matematika tanitdsardl kialakitott nézetek,

4. a matematikatanuldsrél kialakitott nézetek.

R. Borasi (1990) megéllapitja, hogy a hiedelmek igen er8sen befolydsoljdk azt,
hogy a gyerekek hogyan tanuljdk és hasznaljdk a matematikdt, s éppen ezért gatat
is szabhatnak az effektiv tanuldsnak. Szerinte azok a tanuldk, akiknek szigord és
negativ irdnyd véleményiik van a matematikaoktatdsrdl, kénnyen passzivva vilnak,
a megértésnél erdsebben hangsilyozzdk a memodria szerepét a matematika tanulasa-
ban. Ugyanakkor a matematikatanuldsban szerzett tapasztalataik is befolyasoljak,
formdljak véleményiiket.

M. L. Frank (1985) a matematikarol alkotott nézeteket olyan szabdlyozdrend-
szerként dbrézolja, amelyen beliil az egyén gondolkodik és cselekszik, masrészt be-
folydsolja a matematikai teljesitményét. Egy didk szdmara a matematika els6sorban
a szamitasokat jelenti, amely valdszintleg az édltalanos iskola egyoldaly, szamold-
sorientalt tanitasanak koévetkezménye. Azokat a feladatokat, amelyek bonyolultabb
gondolkoddsi miveleteket igényelnek, a didk csak nehezen vagy egydltaldn nem
tudja megoldani. A tarsadalmi hiedelmi rendszer mint hattértényez8 kdzponti
szerepet jatszik a tanuldk gondolkodasdban és cselekedeteiben. A matematika terén
szerzett kordbbi tapasztalataik nem befolydsoljak &ket tudatosan. A matemati-
katanulds sordn a motivicié és a kdvetelményrendszer nem kapcesolédik mindig
matematikal nézeteikhesz.

R. G. Underhill (1988) a vélemények haléjardl beszél. A matematikatandrnak,
az osztdlytdrsaknak, bardtoknak, sziil6kuek, rokonoknak megvan a sajdt elképzelése
a matematika oktatdsdrdl, tanuldsiardl. Ezek a nézetek kiillsub6zé mértékben és
eltéré mdédon befolyasoljdk a didkok véleményét. A tanuldi vélemények feltdrdsa
azért sziikséges, mert a didkok véleményének ismerete lehetdséget teremt a ta-
naroknak arra, hogy jobban megértsék a tanuldék gondolkoddsat és cselekedeteit,
illetve segitsék Sket a tanuldsban. A metakognitiv képességek kozdtt vannak olyan
kapcsolatok, melyek szerves részét képezik az 6ket befolydsolé hiedelemrendszernek.

E. Pehkonen (1994) a hiedelmek egy mdsik megkozelitésérdl beszél, mivel
az ember matematikdrdl kialakult szemlélete a nészetein keresztiil tiikrézddik,
igy pontos képet kaphatunk a matematikatanuldsban szerzett tapasztalatairdl, és
kozvetve értékelhetjiik tuddsat. A didkok véleménye kifejezheti a tanitdsukban
nyert tapasztalataikat, tehat Aaltaldnossdgban a tandrok és tanuldk nézeteiben
tiikr6z6dik az egész iskolarendszer miikodése és az egyén tdrsadalmi érzékenysége
is. Ha célul tiizziik ki a matematikaoktatds fejlesztését, szamitdsba kell venniink
a didkok és a tandrok véleményét is. A gondot dltaldban a tapasztalt tandrok
merev hozzdallisa és megrogzott tanitdsi mddszerei jelenthetik, melyek gatat
szabhatnak a véltoztatasoknak. Az is el6fordulliat, hogy a didkok hozzddlldsa nem
megfeleld, vagy a fejlesztéshes sziikséges feltételek nem adottak. Ha a didkoknak
merev szokdsaik vannak a matematikatanuldssal kapcsolatban, akkor egy madsik
megkdozelités valdsziniileg zavarni fogja Sket. Eppen ezért véleményiiknek kézponti
szercpe van, ha valtoztatni akarunk az oktatdsukon.
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A. G. Thompson (1992) azt vizsgdlja, hogy a tanulék szemlélete hogyan
fejlddik, és milyen tényezék hatunak leginkdbb a fejlédésre. Szerinte a fejlédést
legaldbb hdrom szinten (0, 1, 2) a kovetkez& kérdésekre korldtozva kell vizsgdlni:
(a) Mi a matematika?

(

b)
(c¢) Mi a tandr, illetve a didkok szerepe, feladata?
(d)

A szinteket a kovetkezd példdval érzékeltethetjiik: Az alsé tagozatosak arra a
kérdésre, hogy ,Mi a matematika?” valdszintleg a kovetkez$ valaszt adndk: ,a

Hogyan tanitjik, illetve tanuljdk a matematikdt?

Mik az objektiv értékelés kritériumai?

matematika szamolds”. Ok helyezkednek el tehat az clemi szinten (0 szint). Egy
egyetemistdtdl vagy egy matematikustdl a kdvetkez8hoz hasonld vélaszt varnank:
»a matematika nem mads, mint kiilénb6z8, egymassal szorosan Gsszefiiggd fogalmak,
allitasok, miveletek stb. komplex rendszere”. Ok &llnak tehdt a legmagasabb
szinten (2). Habar Thompson szintekrél beszél, nem tekintheték azoknak, mivel
kizdrjdk egymast. I:Tgy értelmezhetjiik, hogy mindegyik feltételezl az el&zét.

