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Abstract
In this paper, authors will present a new theorem and corollary on multi-
dimensional Laplace transformations. They also develop some applications
based on this results. The two-dimensional Laplace transformation is useful
in the solution of partial differential equations. Some illustrative examples
related to Laguerre polynomials are also provided.
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1. Introduction

In [3] R. S. Dahiya established several new theorems for calculating Laplace
transform pairs of N-dimensions and two homogenous boundary value problems
related to heat equations were solved. In [4] J. Saberi Najafi and R. S. Dahiya
established several new theorems for calculating Laplace transforms of n-dimensions
and in the second part application of those theorems to a number of commonly used
special functions was considered, and finally, by using two dimensional Laplace
transform, one-dimensional wave equation involving special functions was solved.
Later in [1, 2] authors, established new theorems and corollaries involving systems
of two-dimensional Laplace transforms containing several equations.

The generalization of the well-known Laplace transform

Lisys) = | Tt at,

0
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to n-dimensional is given by
Li@rs)= [ [ [ ew(str@par),
o Jo 0

where t = (t1,t2,...,tn), 5§ = (81,82,...,8n), 5t = Y i sit; and P,(df) =
[T, dtx. In addition to the notations introduced above, we will use the following
throughout this paper.

Let tv = (t},%,...,tY) for any real exponent v and let Py(f) be the k-th
symmetric polynomial in the components ¢; of £. Then

Py(tv) =1,
Pi(tv) =t7 +t5 + ...+,

n
— E Vv
PQ( ) - ij=1,i<j tz t_]v

%

]

P, (%) = 9ty .. . tY

n:

The inverse Laplace transform is given by

L‘l[F(s);E]:(%%)n/aﬁm e /CCHOOe‘StF(s)Pn(s)ds.

—1i00 d—ioo —i00

2. The main theorem
Theorem 2.1. Let

g(s) = LIf(t);s], F(s)=Llt™*g(1/t);s], H(s) = L[tf(t");s].
If f(t), t=3/2g(3) and tf(t*) are continuous and integrable on (0,00), then

,_ i H[2V3P, (52)]
1/2 207-1Y) . g| — g (nt1)/2221EV TS )]
L, [Pn(t )VF (Pl (t )) ,s} 4 P57 )
wheren=1,2,..., N.

Proof. We have

p (%) - /Ooo exp (—) f(u) du. 2.1)

Multiply both sides of (2.1) by t=3/2 exp(—st), Re(s) > 0 and integrate with respect
to t on (0,00) to get

ooe—stg t—l o] 00 et _u _
/0 %dtzfo /0 e~Ste™ f (u)t~3/2 dudt. (2.2)
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Since the integral on the right side of (2.2) is absolutely convergent, we may change
the order of integration to obtain

00 e—stg t—l o] sl Ceteu _
/0 %dt:/o f(u)/0 e Stu/t=3/2 4t du. (2.3)
Evaluating the inner integral on the right side of (2.3), we get
* f(u)em Ve
= \/E/ du
0 Vu

Now, on setting u = v*, replacing s by PZ(~') and then multiplying both sides of
(2.3) by P,(t~/?)e~5" and integrating with respect to t1,%s,...,t, from 0 to oo,
leads to the statement. (]

Corollary 2.2. Letting n = 2 we get from Theorem 2.1, that

g ()}

Ty x oy Vuv

As an application of the above theorem and corollary, some illustrative examples
in two dimensions are also provided.

Example 2.3. Let f(t) = sin(v/%), then F(s) = 2T

1+4s?
00 =55 foos () (5 (577) - 1) ren (5) (120 (57%)) |
hence
]

- \/uE {Wﬂ+ Vi) cos (2(Vu +/0)?) (25 (MJ%WU ) 1)

+(Va+ /o) sin (2(v + V)?) (1 -2 (Lf%ﬂ)) " ﬁ}’

where Fresnel’s integrals are defined as following

_ 1 [T cos() _ 1 ["sin()
c(x)_\/%/o . s(a) - 27T/0 vkl

Example 2.4. If f(t) = In(at) then

F(s) = % {In(ae/s) — v} and H(s) = é{ln(a) +4(1 — v —1n(s))}.
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Using (2.4), we arrive at

o (e (k) -2

_Aln(yu+ o) —In(a) +61n(2) +4(y — 1)
2Vuu(Vu + /v)? '

In the following example, we give an application of two-dimensional Laplace

transforms and complex inversion formula for calculating some of the series related
to Laguerre polynomials.

