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Abstract

We prove a common fixed point theorem for mappings satisfying a gener-
alized contractive condition which generalizes the results of [3, 4, 12, 15, 19,
20, 24] and we correct the errors of |7, 12, 20].
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1. Introduction

Sessa [21]| defined S and T to be weakly commuting as a generalization of
commuting if for all x € X.

d(STz, TSx) < d(Tx,Sx) .

Jungck [9] defined S and T to be compatible as a generalization of weakly com-
muting if

lim d(STx,, TSxz,) =0

n—oo
whenever {z,} is a sequence in X such that lim, . Sz, = lim,_o, Tx, =t for
some t € X. It is easy to show that commuting implies weakly commuting implies
compatible and there are examples in the literature verifying that the inclusions are
proper, see [9, 21]. Jungck et al [10] defined S and T to be compatible mappings
of type (A) if

lim d (STxn,T2xn) =0 and lim d (TS;Un, S2xn) =0,

n—oo n—oo
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whenever {z,} is a sequence in X such that lim, . Sz, = lim,_o, Tx, =t for
some t € X. Example are given to show that the two concepts of compatibility
are independent, see [10]. Recently, Pathak and Khan [16] defined S and T to be
compatible mappings of type (B) as a generalization of compatible mappings of
type (A) if

lim d (TSan, $22,) < % [ lim d (TS, Tt) + lim d(Tt,T%,)],

n—oo n—0o0

1
lim d (ST, T%,) < 5 | lim d (ST, S1) + lim d (St,5%,)] .
whenever {z,} is a sequence in X such that lim,_,o Sz, = lim,_,o Tz, =t for
some t € X. Clearly compatible mappings of type (A) are compatible mappings of
type (B), but the converse is not true, see [16]. However, compatible mappings of
type (A) and compatibility of type (B) are equivalent if S and T are continuous,
see [16]. Pathak et al [17] defined S and T to be compatible mappings of type (P)
if
lim d(S*z,, T?z,) =0,

whenever {z,} is a sequence in X such that lim, . Sz, = lim, o Tz, =t for
some t € X. However, compatibility, compatibility of type (A) and compatibility
of type (P) are equivalent if S and T are continuous, see [17]. Pathak et al [18]
defined S and T to be compatible mappings of type (C) as a generalization of
compatible mappings of type (A) if

lim d (TSzn, $%2.) < % [ lim d(TSza, Tt) + lim d(Tt,5°2,) + lim d(Tt,T%,)],

n— 00 n—o0 n— 00 n— oo

lim d(STzn, T?zn) < % lim d(STzn,St) + lim d(St,T°z,) + lim d(St, S*zy)

I

whenever {z,} is a sequence in X such that lim, . Sz, = lim, o Tz, =t for
some t € X. Compatibility, compatibility of type (A) and compatibility of type
(C) are equivalent if S and T are continuous, see [18]. Pant [15] defined S and T'
to be reciprocally continuous if

lim STz, = St and lim TSz, =Tt,

n—oo n—oo
whenever {z,} is a sequence in X such that lim, . Sz, = lim,—o Tz, =t
for some t € X. It is clear that if S and T are both continuous, then they are
reciprocally continuous, but the converse is not true. Moreover, it was proved in
[15] that in the setting of common fixed point theorem for compatible mappings
satisfying contractive conditions, the continuity of one of the mappings S and T
implies their reciprocal continuity, but not conversely.

2. Preliminaries

Definition 2.1 (See [11]). S and T are said to be weakly compatible if they com-
mute at their coincidence points; i.e., if Su = T'u for some v € X, then STu = T Su.
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Lemma 2.2 (See [9, 10, 16, 17, 18]). If S and T are compatible, or compatible of
type (A), or compatible of type (P), or compatible of type (B), or compatible of type
(C), then they are weakly compatible.

The converse is not true in general, see [4].

Definition 2.3 (See [13]). S and T are said to be R—weakly commuting if there
exists an R > 0 such that

d(STx, TSx) < Rd(Tx,Sxz) for all z € X. (2.1)

Definition 2.4 (See [14]). S and T are pointwise R—weakly commuting if for all
x € X, there exists an R > 0 such that (2.1) holds.