A kutatéasok tobbsége a tanulék matematikiardl kialakitott szemléletének meg-
ismerésére és jellemzésére tirekszik (statikus szint), néhdny vizsgilat azonban a
véleményck Ssszetevsi kozottl korreldciot vizsgédlja (dinamikus szint).

Sajét kutatdsunkban célul tiiztiik ki f6iskolal hallgatdink matematikaoktatés-
rol kialakitott véleményének feltardsat. Egy korabbi vizsgdlatunk 8. osztalyos tanu-
16k szemléletének inegismerésére irdnyult. Dolgozatunkban ismertetjiik a tanuldk
és tanarjeloltek véleménystrukturaja kozotti korreldcidt.

2. A féiskolai hallgaték nézeteinek feltdrdsa kérddives mdédszerrel

A tanuldi nézetek feltdrdsdra irdnyuld nemzetkozi vizsgdlatokba Magyaror-
szag (1991) is bekapcsolédott és akkor hetedik osztdlyos gyerekek vettek részt a
mérésben. E. Pehkonen professzor javaslatdra sajat kutatdsunkban megismételtiik
a mérést a nyolcadikosok korében. A fejlédéslélektan szerint ebben az életkorban
mar kell6 kritikai érzékkel szemlélik a gyerckek a koriilottiik 1évd vildgot, és
megbizhatébban tudnak véleményt formalul az ket ért hatdsokrdl. A professzor
segitségével eredményeinket 6ssze tudtuk hasonlitani a finn és a kordbbi magyar
vizsgdlatok eredményeivel.

Az adatgyijtés soran kézenfekvének tlint, hogy végezziik el a méréseket a
tandrszakos féiskolai hallgatdink korében is.

(a) A vizsgdlatok résztvevéi

A 2000-2001-es tanévben a mérésbe Osszesen 182 hallgatét vontunk be az
Eszterhazy Karoly Féiskoldrdl az aldbbiak szerint.
— szamitastechnika (I. évfolyam, 37 8),

— gazdasdgismeret (I. évfolyam, 31 &),
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— gazddlkodési (I. évfolyamn, 28 {§),
— matematika (I. évfolyam, 36 8),
— matematika (T1. évfolyam, 30 18),
— matematika (III. évfolyam, § £6),

— matematika (IV. évfolyam, 12 {8),

(b) A vizsgédlatok eszkdze

Mint a kordbbi vizsgilatainkban, most is B. Zinumermann, a német mate-
matikaoktatds egyik kutatéja dltal dsszedllitott kérd&ivet haszndltuk, amelyet egy
német—finn kozos vizsgdlathoz fejlesztettek ki (Pehkonen és Zimmermann, 1990).
A kérdSivnek alapvetGen két része van. Az els kérdés 32 itembdl &ll, stfoki
egyetértési skdlan megfogalmazhatd értékitéleteket tiikrdz a matematikaoktatés
kiilonbsz& aspektusairdl. (A 32 item eldtt ez dll: LAz igazl matematikaoktatdshoz
Liozzatartozik ..., és czutdn jon a 32 befejezd mondatrész; a skdldn az 1 =
teljesen egyetértek, a 2 = egyetértek, a 3 = nem tudom, a 4 = nem értek cgyet,
az 5 = egyaltaldn nem értek egyet, tehdt minél kisebb a vilaszok &sszegzésébdl
addédé 4atlag, a gyerekek anndl inkdbb egyetértenek a kijelentés mdsodik részével.
Az egyes itemek megfogalmazdsdt az credmények bemutatasakor lathatjuk majd
részletesebben.

A kérdbiv maésik része két nyilt kérdést tartalmaz. Ezek cgyike a matematika
tanitdsdrdl szerzett j6 és rossz tapassztalatok sajat szavakkal torténd megfogalmaza-
séra kéri a gyerekeket, a mdsik pedig azt kérdezi, hogy milyen matematikatanitdst
szeretnének.

3. A hallgaték nézetel a zdrt kérdésekre adott vdlaszok alapjan

Minthogy a kérdbiven igen sok kérdés volt, a kompakt elemzéshesz a faktora-
nalizis statisztikai médszerét alkalmaztuk (a finn és a kordbbi magyar vizsgalathoz
hasonléan). Megprébaltuk feltdrni, hogy milyen tényezGkben foghaté meg a hall-
gatok matematikaoktatdsdrdl kialakult véleménye.

Az elsddleges analizissel a vélemények 11 faktorbdl 4ll6 csoportositdsa adédott,
amely nehezen interpretdlhatd. Az adatok feldolgozdsdt az SPSS 9.0 verzidjs-
val végeztiik. A masodrendii faktoranalizis Stre redukdlta a faktorok szdmdt. A
kovetkez8 interpretaldsban a faktorok clemeihez a két faktoranalizisbdl kapott
faktorsilyok szorzatat rendeltiik hozzd. Ezzel a mddszerrel az aldbbi faktorsiilyokat
és véleménystruktirdt kaptuk a hallgaték vdlaszainak adataibdl. A valaszoknak
a statisztika modszerével rendezett struktirdja azt mutatja meg, hogy milyen
atfogébb jellemzdkkel irhatdk le a sok vdlasszal koriilirt vélemények és milyen
dominanciaval szerepelunek az egyes valaszok.
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(a) Az A faktor

Az igazi matematikaoktatdshoz hozzdtartozik . ..

