Annales Mathematicae et Informaticae
87 (2010) pp. 95-100
http://ami.ektf.hu

Some inequalities for ¢-polygamma function
and (,-Riemann zeta functions

Valmir Krasniqi?, Toufik Mansour®

Armend Sh. Shabani®

#Department of Mathematics, University of Prishtina, Prishtiné 10000, Republic of
Kosova

PDepartment of Mathematics, University of Haifa, 31905 Haifa, Israel

Submitted 26 February 2010; Accepted 10 June 2010

Abstract

In this paper, we present some inequalities for g-polygamma functions and
(q-Riemann Zeta functions, using a g-analogue of Holder type inequality.
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1. Introduction and preliminaries

In this section, we provide a summary of notations and definitions used in this
paper. For details, one may refer to [3, 5].

For n = 1,2,... we denote by ¢, () = 1™ (z) the polygamma functions as the
n-th derivative of the psi function ¢ (x) = 2,((;)), x > 0, where I'(z) denotes the
usual gamma function.

Throughout this paper we will fix ¢ € (0,1). Let a be a complex number. The

g-shifted factorials are defined by

n—1

(a7Q)n:H(1_a’qk)a n:1727"'7
k=0

(a; q)oo = nILIr;O(GH q)n = H(l - aqk)'

k>0
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Jackson [4] defined the ¢-gamma function as
T(e) = Lo _yime g g (1.1)
(6% @)
It satisfies the functional equation

Pg(x +1) = [z]gTq(2), Tq(1) =1, (1.2)

@

where for z complex [z], = 11_qu.
The g-gamma function has the following integral representation (see [2])

E s
/ tleqtdt—/ " E; T dgt, x> 0.

iG-=1

where Ef = 377 ¢ #Jq, = (1 + (1 — ¢)x)g°, which is the g-analogue of the

classical exponential function.
The g-analogue of the ¢ function is defined as the logarithmic derivative of the
g¢-gamma function
I (z)

Ly(2)’
The g-Jackson integral from 0 to a is defined by (see [4, 5])

/ @)= (1 - )0y Flag")" (1.4)
n=0

For a = oo the g-Jackson integral is defined by (see [4, 5])

/ flx)dyz = (1—q) Zf (1.5)

n=—oo

Ye(x) =

x> 0. (1.3)

provided that sums in (1.4) and (1.5) converge absolutely.
In [2] the ¢-Riemman zeta function is defined as follows (see Section 2.3 for the
definitions)
[n]q))s

q(n+a
Z{ = Z (1.6)

n=1

In relation to (1.3) and (1.6), K. Brahim [1], using a q—analogue of the generalized
Schwarz inequality, proved the following Theorems.

Theorem 1.1. Forn=1,2...,
Yoo (g () 2 02 o (2),

where Vg, = ,S") is n-th derivative of ¢4 and mT-m s an integer.



Some inequalities for q-polygamma function and (4-Riemann zeta functions 97

Theorem 1.2. For all s > 1,
Gq(5) Gols + 1).
qu(5+1) qu(5+2)

The aim of this paper is to present some inequalities for g-polygamma functions
and g¢-zeta functions by using a g-analogue of Holder type inequality, similar to
those in [1].

[s + 1] > qls]

2. Main results

2.1. A lemma

In order to prove our main results, we need the following lemma.

Lemma 2.1. Let a € Ry U{oo}, let f and g be two nonnegative functions and let
p,t > 1 such that p~' +t~1 = 1. The following inequality holds

[ @t < ([ i) ([ o)

Proof. Let a > 0. By (1.4) we have that

/f z)dgr = (1 - q)a Zfaq q")q". (2.1)

n=0

By the use of the Holder’s inequality for infinite sums, we obtain

(3 famtam) < (3 e (o). 22
n=0 n=0 n=0

=

Hence

(1-4q) (Zfaq )
(1= q)a (Zf”aq )% (1= qa %(Zg aq™) ) (2:3)

The result then follows from (2.1), (2.2) and (2.3). O

o=

2.2. The g-polygamma function

From (1.1) one can derive the following series representation for the function
_ L@,
Ye(®) = 1y

nxT

Ylw) = —log(1 —q) +logg Yy 1.

n>1

x>0, (2.4)
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which implies that

logg [ t*—1
= —log(1 — ——d,t. 2.
vife) = —log(t - )+ 24 [T —a, (25)

Theorem 2.2. Forn =2,4,6... set g n(z) = 1/1,5") (x) the n-th derivative of the
function vq. Then for p,t > 1 such that % + % =1 the following inequality holds

AT 1 1
Yan (5 + ) S ban(@)? ). (2.6)
Proof. From (2.5) we deduce that

1ogq/ (logu)"u®~1

1—g¢q 1—u

Vg (z) = dqu, (2.7)

hence
+2-1

x y) logq (9 (logu)ur*?
n —_ —_ = d .
Va, (p+t 1—q/0 1—u at

By Lemma 2.1 with a = g we have

o = 7= e R

log q (log u)™u®~ 1 1 log ¢ /q (log u)nuy—l 1
<
\(1—q/0 1= dqu) (1—q | T dqu)
1 1
= (Ygn (@) (Ygn(y))*
n vt
where f(u) = (922°) "5 and g(u) = (020 ) W7 -

For p =t =2 in (2.6) one has the following result.
Corollary 2.3. We have
T+ y)
n <
Ya, ( 2

2.3. g-zeta function

Ygn (z) - d’q-,n(y)-

For z > 0 we set a(z) = llgiz - E(llgiz) and {z}, = %, where E(logq) is

log

the integer part of
In [2] the g-zeta function is defined as follows

© 1 (n+o(
S) = 2::1 {TL} Z g

[nlq))s
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There ([2]) it is proved that (; is a g-analogue of the classical Riemman Zeta
function, and for all s € C such that RR(s) > 1, and for all u > 0 one has

1 oo
CQ(S) = fq(s) /0 Us_lzq(u)dquu
where Z,(t) = 5305 e ", Ty(t) = 24 and
-9  (-(1-9:59)e(-(1-9)"19)

Kq(t) =

S+ (-9 (1= 9)e% @)ee(—(1 = 0) 7155 )oo
Theorem 2.4. For 1—:5 + % =1 and % +4>1,

Proof. From Lemma 2.1 we have that

y

[ i = [0 2w (Z)
0 0

o~

For f(u) = W (Zq(u))% and g(u) = u"7 - (Zy(u))* we obtain that
[ r. Y =5 T 7 T
(0 +7) G+ 7) <T@ TG @ ¢ o)
which completes the proof. O
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