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1. Introduction

The well known Kolmogorov strong law of large numbers states the following. If
X1, X, ... are independent identically distributed (i.i.d.) random variables with
finite expectation and E X; = 0, then the average (X1 + --- + X,,)/n converges to
0 almost surely (a.s.). However, if we consider a double sequence, then we need
another condition. Actually, if (X;;) is a double sequence of i.i.d. random variables
with E X, = 0, then E | X1;|log* [X11| < oo implies that (2211 > Xij) /(mn)
converges to 0 a.s., as n, m tend to infinity (see Smythe [6]).

For a double numerical sequence z;; there are different notions of convergences.
One can consider a strong version of convergence when x;; converges as one of
the indices 4, j goes to infinity (this type of convergence was used in Fazekas [1]).
Another version when z;; converges as both indices 7, j tend to infinity. However,
in the second case convergence does not imply boundedness. To avoid unpleasant
situations one can assume that the sequence is bounded. In this paper we shall
study the so called bounded convergence of double sequences.

We shall prove two criteria for the bounded convergence of weighted averages
of double sequences. Both criteria are based on subsequences. The subsequence
is constructed by a well-known method: we proceed along a non-negative, in-
creasing, unbounded sequence and pick up a member which is about the double
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72 1. Fazekas, T. Tomdcs

of the previous selected member of the sequence. (This method was applied e.g.
in Fazekas—Klesov [2]). However, this method is not convenient for an arbitrary
double sequence of weights. Therefore we apply weights of product type (it was
considered e.g. in Noszaly-Téméacs [5]).

Our theorems can be considered as generalizations of some results in Fekete—
Georgieva—Moricz [3], where harmonic averages of double sequences were consid-
ered. They obtained the following theorem.

m n

Tij
lnmlnnzz — = as  m,n — o0 (1.1)

if and only if

k 1
1 zii —L|
omAn moAX E E o — 0, as m,n —oo. (1.2)
22 <k<2? 1)

22" L1 <c02” =227 41 j=22" "4

Here — means the bounded convergence. Our Theorem 2.4 is a generalization of
this result for general weights.

Our results can also be considered as extensions of certain theorems of Moéricz
and Stadtmiiller [4] where ordinary (that is not double) sequences were studied. In
our proofs we apply ideas of [4].

2. Main results
Let (g : k,1 =1,2,...) be a sequence of real numbers, and let (b : k =1,2,...),

(c;:1=1,2,...) be sequences of weights, that is, sequences of non-negative num-
bers for which

Bm::Zbk%oo, as  m — oo, (2.1)
Cn :ch—>oo, as m — oo. (2.2)

Let arp = bkcl, Amn = Z;nzl Z?:l QA and Smn = Zz;l Z?:l ARl - The
weighted averages Z,,, of the sequence (zy;) with respect to the weights (ay;) are
defined by

for n, m large enough so that A,,, > 0.
We define a sequence mg = 0,m; = 1 < mo < mgz < ... of integers with the
following property

Bum,yr-1 < 2Bm, < B i=1,2,... (2.3)

Mi4+1
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Similarly, let ng =0,n1 =1 < no < ng < ... be a sequence of integers such that
Crji—1 <20y, <Cp, s J=1,2,... (2.4)
In this paper we shall also use the following notation
m n m n
ATPA= D0 Y aw, ALTS= >0 Y auwu.
k=s+11=t+1 k=s+11=t+1

Actually A7 A is an increment on a rectangle (in other word two-dimensional
difference) of the sequence A,,,. We note that

1 M1 41 G
Mit11; i
A t-;-li JtL g Tman;

is called the moving average of the sequence (xy;) with respect to the weights (ax;).

Definition 2.1. Let (yx; : k,l = 1,2,...) be a sequence of real numbers, and let y
be a real number. It is said that bounded convergence

Uy —>y, as k1 — oo,

is satisfied if
(i) the sequence (yg; : k,1 =1,2,...) is bounded; and
(ii) for every € > 0 there exist positive integers ko, l, such that

lyet —y| <e for k> ko,l>lo. (2.5)

Remark 2.2. Relation (2.5) does not imply that (yg;) is bounded. For example
ifyy =1lforl >1and yg = y for k > 2,1 > 1, then (2.5) holds but (yx;) is
unbounded.

Theorem 2.3. Suppose that conditions (2.1) and (2.2) are satisfied. Then for
some constant L, we have

Zyn; —> L, as i,j — 00 (2.6)
if and only if
1
WA;Z:Z;7”+IS L) .L7 as ’67] — 00, (27)
m;n;

where the sequences (m;) and (n;) are defined in (2.3) and (2.4).