18. ... az, hogy anny1 hasonld feladat
legyen, amennyi csak lehetséges.

3. ... a mechanikus szamolds.

32. ... az, hogy minden esetben a tanar

mondja meg pontosan, hogy a gyerckeknek
mit kellene csinalniuk.

29. ... az, hogy annyi gyakorlds legyen,
amennyi csak lechetséges.

17. ... az, hogy az olyan kiilonb6z8 témak,
mint a szdzalékszdmitds, a geometria, az
algebra, teljesen killén legyenck tanitva,
ezeknek semmi koziik egymdshoz.

27. ... az, logy a gyerekek éndlldan

oldjdk meg a feladatokat,

tandri segitség nélkiil.

0,57 -
0,71 -

0,74 -

0,33 =0,19
0,21 = 0,15
-0,39=10,23
0,39 = 0,21
10,36 = 0,21
0,32 = 0,24

Ez a faktor azt jelzi, hogy a hallgaték a matematikatanuldst elsésorban
onalldan végzett szdmoldscentrikus tevékenységnek vélik.

(b) A B faktor

Az igazi matematikatanitdshoz hogzdtartosik .. .

16. ... az, hogy mindig minden pontosan

be legyen bizonyitva.

26. ... az, hogy a feladatok megoldésa

sordn a tandr magyardzzon meg minden 1épés
poutosai.

30. ... az, hogy minden gyerek a sajat
lehet8ségeihes képest mindent

megértsen.

0. ... az, hogy mindig mindent olyan

pontosan kell kifejezni, amennyire
csak lehet.

8. ... az, hogy szigori fegyelmct
kovetel.

13. ... az, hogy a gyerekek kérdésekkel
és problémakkal johessenek eld, és azokat
meg is beszéljék az Sran.

11. ... az, hogy minden gyerck
megértse.

31. ... az, hogy a gyerckek idénként
csoportokban dolgozzanak egytitt.

0,60 -

0,60

0,70

0,62

0,60
0,61

0,61

0,22 =0,13
0,44 = 0,26
-0,40 = 0, 24
10,28 = 0,20
0,30 = 0,19
-0,38 = 0,23
0,57 = 0,35
0,46 = 0,28
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Ez a faktor azt mutatja, hogy a matematikaoktatisban a megértésnek, a
pontossdgnak, a bizonyossdgnak a jelentdségét hangsilyozzdk a hallgatdk.

(¢) A C faktor

Az igazl matematikaoktatdshoz hozzatartozik ...
28. ... kiilénb6z6 targyak (pl. egy doboz)

megépitése és a veliik valé munka. 0,63-0,31=0,20
6. ... az dbrdk rajzoldsa. 0,62-0,41=0,25
14. ... a zsebszamoldgép

hasznédlata. 0,67-0,28=0,19
19. ... az, hogy olyan feladatokkal foglalkoz-

zunk, amelyeknek gyakorlati hasznuk van, 0,53-0,28 = 0,15
15. ... az, hogy a tandr rogtén segitsen, ha

a tanuldnak nehézsége tamad. 0,64-0,562=0,33

Ezeknek a valaszoknak az egy faktorban valé dominancidja azt mutatja, hogy
a hallgaték véleménye szerint a matematikatanitdsnak a konkrét dolgokra kell
épitenie.

(d) A D faktor

Az igazi matematikaoktatdshoz hozzdtartosik . ..

7. ... az, hogy a helyes valaszt mindig

gyorsan kell megtaldlni. 0,68 0,371 =0,21
2. ... az, hogy a helyes vilasz mindig

fontosabb, nmint a megoldds menete. 0,62-0,34 =0,21
12. ... az, hogy sok mindent tanuljunk meg

fejbdl. 0,63-0,45 = 0,28
10. ... az, hogy mindig van olyan megolda4si

menet, amelyet pontosan kell kévetniink
ahhoz, hogy biztosan eljussunk az

eredményhez. 0,52.0,27=0,14
24. ... az, hogy rendszerint nem csak egy

megolddsi méd van. 0,60-0,17 =0,10
4. ... az, hogy a gyerckek iddnként taldlgat-

hatnak, megsejthetnek, probdlgathatnak. 0,67-0,24 =0,16

Ezeknek a kijelentéseknek az Osszetartozdsa ast jelzi, hogy a hallgatdk a
matematikaoktatdst teljesitménycentrikusnak {télik meg.

(e) Az E faktor

Az igazi matematikaoktatdshoz hozzdtartosik ...

9. ... a szbveges feladatok megolddsa. 0,590,388 =0,22
22. ... a terlilet- és térfogatszdmitds

(pl. a téglalap tertilete, a kocka térfogata). 0,660,422 =10,28
1. ... a fejben szdmolas. 0,56-0,48 = 0,27
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23. ... az, hogy sok erdfeszitést jelent a
gyerekeknek.

20. ... az, hogy csak a matematikdban

tehetséges gyerckek tudjik megoldani a
legtobb feladatot.

25. ... a )atékok tanuldsa is.
21. ... az, hogy nem mindig
szorakoztato.