It was proved in [14] that R-weakly commutativity is equivalent to commuta-
tivity at coincidence points; i.e., S and 1" are pointwise R-weakly commuting if and
only if they are weakly compatible.

Lemma 2.5 (See [22]). For any t € (0,00), ¥(t) < t iff lim, oo " (t) = 0, where
Y™ denotes the n-times repeated composition of Y with itself.

Several authors proved fixed point and common fixed point theorem for map-
pings satisfying contractive conditions of integral type, see [1, 3, 4, 5, 6, 7, 12, 19,
20]. The following theorem was proved by [3].

Theorem 2.6 (See [3]). Let A, B,S and T be self-mappings of a metric space
(X, d) satisfying
S(X)CB(X) and T(X)C A(X),

d(Sz,Ty) M(z,y)
/ o(t)dt < 9 (/ o(t) dt)
0 0

for all z,y € X, ¢: Ry — Ry is a right continuous function such that ¥(0) = 0
and Y(s) < s for all s > 0 and p: Ry — Ryis a Lebesgue integrable mapping which
is summable and satisfies

/ o) dt > 0,
0

M (z,y) = max { d(Az, By),d(Sz, Az),d(Ty, By), %[d(Sx, By) + d(Ty, Az)] } .

If one of A(X),B(X),S(X) and T (X) is a complete subspace of X, then A and
S have a coincidence point and B and T have a coincidence point. Further, if S
and A as well as T and B are weakly compatible, then A, B, S and T have a unique
common fized point in X.

Recently, Zhang [24] and Aliouche [2] proved common fixed point theorems
using generalized contractive conditions in metric spaces.
Let A € (0,00], R} =[0,4) and F: R}{ — R satisfying
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(i) F(0) =0 and F(¢) > 0 for each ¢t € (0, A),

(ii) F is nondecreasing on R,

(iii) F is continuous.

Define F [0, A) = {F : F satisfies (i)—(iii)}.
Lemma 2.7 (See [24]). Let A € (0,00], F € F[0,A). Iflim, o F(e,) = 0 for
€n € Rj, then lim,, .~ €, = 0.

The following examples were given in [24].
(i) Let F(t) =t, then F € F[0,A) for each A € (0, c0].
(i) Suppose that ¢ is nonnegative, Lebesgue integrable on [0, A) and satisfies

/ ©(t)dt > 0 for each € € (0, A).
0

Let F(t fo ©(s)ds, then F € [0, A).
(iii) Suppoee that 1 is nonnegative, Lebesgue integrable on [0, A) and satisfies

/ P(t)dt > 0 for each € € (0, A)
0

and ¢ is nonnegative, Lebesgue integrable on [0, fOA P(s) ds) and satisfies

€ A
/ p(t)dt > 0 for each 0 < € < / P(s)ds
0 0

Let F(t fj" (s)ds p(u) du, then F € F0, A).

(i ) If G € [0,A) and F € F|0, G(A )), then a composition mapping
FoG € F|0,A). For instance, let H(t fo s)ds, then H € F [0, A) when-
ever ' € F[0,A) and ¢ is nonnegatlve Lebesgue mtegrable on F[0,F(A—0)) and
satisfies .

/ (t)dt > 0 for each € € (0, F(A —0)).
0

Let A € (0,00] and ¢: R} — R satisfying
(i) ¥(t) <t for all t € (0, A)

(ii) ¢ is upper semi-continuous.

(iif) 1/ is nondecreasing on R},

Define [0, A) = {4 : ¢ satisfies (i)-(iii)}.

3. Main results

Theorem 3.1. Let (X,d) be a metric space and D = sup{d(z,y) : x,y € X}. Set
A=D if D=oco and A > D if D < co. Let A1, As,S and T be self-mappings of
(X, d) satisfying
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F(d(Arz, Asy)) < O(F(L(z,y))) (3.1)
for all z,y in X, where

L(z,y) = max{d(Sa:, Ty),d(Ayz, Sx), d(Ty, Asy), = [d(Sx, Asy) + d(Az, Ty)]},

1

2

F € F[0,A) and v € V[0, F(A —0)) for all A € (0,00]. Suppose that the pair
(A1, S) is weakly compatible and there exists w € C(A2,T): the set of coincidence
points of Ay and T such that AyTw =T Asw. If one of A1 (X), Ax(X), S (X) and
T (X) is a complete subspace of X, then A1, As, S and T have a unique common
fixed point in X .