Theorem 2.4. Assume that By, /by, > 140 and Cp, /e > 14§ for m being large
enough where § > 0. Assume that conditions (2.1), (2.2) are satisfied. Then for
some constant L, we have

Zmn — L, as m,n — oo (2.8)
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if and only if

1 mo )
— max E E a Tr — L 0 as i. 7 — 0o 29
Aﬁ:;;nJJﬂA mi;<m<mgyq kl( kl ) > U, ) s ( )

TLJ'<TLS77,J'+1 k=m;+1 l:anrl

where the sequences (m;) and (n;) are defined in (2.3) and (2.4).

The following two corollaries characterize the strong law of large numbers for
weighted averages of a sequence of random variables with two-dimensional indices.
These corollaries are consequences of Theorem 2.3 and 2.4.

Corollary 2.5. Let (Xy; : k,l = 1,2,...) be a sequence of random variables. If
conditions (2.1) and (2.2) are satisfied, then for some constant L, we have

m; T

ZZalekl%L, as 1,j — 00 a.s.

Ming =1 1=1

1

A

if and only if

Mit1 M4l
1

X b I .o
7Ami+lm+1A E E X — L, as 1,] — o0 a.s.,
it k=m;+11l=n;+1

where the sequences (m;) and (n;) are defined in (2.3) and (2.4).

Corollary 2.6. Let (Xy : k,l = 1,2,...) be a sequence of random wvariables.
Assume that By, /by, > 146 and Cy, /e, > 14+ 6 for m being large enough where
§ > 0. Assume that conditions (2.1) and (2.2) are satisfied. Then for some constant
L, we have

1 m n
b
E E ap Xy — L, as m,n — o0 a.s.
MmN g=11=1
if and only if
1 m n
b ..
—— max E E ap(Xgr — L) — 0, asi,j — o0 a.s.
A%%;HHIA m;<m<m;q1 ( ) ’ ’ ’

nj<n§nj+l k=m;+1 l:’n]‘Jrl
where the sequences (m;) and (n;) are defined in (2.3) and (2.4).

Remark 2.7. In the above two corollaries L can be an a.s. finite random variable,
as well.

Remark 2.8. The results of this section can be generalized for sequences with d-
dimensional indices.
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3. Proofs of Theorems 2.3 and 2.4

Proof of Theorem 2.3. Let € be a fixed positive real number. First we prove the
necessity. Assume that (2.6) is satisfied, that is, there exist integers o, jo such that

| Zunin, — L| <& forall i>ig,j> jo,

furthermore (Zy,,»;) is a bounded sequence. So, if i > ig,j > jo, then we have

1 1
S AR S — L] = gt [ s - AT A
1
= m |(Smi+1nj+1 - LAmi+1nj+1) - (Smin_j+1 - LAmm_7‘+1)
- (Smi,+1nj - LAm7‘,+1nJ) + (Sminj - LAmﬂl])|
A

- W (|Zmi+17lj+1 _L| + |Zmz"ﬂj+1 _L‘ + |Zmi+1"j _LI + |Zmi"j _L|)
Ch.
L < 16e. (3.1)

J+1 C"j

B

Ami+1nj+1 _ 4E mMit+1

< e lmmnin
AT A T B~ B, C

Mit1

Now, turn to the boundedness. Similarly as above

L By, C,,
: i i+1Mj+1 G < itl Jt1 . ) )/
’AZ’:;;;”J“A min ‘ = By — B, Oy — Co, (1Zmepsnia] + Zminsa]
+ | Zmiyan, | + | Zmin,|) < const., (3.2)

because (Zp,;n;) is bounded. Inequalities (3.1) and (3.2) imply (2.7).
Now, we turn to sufficiency. Assume that (2.7) is satisfied, that is, there exist
integers ig, jo such that

1
'MA%%W“S - L‘ <e forall i>ig,j> jo, (3.3)
ming

furthermore (MA%Z;"H15> is a bounded sequence. If i > ig and j > jo,
i

then Mit1 > My, and Nj+1 > Njy, SO

Zmi+1nj+1 - L
Mit1 Nj41
1 1 d
= Ai(smwlnwrl - LAmi+1nj+1) = Ai akl(‘rkl - L)
MG 1M 541 MG 1M541 k=1 I=1

Mig Mg M1 Nj41

— % Z Zakl(xkl — L) + Z Z akl(xkl - L)