0,64 -

0,
0,

-~ o
< O

0,68

<

0,13 = 0,08
,46 = 0,25
0,55 = 0,39
0,19 =0,13

Ebbe a faktorba azok a vélemények keriiltek, amelyek a matcmatikaoktatas
tartalmi aspektusait hangsilyozzdk és azok, amelyekkel a hallgaték a matematika
tanuldsat komoly eréfeszitésként és kemény munkaként értékelik.

Ez az 6t faktor jellemzi egyiittesen, hogy milyen alapokra épiil a hallgatéknak
a matematika oktatdsara vonatkozd véleménytormaélasa.

A faktor: Ondlls, szdimolascentrikus tevékenység

B faktor: Fontos a megértés, a bizonyossdg, pontossig

C faktor: Konkrét dolgokra épitsen
D faktor: Teljesitménycentrikussag

E faktor: Erdfeszités, kemény munka.

Az eredmények gsszehasonlitdsdra azt az eljarast alkalmaztuk, hogy a faktorsi-
lyokkal sulyozott pontatlagok alapjan kiszamitottunk egy silyozott ,faktoratlagot”
és szérast, majd {-probaval megnéztiik, hogy szignifikdnsak-e a kiilonbségek az igy

kapott atlagok kozott.

atlag

A faktor T 1,239
H 0,571

B faktor T 0,593
H 0,435

C faktor T 0,983
H 0,482

D faktor T 0,649
H 0,520

E faktor T 0,441
H 0,580

(T = Tanulé, H = Hallgatd)

szOras

0,257
0,123

0,177
0,413

0,263
0,198

t-érték
—7,313
4,873

*%k

5,857

ko

—0,454

0,924

9,457
kk

9,952

*kk

—0,072

1,497
—0,061
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A tablazat azt mutatja, hogy a sajat vizsgalataink szerint az A, a B, Césa D
faktorokban szignifikdns kiilsnbség van a tanuldk és a tanarjeldltek véleményében.
Egy kordbbi vizsgdlat szerint az A és a C faktorban szignifikdnsak az eredmények. A
hallgatok matematika oktatdsardl alkotott képében meghatdrozé tényezd az 6nélld,
szdmitdscentrikus tevékenység. Hangsilyozzdk a konkrét dolgok jelent&ségét a
matematikaoktatdsban, amely sziikségszerien egy gyakorlatorientdlt és realisztikus
oktatds irdnti igényt valdszinisit.

4. A hallgaték nézetei a nyilt kérdésekre adott valaszaik alapjdn

A kérddivek masik része két nyilt kérdést tartalmaz. Kivdncsiak voltunk arra,
hogy az altaldnos-, kézép- és féiskolai tanulmdnyaik sordn milyen jé vagy rossz
tapasztalatokat szerestek és ezek alapjan milyen matematikaoktatdst szeretnének.
A viélaszokbdl, mint majd latni fogjuk, sok hasznosithaté megallapitas, javaslat
kiolvashatd.

A hallgaték egy része kiilon megfogalmazta az egyes iskolatipusok szerinti
tapasztalatalt, igy az egyes szempontokndl szerepld Ssszes vdlasz nem azt jelenti,
hogy a 187 kérdéivbél pl. az (a) 1.-t 123-an vdlasztottdk, hiszen egy hallgatd est
mindhdrom iskolatipusndl megjelolhette.

Az elsb kérdés a matematikaoktatdsuk sordn szerzett j6 és rossz tapasztalata-
ikra vonatkozott.

(a) J6 tapasztalatok a matematika tanuldsa soran

Erre a kérdésre a 187 hallgatobdl 27 nem vélaszolt. Az dltaldnos iskoldsok ké-
rében az 1998-99-es tanévhen elvégzett felmérés kategdridit vettiik figyelembe, de a
valaszokat széthontottuk iskolatipusok szerint. T6bb vdlasz esetén ij szempontokat
is beiktattunk.
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Alt.isk. Kozép- Féisk.  Nem szét- Osszes
1sk. bontott
1. J6 tandri magyardzat,
segit&késuség 41 4() 10 32 123
2. Sikerélménye van
a tanuldénak 7 1 0 8 16
3. Erdekes, érdekesek
a feladatok 8+4 0 0 1 944
4. Sok gyakorlds 2 2 1 3 8
5. A matematika hasz-
nosithaté a mindennapi
édletben 1 1 0 5 7
6. SzemléltetSeszkozok
hasznalata 6 0 0 0" 6
7. J6 alapozés 0 1 0 3 4
8. Fejleszti a logikus
gondolkoddst 0 1 0 3 4
9. Megérti az anyagot 0 1 0 2 3
10. Csoportokban
oktattak 3 0 0 0 3

11. A matematika logi-
kus, rendszerezett, az anya-
gok egymasra épiilnek ] 0 0 2 2

Osszességében a jé tapasztalatokrol sokkal kevesebbet frtak, mint a rosszrél.
Az altaldnos iskolai felméréshez hasonldan itt is tapasztalhatd, hogy a tantargyhoz
valé viszonyuldst mennyire a tandr személyisége hatdrozza meg. Nagyon sok vilasz
kezdddik ugy, hogy ,,J6 éltaldnos (vagy kozépiskolal) matematika tandrom volt.”,
azaz a jo (a (b) részben a rossz) tapasztalataikat a tandr személyéhez kotik. A
legtobbjiik szdmdra, (ugyanigy, nunt az dltaldnos iskoldasokndl) a legfontosabb a
j6l magyardzo, segit6kész tanar.

