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KRYSTYNA BIALEK AND ALEKSANDER GRYTCZUK

THE EQUATION OF FERMAT 1IN Gzck) AND Q[' ke ]

1. INTRODUCTION

Let GZCk) be the set of matrices of the form

r s
1> [ ks r ]
where k is fixed integer such that k ™M 0 and r,o™0 are
arbitrary integers.
The purpose of this paper is to give a connsction

between the solution of Fermat equation in a,Ck3 and the
solution of this eqguation in Q[V k ].

Some partial results concerning above problem are given
in [11, [21, [4] Ccomp. [51).

We prove the following theorems:

THEOREM 1.
The necessary and sufficient condition for the equation
22 A" + B" = C" ,

(n 2 2> to have a solution in elemants A,B,C & Gz(k) ir the

existence of the numbers «, 3, » € Q(V k ] such that

1}

(§<>] a™ + 3" = p

THEOREM 2.

Let K be a number field. If a,b,c € K and

2m + me — 2m

a = C
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with m positive integer then

A4m + B4m = C4m ,

where A,B,C are matrices of the form

o2 3)s-[2 3le-[2 ]

2. LEMMAS

In the proofs of the theorems we can use the following

lemmas:

LEMMA 1
If

r s ]" - R s ]
ks r kS R
for some n 2 2 then

4 R = % [ [r+sz;q]n + [r—sz;q]n ] ’

and
@ se= [ [ree/%)" - =) ]
PROOF

In case n=2 the Lemma can be seson directly and one can

complete the proof by mathematical induction on n.

LEMMA 2
If

s= 2 §]

with integers a,b,c,d, then for every integer n 2 2
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A" = fcad by
cy fdd> |-’

where w is an integer,
f(ad — fCdd) = Ca - dd y

and fdad, f(d> are polynomials of degree n.

PROOF

For n=2 we have

> a?+bc bCa+dd fca> by
A = =
cCa+d> d?+bc cy £l

where w = at+d . It is easy to verify that
fCad — £(d> = Ca—-d) (a+dd = Ca-d) y .

Assume that the Lemma is true for n=k, (k22> that is

x f1(a) bw1 :
AT = ay, f1(d) and fi(a) - fl(d) = (a-—d)zp1 .

First we have
AR o A% A = fi(a) bw1 a b - fzia) bwz
cy, fl(d) ’ c d cy, f2(d) 4

fz(a) = af1(a) + bc L fz(d) = dfiCd) + bc w,

y, = fl(a) + d U3 N y, =ay + fi(d)
On the other hand

b f Cad b
k+1 _ K _ |2 1 Yl o
8> A A A [Cd]'[cwif(d)"



-84 -

af Ca)+ bay, b aw1+f1(d)]

c[dw1+f1(a)] df‘1(d)+bcw1

Comparing the entries of A¥ A and A A¥ we obtain
fl(a) + dw1 = ay, + tl(d),
hence by (7)) we get
*
Wa T Voo
From (7> it follows that
f <ad - fztd) = af (a) ~ dfi(d)
but
fl(a) = fi(d) + (a—d)y&.
Thus

fz(a)*fztd)=a[fi(d)+{a~d)w1]~dfi(d)=(awd)[ijd)+awl].

From €72 we have
»
fi(d) +oap o=y, = o,
t.hus
fz(a) - f2id) = Ca—d)wz

what. ends the proof.

LEMMA 3.
If a matrix

a b

A= c d

with n22 and integers a,b,c,d smatisfiewm

[ R S
A" =

kS R I

where k i fixed integer such that Towpy anad R, S
integers, tLhen

A& G_Cik2.
z

_[/re
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PROOF

From the assumption we have

a b |" R S
9> c d = lks r |’

for some n22 and S0,

By Lemma 2 we have
™
a b fl(a) bzp1
10> = R
c d cy, . f1(d)

where
fl(a) - f1(d) = (a~d)w1.