MG+ =1 1=1 k=m;,+11=n;,+1
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My 41 mMi+1 o
+ Z Z api (i — L) + Z Zakl(xkl - (3.4)
k=1l=nj,+1

k=m;,+1 =1
for all i > 49,5 > jo-

Consider the first term in (3.4). Since 7———

— 0, as i = 00, j — 00, then
. . . . . . 7”"i+1’”‘j+1
there exist integers i; > ig and j; > jg, such that

Mig Mjo
ap (TR — <e forall ©>1iy,5> 7. (3.5)
Ao 2 |
Now, turn to the secont term in (3.4). If ¢ > k, then
i—k
B’mk+1 - Bmk _ Bmk+1 - Bmk Bmk+1 Bmk+2 Bmi < (1)1
BmH»l B"”k+1 B77lk+2 Bmk+3 BmH»l B 2

Similarly, if j > [, then

i1
Cripy — Cny < (1)]
Cnjn —\2

Hence we get from (3.3)

Mit1 nj+1
1

T Z Z apy(zr — L)

Mit1Mj41 k:7n7¢0+1 l:njo—&-l

MEt1  Nig1

D330 S SR
Mi+1Mj41

k=ig l=70 s=mp+1t=n;+1

By — By Cryyy — Ch 1
ZZ k+ 1+ L(A

AME+1+1 G L)
k=io l=jo mif1 an+1 zZ;rLzlnHlA e
i 1\ ik J 1\’
<€Z (2) Z(2> <d4e forall i>1ig,5 > jo.
k:’io l:jo

For the third term in (3.4) we have

1 Mig MNj4+1

T Z Z api (e — L)

AT k=1 l=nj, 41

i0—1 M1 Nni41

- m1+1n1+1 Z Z Z Z aSt et )

k=0 l=jo s=mp+1t=n;+1

’L() 1 ]
mk+1 Bmk Cnl+1 — Cnl 1 AMEk+1M41 G T,
C Amk+17?l+1A migng
k=0 l=jo mz+1 Nj+1 mgng
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mi+1 k=0 1=jo
i0—1 B i0—1 1 i0—1—k
m
< const B, g L < const ° ()
it+1 k=0 My it1 p— 2
Bmio .
< const.—— — 0, as 17— o0.

Mit1
Hence, there exists io > 71 such that

1 Mig  Mjt1
> am(zm—L)| <e forall i>iyj> jo. (3.7)

MG 1MG+1 k=11=n,+1

A
Similarly, for the fourth term in (3.4) we obtain that there exists jo > j; such that
1 mi+1 Mg

1 Y am(aw —L)| <e forall i>ipj>j. (38
Mit1Mj+1 k=m;,+1 1=1
By (3.4)—(3.8), we have

|Z

M4 1M 41

—L|<T7e forall i>iyj> js. (3.9)

Finally, turn to the proof of boundedness.

m; i—1j—1
| Zmin;| = A Z Z ATkl Z AmEsinisLg
MG g=11=1 Amin; i35
i-1j-1 p
= Z mk+1 — Pmy, Om+1 —Cy, 1 AMksinie g
k=0 1=0 B, Cn, At g mem
i— _B j—1 c _c
< const. Z mk+1 = Z e " < 4. const.
R 1=0 Cn,
This inequality and (3.9) imply (2.6). Thus the theorem is proved. ]

Proof of Theorem 2.4. Let € be a fixed positive real number. First we prove the
necessity. Assume that (2.8) is satisfied, that is, there exist integers Mg, Ny such
that

|Zmn — L] <& forall m > My,n > Ny, (3.10)

furthermore (Z,,,,) is a bounded sequence. Since we have

m

Z Z akl Tkl — ) A n(Zmn - L) - Ambn(Zan - L)

k=m;+1l=n;+1
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- Amnj (ZmnJ - L) + Aminj (Zmln] - L);

if m > m; and n > n;, hence the ratio on the left-hand side in (2.9) is less than or
equal to

Am
i+171541
NSO TS max |Zmn — L| + max |Zm1n — Ll
AN ing A\ mi<m<miq1 n;<n<nji1
n;<n<n;ii1

+ max  |Zyn, — L+ |Zmm, — L] | (3.11)

m;<m<mi41

There exist integers ig, jo such that if ¢ > iy and j > jp, than m; > My and
n; > Ny. So (3.10) and (3.11) imply, that the ratio on the left-hand side in (2.9)
is less than 4

B A < 16e for all i > g, > jo. (3.12)
AT A
On the other hand, since (Z,,,) is a bounded sequence, so by (3.11), the ratio on
the left-hand side in (2.9) is less than or equal to

Amiiiniin
%4 -const. < 16 - const. for all 4, j.
This fact and (3.12) imply (2.9).
Now we turn to sufficiency. Assume that (2.9) is satisfied. The ratio on the
left-hand side in (2.9) is greater than or equal to

M1 Tj41

1

1
E § _ _ M4 1Mj41
A 1+1n7+1A akl(xkl L) - A 7+1n]+1AAmm] S — L
min; k=41 1=m; +1 min;

so (2.7) is satisfied. Now, applying Theorem 2.3, we get that (2.6) is true. In the
following parts of the proof, for fixed integers m,n let i, j be integers, such that

m; <m <mip and n; <n < njp.