Az dltaldnos iskolai oktatdsnal feltiinden hangsilyozzédk aunak pozitiv
vondsaként az érdekességet, jatékossdgot.

A kozépiskoldban a tandrhoz vald két8dést mutatja, hogy egy hallgaté a
tanara miatt jott a foiskoldra.

A féiskolai oktatdsndl kiemelik hogy a tanarok jol képzettek (2 hallgatd), jo
a képzés (2 hallgatd). Nincs mdd arra, hogy a fenti szempontok szerint nem kate-
gorizdlhatd vdlaszokat mind ismertessiik, de a legérdcekesebbeket ,kimazsoldztuk”.

»A matematika tantdrgy azért okoz sok Ordmet, mert ,rendszerint” elég
megérteni, nincs sziikség annak hosszas tanuldsdra.” (L. matematika)

»Nem sok elméleti tuddssal is lehet feladatokat megoldani”.(I. matematika)

»A matematikdt nem csak tanulni, hanem érteni is kell. Az értéssel nem lenne
gond, de tanulni is kellene.”(I. gazdasdgismeret)
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Nem mindenki vélasztotta szét az (a), (b) és (c) részeket, volt olyan, aki a
(¢)-re vonatkozé éhajdt itt irta le, s volt olyan is, aki a tandrokra vonatkozd rossz

véleményét kifejezve az (a) ponthoz csak ennyit irt: ,Altaldban kevés a j6 matek

tanar.”

(b) Rossz tapasztalatok a matematika tanuldsa soran

Erre a kérdésre 19-en nem valaszoltak, ketten irtdk azt, hogy nem voltak ilyen
tapasztalataik, egy hallgaté vdlasza pedig ,,Nem jellemzd, szeretem a matekot.”

volt.

1. A tandr rosszul
magyariz

2. Kevés idd jut a
magyardzatra, ill.

a feladatok megolda-
sara,

gyakorldsra
3.Csoportbontds hidnya,
a gyengék lemaradnak,
a jok unatkoznak

4. Sok dolog nem haszno-
sithaté a gyakorlatban,
ezért folosleges
megtanulni

5. Alapok hianya

6. Rossz matematika
tanar

7. Nem értik

§. Nem mindig
szérakoztato

9. A szdmonkérés irre-
alisan magas szintje
10. A tandr kivételez

a didkkal, igazsigta-
lanul osztalyoz

11. TAl nagy a stresssz,
félelemben telnek

az Ordk

12 Elmarad a hézi
feladat ellendrzése

Alt.isk. Kozép- Féisk.

1+1

isk.

13

143

2+

Nem szét-
bontott

1+6

(2]

(e}

Osszes

37

17

17
16

12
12
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Ennél a kérdésndl méginkdbb eltérbe keriilt a tandr személye. Nem csak a
kifejezetten rossz tandrra valé hivatkozdsndl jelenik meg (12 hallgatd), hanem a
rossz tandrl magyardzat (37 vdlasz), valamint a fegyelmezés, (2), az 6rdk rossz lég-
kére (3), a kivételezés (7) cmlitésekor is a tandrra hivatkoznak (Ssszesen 51 vélasz).
Néhdnyan részletesen is kifejtették a tandraikkal kapcesolatos negativ véleményiket,
melyekbél kiragadtunk néhanyat évfolyamok szerinti bontasban. Az elsdéveseknél
meglehetésen sok elmarasztald megjegyzést taldltunk, ami érthetd, hiszen nekik
még frissek az altaldnos és kozépiskolai emlékeik. Negativ vonasként jelentkezik pl.
»a tandr tilzott bohdckoddsa az 6ran” vagy ,, ... ordkon a sajat életét és problémait
mesélie a tanulds rovésdra.”

Erdekes, hogy a mdsodévesek koziil tdbben is kiemelik a tandrl magyardzat jelen-
toségét: , Az, hogy egy tandr tudja a tananyagot, még nem jelenti azt, hogy el is
tudja magyardzni.” (Egy mdsik hallgatd szinte szé szerint ugyanezt irta, de még
hozzdtette: ,Sajnos sok tandr ezzel nincs tisztdban.”)