Proof. Let xg be arbitrary point in X. Inductively, we can define a sequence {y,, }
in X such that

Yon = A1on = TTop41 and yont1 = STopt2 = Aooni1

for all n = 0,1,2,.... As in the proof of [2], {y,} is a Cauchy sequence in X.
Assume that S (X) is complete. Therefore

lim Alilign = lim T132n+1 = lim A2$2n+1 = lim S$2n+1 =z=Su
n— o0 n— o0 n— oo n— oo

for some u € X. If Aju # z using (3.1) we obtain
F(d (Aru, Aswans1)) < P(F(L(u, 32,)))
where
L(u, xap) = max{d(S’u, T2ont1),d(A1u, Su), d(Txon i1, AoZant1),
%[d(Su, Asxoni1) + d(Aru, Tx2n+1)]}.
Letting n — oo, we get
F(d(Aiu, 2)) < (F(d(Ary, 2))) < F(d(Ary, 2))

which is a contradiction and so z = Aju = Su. If 2 # Asw, applying (3.1) we
obtain
F(d (Aru, Ayw)) < P(F(d (Aru, Ayw)))

where

L(u,v) = max{d(Su, Tw),d(Ayu, Su), d(Tw, Asw), =[d(Su, Asw) + d(A;u, Tw)]}.

| —

Hence
F(d(z, Asw)) < Y(F(d(z, A2w))) < F(d(z, Asw)).

which is a contradiction and so z = Aju = Su = Ayw = Tw.
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Since the pairs (A1, S) is weakly compatible and there exists w € C(Az,T') such
that AsTw = T Asw, we have Sz = A1z and Tz = Asz.
If Ayz # =z we have by (3.1)

F(d(Aiz, Aow)) < Y(F(L(z, w)))
where

L(z,w) = max{d(Sz, Tw),d(A: 2, 82), d(Bw, Asw), = [d(Sz, Asw) + d(A, 2, Tw)]}.

N =

Therefore
F(d(A1z,2)) < Y(F(d(A12,2))) < F(d (412, 2))

and so A1z = Sz = z. Similarly, we can prove that Asz =Tz = z.

The proof is similar when 7' (X)) is assumed to be a complete subspace of X.
The case in which A; (X) or As (X) is a complete subspace of X is similar to the
case in which 7' (X) or S (X) respectively is complete since A; (X) C T (X) and
Az (X) C S(X). The uniqueness of z follows from (3.1). O

Theorem 3.1 generalizes Theorem 2.6 of [3].

Corollary 3.2. Let (X,d) be a metric space and D = sup{d(x,y) : x,y € X}.
Set A=D if D =00 and A > D if D < co. Let {A;},i=1,2,...,5 and T be
self-mappings of (X,d) satisfying

and

for all x,y in X, where
1
Li(xv y) = max{d(sxv Ty)7 d(Alxa S(E), d(Azy7 Ty)7 5[6[(51’, Azy) + d(Alxa Ty)]}a

F € [[0,A) and ¥ € U[0,F(A —0)) for all A € (0,00]. Suppose that the pair
(A1, S) is weakly compatible and there exists w € C(A4;,T): the set of coincidence
points of A; and T such that A;Tw = T A;w for some i > 2. If one of A; (X),S (X)
and T (X)) is a complete subspace of X. Then A;, S and T have a unique common
fized point in X.

If p(t) = 1 in Corollary 3.2, we get a generalization of a theorem of [15]. The
following example illustrates our corollary 3.2.

Example 3.3. Let X = [0,10] be endowed with the metric d (x,y) = |z — y,

0, =0, 0, ifa =0,
Sr=qx+38, ifze(0,2], Tr=<qx+5 ifze(0,2],
x—2, ifxe(210], x—2, ifxe(2,10],
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3, ifxe(0,2], g — 0, ifzel0,2],
0, ifxe{0}U(210], 74, ifze(2,10],

if 2 if 2
Az — 0, ?xE[O,], Ay — 0, farE[O,],
5, ifze(2,10], 6, ifze(2,10],

2 .
Aix:{2+i’ e for all 7 > 4.