We have
Zmn Z akl Tkl —
mn p—11=1
mg 1 m n
A Z Zakl Tkl — A Z Z ary(zp — L)
" g=11=1 M k=m;+11l=n;+1
nj 1 m; n
+ Zakl(l‘kl -L)+ 1 Z Z ag(zg — L). (3.13)

" k=m;+1 =1 k=1l=n;+1
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Consider the absolute values of all terms of this sum. For the first term, from (2.6)

we get that
1 mq T
T |22 > anilaw — L)
M k=1 1=1
Amin.
= Am% - |Zminj —L| < |mej - L| - 0, as m,n — oo. (3.14)

We shall use the following relations for the coeflicients.

A7m‘+1nj+1A _ (Bmi+1 _ Bmi)(cnj+l _ Cn]> - B7rti+1 an+1

m;n;

Amn Ban o Bm71+1 an—o—l
_ B7ni+1—1 (1 + bmi+1 > C’I‘L]‘+171 <1 n Cnjiq >
Bmi+1 Bm,;+1—1 CTLj—‘rl Cn_f+1—1
bin, Cn,
<4 (1 + ml“) (1 + m) < const. (3.15)
mit1—1 an+1—1
To see the above relation, we mention that
Bmfl Bmfl + bm Bm
1= =—2>149
b b b~

because of the assumptions of the theorem. Therefore (b,,/Bm,—1) is a bounded

sequence. Similarly (¢,,/Cy—1) is a bounded sequence, too.
Consider the second term in (3.13). From (3.15) and (2.9) we get that

Al > > amlan—1L)

k=m;+1 l:n]‘—‘rl

i j t
AREMTA : b
< 1 AT, 08X E E agi(xp — L) — 0,
mn m;n; m;<t<mi;i1 b1 l—me 1
n;<s<njii1 =m;+1Il=n;+

as m,n — oo. (3.16)

Now turn to the third and fourth terms on the left hand side of (3.13). With

notation
1 S [
(I)it = W <H13X E E akl(zkl - L)
. m; <SSy
mint—1 - 1 k=m;+1l=ns_1+1
we get that

m 74 nt
1

Arlnn Z Zakz(xkz —L) A ; Z Z ap(xg — L)

k=m;+1l=n;_1+1

IN
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1 B
< S ampran, < P
t=1

A min¢—1
mn mi+1

~ By §~ Cn = e ) (3.17)
an+1 it .

t=1
But
B

Myl Bmi < bmi+1 + Bmi

gy Bzt bmin gy Omen
Bmi+1 B'rnqj—‘rl Bm7 Bmi+1—1 Bm7‘,+1—1

)

which is bounded as we have already seen. Furthermore, for t =1,2,..., 7,

Cojy1 Cn C 2

Cuy = Cnisy _ Gy =Criy Cy Gy Cnjs Gy _ <1)j—t+1
Nt Cnt+2 an Cn,j+1 o '

Hence (3.17) implies that

> ZJ: ax(zr — L)

k=m;+1 =1

1
Amn

J 1 j—t
< const. » 5 By (3.18)
t=1

By (2.9), ®; 25 0. This and (3.18) imply that the expression on the left-hand
side in (3.18) is bounded. Moreover, there exist ig, jo such that ®;; < € and at the
same time (1/2)" < ¢ for all i > ig,t > jo. From these facts and applying that the
sequence ®;; is bounded, we get

EQ) W50 50

t=1 t=1 t=jo+1
i/2 Jo 1 j/2—t
< const. (2) ; <2) + 2e < const.e for all @ >1ig,j5 > 27p.

So it follows from (3.18) that

> i: ap(zr — L)

250, as m,n — oo. (3.19)

A’H’Ln

By similar arguments, for the fourth term in (3.13), we have

1 my n
" Z ap(zp — L) == 0, as m,n — oco. (3.20)
M k=1 1l=n;+1

Finally (3.13), (3.14), (3.16), (3.19) and (3.20) imply (2.8). Thus the theorem is
proved. O
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