A harmead- és negyedévesek valdszinlileg mdr sajat tanitdsi tapasztalataikat is
belefoglaltdk véleményiikbe: [ A tanar sokat tud, de nem tudja dtadni, nem érti a
gyerekek problémdjat, nem az 6 nyelviikon beszél.” ,Altalanos iskoldban a tandrt
sokszor nem érdekli, hogy a gyerek nem érti a feladatot, feladja hazi feladatnak. Ez
legt&bbszér annak tulajdonithats, hogy 6 sem biztos benne.” Egyetlen negyedéves
hallgatd vélasztotta szét a tanitét és a tantargyat: ,Csak a tandr személyiségébdl
adodott rossz tapasztalatom, de ez minden tantdrgyra jellemz6.” A rossz matema-
tikatanar jellemzdi kozott felsoroltdk még az aldbbiakat: tiirelmetlenség, kényvbdl
diktalja az anyagot, kiabdl, ,dllanddan veszekedett”, ,,madast csindluak az 6ran”.
Erdekes killon kezelui a nem matematika szakosok vdlaszait (Ssszesen 96 £6), hiszen
6k (féleg a szamitastechnika szakos hallgatok) csak ,kényszeriiséghdl” tanulnak
a féiskolan matematikdt, s ez a tdrgy néhdnyuknak nagy nehézséget okoz. Nem
meglepd, ha a kivetkez8khioz hasonlé megéllapitdsokat olvasunk: ,, Kézépiskoldban
sok drank elmaradt, ugrdltunk az anyagban, nem értettem, nem szerettem.” ,, Ta-
pasztalataim sordn a kézépiskoldban manapsig a tandr a tdbldndl megold egy pédr
példat, lehadarja az anyagot és ha a didk megérti, akkor megérti, ha nem akkor
nem.” , A gyerckek tdl sokszor halljdk, hogy nehéz tdrgy, esért eleve igy dllnak hozza
még mielétt megismernék, s erre sajuos sok tandr még réd is tesz.” Végil néhany
érdekes, elgondolkodtatd, mosolyogtatd idézet: ,,Orditozdssal nem lehet elérni, hogy
a didk értse és tanulja a matematikat.,” Kozépiskoldban nemi killonbséget tett a
tandr: Egy liny nem érthet a matekhoz.” ,Altalanos iskoldban a tandr diktatérikus
modszerekkel tanitott, néha még a személyiségi jogokat is megsértette. Matematika
éran mindenki rettegett, senki sem szerette a matematikdt, gatldsok alakultak ki.”
(Ez a didk a kizépiskolai tanulmanyairdl pozitiv dolgokat irt, feloldddtak a gatlasai,
megszerette, zgalmasnak taldlta a matematikdt!) Nézsiink most néhdny olyan
megdllapitdst, melyek az egyes iskolatipusokra vonatkoznak, és vagy a felsorolt
pontokat egészitik ki, vagy nem sorolhatdk be egyik kategéridba sem.

Altaldnos iskola: , Altaldnos és kdzépiskoldban tiilsdgosan sikerorientdlt, aki
nem érti meg az elején, az lemarad.” "Sokszor nem az 6nallé és egyéni gondolkoddst
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dijaztdk, hanem csak az érdn tanult megoldéasi mddszert.” Egy hallgaté azt emeli
ki, hogy ,,Nincs elég jaték, nem szerettetik meg a gyerekekkel.”

Kd&zépiskola: ,,Szakkézépiskoldban inkibb a gyakorlatot oktatjak, sok a hi-
dnyossdg.” ,Az elméletet nem tanftottdk meg cléggé, és nem is kovetelték meg.”
A gyakorlas hidnyat emeli ki egy hallgaté: ,Tuddsunk nem régziil mélyen, csak
tébbnyire addig tudjuk, mig megirjuk a felméréket, utdna elfelejtjik.”

Féiskola: A kozépiskola és a felsGoktatds kdzti atmenet nehézségét egy negye-

déves hallgaté fogalmazta meg a legtémorebben: , Az a mély viz nagyon mély volt.”
Tébben irtdk azt, hogy a féiskolai oktaték nagy tudasiak, de nem mindenki tudja
dtadni a tuddsdt. Az elsGéves matematika szakosoknak nehézséget okoz az elméleti
anyag tanuldsa: ,Nagyon sok elméletet kell tanulni, amit sokszor hosszas tanulds
utan sem lehet megérteni.” A leggyakrabban eléfordulé negativum még a gyakorlds
hidnya: ,, Tul sietdsen és felszinesen tanitanak, viszont alaposan és részletbemenden
kovetelnek. Nem figyelnek az oktatdk arra, hogy értik-e a hallgatdk az anyagot!”
(II. matematika) ,, Tébb elemi matematika éra kellene.”
Az elsGéves gazddlkodds szakosok véleménye: (Elég gyors a tempéd és sok mindent
nehéz megérteni.” (A f6iskoldn teljesen mast tanitanak matematika cimszd alatt,
mint kozépiskoldban. Elvont definicidk, tételek, szamomra teljesen értelmetlen. A
feladatoknak és az elméletnek nincs koziik egymdashoz.”

Az elsGéves szamitdstechnika szakosokra dltaldban a gyengébb matematikatudds
jellemz8, (néhanyan gy jelentkeznek erre a szakra, hogy nem is tudjék, hogy nekik
a fiskoldn ezt a targyat is kell tanulniuk) s a hidnyos alapokra nehéz épiteni. Ezt
fogalmazta meg egy hallgatd : Rossz, hogy vannak kézépiskolai hidnyossdgaim,
ezért egyes részeket nem szeretek, bar az clfadds alapjan megértem az anyagot.”

(¢) A hallgaték védlaszal a ,,Milyen matematikatanitdst szeretnél?” kér-
désre

A felmérés mdsodik nyilt kérdésében arra virtunk vélaszt, hogy a hallgatok az
eddigi j6, vagy rossz tapasztalataik alapjan milyen matematikaoktatdst képzelnek
el. A vélaszokat a mdr idézett dltaldnos iskolai felmérés alapjan csoportositottuk,
de \4j szempontokkal is kiegészitettiik azokat. Sckan tobb elvirdst is lefrtak, igy a
szdmadatok itt sem a valaszlapok szamdhoz mérhetSk, csak az egyes szempontok
fontossdgi sorrendjére utalnak. A vdlaszok nagy része nem tartalmaz iskolatipus
szerinti bontast.