Example 2.5. We shall show that (see [6])
0o . _Azty) =
L S0 La(@) En ()" = thge™ T3 1 (2552,
2. 3o La(t)Ln(§) = eté(t =),

where L,(x) is Laguerre polynomial and Iy(x) is modified Bessel ’s function of
order zero.

Solution. .
1. Tt is well known that L[L,(z),p] = % (1 — %) . Taking two-dimensional Laplace
transform of the left hand side, leads to the following

Lo Li;Ln(x)Ln( "o, q‘| / / (ZL y)A e P qv) dz dy.

Changing the order of summation and double integration to get

Lo [iLn(x)Ln( "p.q 1 Z/ / YA TPETY Ay dy.
n=0

The value of the inner integral is

i A" /OO /OO Ln(x) Ly (y)e "~ dz dy
Z{ (-3 (-0 ) -

where k = ﬁ Using complex inversion formula for two-dimensional Laplace

transform to obtain,

oo

Z Ly (z) Ly (y) A"

1 2 a+ioco d+ioco 1 1
— - / / ebPr+ay dp dq
2im a—1i00 d—ioco I—2A pq + k(p + Q) —k
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1 1 a-+1i00 1 d+ioco pT
=5 / o= / ‘ dp o e? dg
L= A27 Joioo | 207 Ju_ioo Pa+k(p+aq)—Fk

kx(q—1)

atico —22d )
= LL/ 76 " ey dq = ! 6_%10 2 v /\xy .
1 —X2im a—100 Q+k 1—A 1—X
2. Taking two-dimensional Laplace transform of the left hand side, leads to the
following
- Z ErOEn ()2 q} / / (ZL "”“ﬁ) dt d.

Changing the order of summation and double integration to get,

ZL pq] Z// €)e P14t dE.

It is not difficult to show that the value of the inner integral is

[ e a3 (-3 (-3
/O /O Lo (t) Ly (£)e P % dt d¢ G

ii<1_1>n<1_l>n_¥
= pq p q ptg—1

Using complex inversion formula for two-dimensional Laplace transforms to obtain,

e e} a+i00 b+ic0 ept+q§
L (t)Ln(§ dd.
S = () [ [

The above double integral may be re-written as follows,

1 a+ioco 1 b+io00 ept
L € )~ - d dg.
Z ~ om /G_ioo ¢ {2m’ /b_ioo p—(1—gq) p} 1

The value of the inner integral by residue theorem is equal to e(!=9* upon substi-
tution of this value in double integral we get,

1 a+100 1 a+100
Z L / ctEe=0t gy — ot L e—1t=6) 4.

2m oo 270 Ja—ico

Lo

and

therefore

Z Ln(t)Ln(g) = eté(t —£).
n=0
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3. Solution to second-order linear partial differential
equations with constant coefficients

The general form of second-order linear partial differential equation in two in-
dependent variables is given by (see [5]).

Atgy + Bugy + Cuyy + Duy + Euy + Fu = q(x,y), 0<z,y < oo, (3.1)

where A, B,C, D, E and F' are given constant and ¢(x,y) is source function of x
and y or constant. We will use the following for the rest of this section (see [5, 6]).
It

u(x,()) = f(d?), U(Ovy) = g(y)v uy(xvo) = fl(x)a

and if their one-dimensional Laplace transformations are F(u), G(v), Fi(u) and
G1(v), respectively, then

Lofu(e, y); u,v] = / u(er, e dardt = Uu, ),

[
Lg[umﬂu v] = wlU
La[tyy; u,v] = v*U (u, ’U) —uF(u) — Fy(u),
Lofug; u,v] = uU(u,v) — G(v),
Loluy; u,v] = vU(u,v) — F(u).
Applying double Laplace transformation term wise to partial differential equations

and the initial-boundary conditions in (3.2) and using (3.3), we obtain the trans-
formed problem