0, if € {0} U (2,10],

The pair (A4;,S) is weakly compatible, but it is not compatible of type (A),
(B), (P) and (C), see [6].

A (X)CT(X)and A; (X) CS(X).

The pair (A;,T), ¢ > 4, is weakly compatible because A; and T' commute at
their coincidence point x = 0, but it is not compatible of type (A), (B), (P) and
(C).

Let x,, =2+ % We have Tx,, = % and A;x, = 0, hence

lim Tz, = lim Az, =t=0.

In the other hand, A;Tx, = Al(%) =2+ % and TA;x,, = T0 = 0 and so
lim, oo d (AiTap, TAjz,) =2+ % # 0. Therefore, the pair (A;,T) is not compat-
ible.

Az, = A0 =0and T2z, =T (L) =5+ L, so0 limy, o [T Ajzy, — A2z, =0
and limy, o0 |Ai Ty — T?2,| = limy, oo (3++ —2) # 0 for all i > 3. Then, (A;,T)
is not compatible of type (A).

lim ‘AiT;vn — Tan| =3 - 2 > 1 [ lim |A;Tx, — A;0| + lim |Ai0 — A?xn”

1
Sl Z=c4
2 ‘ * z‘ R
hence (A4;,T) is not compatible of type (B).
limy,— oo ‘Afxn — T%cn‘ = lim,—o(5 + 1) = 5 # 0. Therefore, (4;,T) is not
compatible of type (P).
: 2 2
lim ‘AiT;vn -T xn‘ =3- -

n— oo )

> % [ lim 4T, — 40 + Tim |40 — T2, [ + lim 4,0 — A2, |

1 2
—5(”2)

for i > 4. So, the pair (4;,T) is not compatible of type (C).
It can be verified that the pairs (Aa,T) , (4s,T) and (A4, T) are not weakly
compatible because x = 6 is a coincidence point of As and T', but A;T6 = 4 #



10 A. Aliouche, F. Merghadi

T A6 =2, x = 7 is a coincidence point of Ag and T', but AsT(7) =5 # T A3(7) =3
and x = 8 is a point of coincidence for A4 and T, but A4T(8) = 6 # T A4(8) =

Now, we begin to verify the rest of conditions of Corollary 3.2. Let F (t) =
In(1 + ¢) and 9(t) = ht, where 0 < h <1 and t > 0. Set

In(1+|Sz —Ty|),In(1 + |A1z — Szl),
R =1In(1+ A1z — Ajy|) — hmax { In(1+ |A;y — Ty)),
2 [In(1 + [Ayz — Ty|) + In(1 + | Sz — Ajy|)]

We have the following cases. If t =0 and y =0 we get R<O0forall0 < h < 1. If
xz=0and y € (0,2], we get

o) o

In(3+2)
3ln2

for h > and so there exists 0 < h < 1. If z = 0 and y € (2, 10], we get

R=—-hmax{ln(y—1),In(y—1),In(y —1)} <0
forall 0 <h <1 Ifz€(0,2] and y =0, we get

1n(x+9),1n(x+6),}<0

R:hﬂl_hmax{%[ln4+ln(x—|—9)]

for h > (=L and so there exists 0 < h < 1. If 2 € (0,2] and y € (0, 2], we get

2 In(z — In(x In _2
o (o) o (A <o

n(3-2
for h > - C 81). Hence, there exists 0 < h < 1. If z € (0,2] and y € (2, 10], we get

<0

R ind— hmx{ln(x—i—ll— y),In(x+6),In(y —1),}

n(]5—yl+1)+In(x+9))

for h > (2L Hence, there exists 0 < h < 1. If 2 € (2,10] and y = 0, we get

1
R:—hmax{ln(az—1),111(3:—1),0,5111(1:—1)} <0

for all A > 0. Hence, there exists 0 < h < 1. If z € (2,10] and y € (0, 2], we get
_ 2 n(le—(y+7+1), 111(96—1)
R ) o) s 5y (-4 31 <°