Nem vélaszolt 26 hallgatd, egy pedig azt irta, hogy nem tudja megfogalmazni,
ketten félreértették, a matematikardl irtak, nem az oktatasardl. Ertékelhetd valasst
gy 153 felmér tartalmazott.
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Alt. Koézép- Foisk. Nem (sszes
isk. isk. bontott
1. Sok gyakorlds legyen
(t6bb tipusfeladat) 0 0 1 33 34
2. A tandr tébbet magya-
rdzzon (érthetden) 0 0 0 28 28
3. Sok legyen az
életben hasznosithatd
gyakorlati feladat 0 0 1 24 25
4. Tanulékszpont,
suérakoztatd, érdekes 4] 0 1 11 12
5. A feladatok legyenck
érthetbek, kénnylek,
érdekesek, jatékosak 1 0 0 9 10
6. Személyre szabott
munkatempd legyen 0 0 0 9 9
7. Elégedett vagyok
a mostanival 0 0 7 2 9
8. Szeressék a matematikdi 0 1 0 6 7
9. Kevesebb elméletet
tanitsanak 0 0 3 4 7
10. Az alapok megtanitasa 2 2 0 2 6

11. Tobbet kellene

foglalkozni a gyen-

gébb tanuldkkal 0 0 0 6 6
12. Fontos a tandr,

didk jo kapcsolat

(baratibb) 0 0 0 6 6
13. Legyen csoportinunka 1 1 0 3 5
14. Alapos, érthetdbh,

lassiubb 0 0 0 5 5
15. SzemléltetSeszkozck

haszndlata 0 0 0 5 5
16. Tobb elméletet

tanitsanak 2 2 0 0 4
17. Szamitégép segitsége-

vel tanulhassanak 0 0 1 1 2
18. Logikus gondol-

kodasra tanitds 0 0 0 2 2
19. A hazi feladat

ellendrizve legyen 0 0 0 2 2

20. Sok 6ndllé
munka legyen 0 0 0 2 2
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Altaldban a hallgatSk elvirdsaikat nem bontottdk le iskolatipusokra. Féleg a
nem tanar szakosokra jellemzd, hogy elképzeléseiket a fOiskolal matematika okta-
tasra fogalmaztdk meg. Ok elégedettek (7) a jelenlegi oktatdssal, de t6bb gyakorldst,
tébb 6rat is (a 34 Osszes vilaszbdl 28-an) szeretnének, valamint gyakorlatban
hasznélhaté feladatokat (25-bdl 18-amn).

Tobb helyen is megjelennek a tandr személyiségével kapcsolatos elvarasok.
A legfontosabb , hogy jol magyardzzon: (28) ezzel kapcsolatos megallapitdsok-
bél idéziink néhdnyat. ,olyan tandrok tanitsanak, akik magyardzni is tudnak.”
Szeretnék, hogy a tanar ,érthetSen, ne ,magaslati nyelven” magyardzza el az
anyagot”; ,,ne csak ,feldobalja” a tdbldra a példat”. Konkrét elvardst fogalmaz meg
a kivetkez6: ,A tandr ne a kevesekhez viszonyitson, de ne pazarolja az id6t mdsok
felzarkéztatdsara sem, a kozéputat taldlja meg, amely ritkan sikeriil.” A tandr
legyen ,,Szigori, de igazsdgos, emberséges.” Ha egy tandr gy megy be az érdjara,
hogy azt gondolja, ez a csoport nem tud senunit, Ugy is lesz” (Egy kézépiskolai
magyar tandr); keserti tapasztalatait foglalhatta igy 6ssze az elsGéves matematika
szakos didk. Feltiing, hogy mennyire fontosnak tartjdk, hogy az oktatds érdekes
legyen (12). El6fordulnak még a kivetkezd jelzSk is: szérakoztatd, hasznos, jatékos,
dinamikus, kreativ, egyértelmi, logikus, kévetkezetes, legyen lendiilete, ritmusa.
Egy III. éviolyamos hallgaté frja: ,Hatékonyat, ahol a megszerzett isieret be van
gyakorolva, hosszi ideig tdrolhatd.” ,Viddm matematika érdkat!” frja egy IV éves
tandrjelslt, s ez a legtdmorebb dsszefoglalasa annak, amit tébben is megfogalmaztak
az ordk légkorérdl. Csak a legtaldlobbat 1dézziik: ,,Szerintem egy jé matematika dra
nem a fesziiltségtol csendes.” Erdckes, Liogy nem csak a tanar szakosak tartottdk
fontosnak azt, hogy a didkok szeressék a matematikat (7). ,J6 lenne eltiintetni
azt az elgondolast, hogy a matematikdt csak utdlni, vagy szeretni lehet. Kozelebb
kellene vinni mindenkihez.” fogalmazta meg talaléan egy elsés matematika szakos.

A matematike taniids tartalmi részére, az elmdélet, gyakorlat kapcsolatiara vo-
natkozd kivansagokbdl idéziink néhdnyat. , Az dltalanos- és kozépiskoldban is t6bb
clméletet kellene tanitani, eldsegitve azokat, akik czzel szeretnének tovibbtanulni.”
,Altalanos iskoldban j6 alapok legyenek, koézépiskoldban legyen sok gyakorlds,
féiskolan sok az elmélet, kevés idS jut a gyakorldsra, pedig fontos lenue, mindenkl
csak magol és nem ért semunit.” Nem véletlen, hogy az el6z6 mondatokat elsGéves
hallgaték irtdk, ugyanis tobb megdllapitasukbdl is kideriil, hogy mennyire nehéz
az atallas a kozépiskola és a foiskola kozott. Még az altalaban jobb eredményekkel
bekeriild gazdasdgelmélet szakosoknak is gondot okoz a definicidk, tételek, bizonyi-
tdsok megértése és megtanuldsa.
Lényegesnek tartjik a csoporthontdst, a képességek szerinti haladdst. ,Kis 1étszdmui
osztalyok legyenek.” ;Minden gycrek a képességeinek megfeleld osztdlyban tanulja
a matematikat. ”Fontos a gyengék felzdrkoztatdasa, legyen j6 csoport, rossz csoport.”