From «(9) and (10> we obtain

fi(a) bw1 R S
cy, £ <dd - kS R |

Thus
fl(a) = f1(d) = R, oy, = kS, bw1 = 8.
From this we have

fl(a) - f1(d)

]
(=]

Since S™0, then we obtain
w ™0 and cy =kby,
hence
c = kb.
On the other hand
(a—d)!p1 = fl(a) - fl(d) = 0.

By the fact that w1-0 we get a=d and the proof is complete.
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3. PROOFS OF THE THEOREMS.

PROOF OF THEOREM 1.
Assume that A,B,C € 62(k) and let

r, s r, s r_ s
A = 1 71 B = 2 T2 C = [ a a]
[ks1 ri]’ [ks2 r, 4 ksa r,

such that
11d A" + B" = C".

By Lemma 1 we obtain

An= Ml Nl Bn= M2 NZ Cn= MS NS]
kN1 "1 ’ sz M2 ’ kN3 Ma

where

[Gre) s ume) ]

=
[}
N

12>

N =21;q [[rm+smVE”]n—[rm—smvi“]n], m=1,2,3.

Hence by (11> we have
M

il
=3
+
=

3 1 2
13D

N, =N, +N,.

From (12> and <13) we get

[r1+slﬂ-"]n+[r2+521’k_']“ = [r3+s3'fk_']n.'

Putting in the last equality

= +s Vi |
a r,+s v,

B = r,+s i

we obtain
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where ao,3,p € Q[Vk ]. Now, let a,f3,» € Q[Vk ].Then we can
write
a=r+s Y, B = r2+ssz“, 7 = r3+931k'

and

o r-s 7%, B

[l
]

>

—_ = _— YT
r,-s, Yk, 7 r ~s, 7k

with integers r s m=1,2,3.

m’

From the assumption we have

It is easy to see that

O™+ (D= ",

Thus we obtain

14> z [a"+E"] + & LB"+E“] =% [7"+?m] ,
and

15> 51_;_" [cn") + 2._1;__ () = 2_:__, (7).
Donote

1 p— 1
16> M= 3 [?"*a"],"2= 5 ﬂ3"+ﬁ“],ﬂs= z [7“+?“].
an N [T = ()N — (7).
o 2 2% 3 27
From this and from (14),(18) we have

s> M =M + M, Ny, =N +N, .

Consider the matrices Al,Bl,C1 of the form

.- [ M, Ni] oo [l L[ man
1 kKN M | ™1 kN, M,|> ™1 kN, M, i’

where NmﬂO, m=1,2,3.

W
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By (18> we have
A1 + 81 = Cl.
From the above equality and from Lemma 1 and Lemma 3 we
obtain that there exist the matrices A,B,C such that
= n -— n - n
A1 = A" , B1 = B” , C1 = C
and therefore we have
A" + B” = C".

Thus A,B,C are matrices of the form

_ Ty Sy - T, S, Ty %5
A=lys v " B= |ks. v > © % |ks_ r
1 71 2 "2 3 "3
hence A,B,C € GZCk) , what gives the proof of the Theorem.

PROOF OF THEOREM 2.

Let

r s
19> A= | s p

then by Lemma 1 we have

r s |" R S
20> [as r ] = [aS R ]’
where
R = % [[r+575"]n+[r—515"]n],

21>

s =—L [[mv:]"-[r_sv;]“].

Putting in (21> r=0, s=1 we get

R =1 [[va—)m(_ﬁ]“},
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| o]

22> R = a? and S=0.
follows. By (20> and (22) we get

n A n
Ar= | O 1 =|a%*o |- 2 o
a 0 0 aZ ] *
Similarly we obtain
n n
B" = b2 1 0 c™ o= 2 1 O
0 O
For n=4m we have
A4m+B4m=aZm 1 0 + b2m 0 =
0o 1 0
. A
= (a2m+b2m]. toe = ¢2" to = c*m
(4] 0

and the proof is complete.

From Theorem 2 we get the following Corollary:

COROLL.ARY (R.Z.Domiaty [31)

If K=Q and a,b,c € 2 then the equation
A* + B* = c*
a b c

have infinitely solutions of the form

where

a=Em2-n2].l, b=2mnl, c=Em2+n2].l, m>n, C(m,nd=1, 121.
7
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