In(3+2)
In9

In(lz—y|+1),In(z—1),In(y — 1),
R_‘hmax{;[l e B A }@

for h >

. Hence, there exists 0 < h < 1. If 2, y € (2, 10] we get
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forall 0 < h < 1.
Now, we verify that (A2,7) and (As,T) satisfy all the conditions of Theo-
rem 4.2. Set

[A1z—Azy| 1
N
0

1+t
|Sz—Ty| 1 |[Arz—Sz| 1 [A2y—Tyl 1
L 0 T+t dt, f 1+t dt, f 1+t dt,
— hmax
1 [Arz—Ty| 1 [Sz—Azy| 1
2 [ 0 T dt f T+t dt}

We have the following cases. If x =0 and y =0 we get R; < Oforall0 < h < 1.
If z =0and y € (0,2], we get

Rlz—hmax{ln(y+6) 0,In(y +6), 1[y—|—6]} 0

foral 0 < h < 1.Ifz=0andy € (2,10], we get

— _ ln(y_l)vln(|y_6|+1)7
Ri =1nb hmax{%[ln(y—l)—i—lnf)]

N

0
for h > 1“5 , hence there exists 0 < h < 1. If z € (0,2] and y = 0, we get

Ry :1n4—hmax{ln(x+9)’ln($+6)’0’} <0

1[In4 +In(z + 9)]

for all h > {24 Hence, there exists 0 < h < 1. If z € (0,2] and y € (0,2], we get

In(4+42z—y),In(z+6),In(y+6),
= — <
Ry =1n4 hmax{%[ln(y+3)+ln(x+9)] <0

for h > 2. Hence there exists 0 < h < 1. If z € (0,2] and y € (2,10], we get

R, :1n2_hmax{1n11,1n(x—|—6),ln(|y—6|—|—1),} <0

3 (]5 -yl +1) + In(z +5)]
for h > {22 Hence,there exists 0 < h < 1. If z € (2,10] and y = 0, we get
1
Ry :—hmax{ln(x—1),1n(x—1),§1n(x—1)} <0

for all 0 < h < 1. In the same manner, if z € (2,10] and y € (0,2], we get Ry < 0
forall 0 < h < 1. If z € (2,10] and y € (2,10], we get

In (|2 = y| +1),In(z = 1), In(jy — 6| + 1),
<
Ry =Inb— hmax{é[l (y—1)+1In|z — 6]+ 1] =
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for h > }g—g. Hence, there exists 0 < h < 1.Similarly, we can prove the conditions
of Theorem 4.2 if we take the mapping As instead of As. Finally we remark that
all conditions of our theorem are verified and 0 is the unique common fixed point
of A;, S and T.

The following example support our Theorem 3.1.

Remark 3.4. In this example, Theorem 2.6 of [3] is not applicable since the pair
(A2, T) is not weakly compatible, but Theorem 3.1 is applicable. Also, a theorem
of [15] for A; = Ay for all i > 2 is not applicable since the pairs (A;,.5) and (A3, T)
are not compatible. In the same manner, Theorem 1 of [12] is not applicable.

Remark 3.5. In the proof of Lemma 1 of [20] and Theorem 2.1 of [7], the authors
applied the inequality

a b c
0 <bte—s / (1)t < / ot)dt +/ ot)dt
0 0 0
which is false in general as it is shown by the following example.
Example 3.6. Let ¢(t) =t, a=1,b= % and ¢ = %. Then 1 < %—F %, but

1
2

1 1 3 3
/ o(t)dt = = > / o(t)dt + / ()t
0 2 0 0
_1,9 _ 1
8 32 32

To correct these errors, the authors should follow the proof of Theorem 2 of
[19].

Remark 3.7. In the proof of Theorem 1 of [12], the authors applied the inequality

lim d(xy,2n41) = 0= {z,} is a Cauchy sequence

n—oo

which is false in general. It suffices to take z,, = %, n € N*. Thus, To correct this
error, the authors should follow the proof of Theorem 2 of [19].
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