Végiil nézziink néhdny, a legfontosabb kivinalmakat kifcjez8 idézetet: | A tand-
rok els@dlegesen értsenek a matematikdlioz, szeressék azt és normaélisan el tudjdk
adni.” (I. évf. matematika) A ,tapasztalt” ncgyedévesek Shajai: ,Az alapvetd
dolgokat meg kell tanitani a képességekhez mérten a legjobban, amit nem kell
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Htokéletesen” megtanitani, tudjik a gyerekek, hogy hol tuduak utdnanézni, még ha
nem is jegyzik meg pontosan.” ,Jobb a kevesebbet rendesen, mint a sokat sehogy.”

Nagyon taldldak az elsééves, (nem tandr szakos!) gazdasdgismeretes hallgatdk
megallapitdsai: ,Az idedlis matekérdt egy lelkes tandr tartand, akivel érdckes
példdkat gyors tempdban oldandnk.” |, Azt hiszem, az a legfontosabb, hogy a tanar
és a didk ismerjék egymdst és tudjdk mire képesek mindketten. Nekem fontos, hogy
szimpatizaljam a tandrral és igy szivesebben is jarok be érdra. Ez a szimpatizdlds
nem azt jelenti, hogy feltétleniil olyan cmber a j6 tandr, akinél nem az elsédleges
a leadandé anyag (pl. elviccelddi az 6rdt), hanem igenis egy olyan személyiség, aki
azért a ,markdban tartja” a csoportot, lehet mindig érezni rajta, hogy 6 a ,{6nsk”
(persze az nem jé, ha § mindig azt dresteti, mert akkor a didkbdl beliilrél jové
tisztelet a visszdjdra fordulhat), és még az is fontos, hogy a didk érezze azt, hogy
mikor visszatekint cgy a mogdtte &llé idGszakra, akkor elkonyvelhesse magdban,
hogy azért csak gyarapodott abban az id@szakban ami mogdtte van (nem silyra
értem POEN) és ¢z a személyes tapasstalatombdl kiindulva ez a legjobb éraések
egyike amit az iskola nyujthat.”

5. Osszegzés

A megkérdezett hallgatdk dltaldban komolyan vették a valaszaddst, az viszont
elgondolkodtatd, hogy elég sokan nemn a kérdésre vilaszoltak; félreértették, vagy
egyéni sérelmeiket soroltdk f0l. Nagyon sok volt a nyelvtanilag helyteleniil (Allit-
many egyes- alany tébbes szdmban, vagy forditva), illetve értelmetleniil megfogal-
mazott mondat. Elég elszomoritd, hogy az érettségizett didkok egy részének ilyen
nchézséget okozzon harom-négy értelmes mondat megfogalmazdsa. Az (a), (b), (¢)
poutokra adott vilaszok alapjan a kovetkezGket lehet kiemelni:

1. Nagyon fontos a tandr személyisége. A hallgatck dltal leirt, meglehetdsen
sok, rossz tapasztalat alapjan felvet&dik az a gondolat, hogy nem kellene-e tandrok
munkdjinak feliigyeletét, a tandri munka ellenérzését hatékonyabban megoldani?
Ez anndl is inkdabb el6térbe keriilhet, mivel a tandrszakokra sajnos nem a legjobb
képességl didkok jelentkeznek, s a végzdstk egy része (a jobbik) nem a palyan fog
clhelyezkedni. Ez a jelenség clébb-utdbb az oktatds suinvonaldnak a csékkenésélhes
vezet.

2. Népszerisiteni kell a matematikdt. A fenti idézetekbdl is kidertilt, hogy
mennyire fontosnak tartjdk, hogy a tanuldk szeressék a targyat, ne eleve félelemmel
kézeledjenek hozza.

3. Eletszcrﬁ', praktikus, érdekes feladatohkal érdekessé kell tenni a matematike
drdkat.
4. A j6 alapozds (a tovdbbtanuldknek jo elméleti alapok) fontossdga. Foleg a

f6iskolai oktatdsra vonatkozé megjegyzdésekben olvashatd, hogy milyen ,kudarcél-
ménye” van annak, aki a hidnyos ismeretel miatt nem tud folzarkézni. (Fél kimenni
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a tdbldhoz). Erdekes, hogy mennyire a kozépiskolai mddszer folytatdsat vdrjak
a f6iskolan is. (Legyenek jdtékos feladatok, a tandr szerettesse meg az anyagot,
stb.) Féleg az elsGévesek (és a nem tandr szakosak) nehezen allnak rd az elméleti
anyag tanuldsira. Hangsilyozzak a gyengébbekkel vald torddés, a felzarkdztatas
fontossagat. A kozépiskola segithetne, ha tudatositand a tanuldkban (féleg a
felsGoktatdsban majd matematikdt tanulékban), hogy a matematikat tanulni is

kell!
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