1
Ulu,v) = Au? + Cv?2 + Buv + Ev + Du + F{A(UG(U) +G(v)
+ B(uF(u) + vG(v) — uo) + C(vF(u) + Fi (u)) (34)

+ DG(v) + EF (u) + Q(u,v)}.
Now, in the following examples we illustrate the above method.
Example 3.1. Letting A= B = C =0, we get
Duy + Euy + Fu=gq(z,y), 0<z,y<oo, (E/D>0).

With initial boundary conditions

u(x,()) = f(ZE), u(O,y) = g(y)a
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application of the relationship (3.4) gives

DG(v) + EF(u) + Q(u,v)
Ev+Du+ F '

U(u,v) = (3.5)

The inverse double Laplace transform of (3.5) leads to the formal solution

u(w,y) =e b7 (y - %x) te BYf <x —~ %y>
N {ifo”” e begla— &y~ fOde. ity > L.

£ Ve Eng(a — B,y —n)dn, ify < Ea.
Example 3.2. T C=E=D=0, A=1, B=q, F = (3, then (3.1) reduces to
Ugy + QUgy + Bu = q(z,y), 0<z,y < o0,

With the following initial conditions

U(Ovy) = g(y)v uz((),y) = gl(y)v U(Q?,O) =0, U(0,0) = Uo
we obtain

1

Uluy0) = ————
(w,0) u? + auv + 3

{uG(v) + G1(v) + a(vG(v) — uo) + Q(u,v)}. (3.6)

The inverse double Laplace transform of (3.6) yields (see [7])

u(x,y>=L51[U<u,v>]=Lgl[ Q. v) %L; {LU]

u? + aquv + 3 u? + auv + 3

_ G1(v) _ vG(v) _ 1
Lot —7 Loy ) P
+ b [u2+auv+ﬂ tal, u? + auv + 3 +atoly u? + auv + 3

or equivalently

u(x,y)=/z/EJo 2 ﬁn(x—i))q(f—n,y—an)dndi

+9(y - o) + = \/ ﬁi ( n))a(y 1) dn
a Jo ax o

/0 Jo<2 —x—2)>gl<y ) dn + g(y) — gy — az)

«

[V ) (2= 2t

" 0, if y > ax,
augJo(2/Bylax —n)), ify < az.

+

Q|

_|_

QIr
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4. Conclusions

The multi-dimensional Laplace transform provides powerful method for analyz-
ing linear systems. It is heavily used in solving differential and integral equations.
The main purpose of this work is to develop a method of computing Laplace trans-
form pairs of N-dimensions from known one-Dimensional Laplace transform and
making continuous effort in expanding the transform tables and in designing al-
gorithms for generating new inverses and direct transform from known ones. It is
clear that the theorems of that type described here can be further generated for
other type of functions and relations. These relations can be used to calculate new
Laplace transform pairs.

Acknowledgements. The authors would like to thank referees for their com-
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References

[1] AgHILI, A., SALKHORDEH MOGHADDAM, B., Laplace transform pairs of n-dimensions
and a Wave equation, Intern. Math. Journal, 5(4) (2004) 377-382.

[2] AcHILI, A., SALKHORDEH MOGHADDAM, B., Multi-dimensional laplace transform
and systems of partial differential equations, Intern. Math. Journal., 1 (2006) 21-24.

[3] Danrva, R.S., VINAYAGAMOORTY, M., Laplace transform pairs of N-dimensions and
heat conduction problem, Math. Comput. Modelling., 10 (13) (1990) 35-50.

[4] Daniva, R.S., SABERI-NADJAFI, J., Theorems on N-dimensional laplace transforms
and their applications, 15th annual Conference of Applied Mathematics, Univ. of Cen-
tral Oklahoma, Electronic Journal of Differential Equations, 02 (1999) 61-74.

[5] DiTkiN, V.A., PRUDNIKOV, A.P., Operational calculus in two variables and its ap-
plication, New York, (1962).

[6] RoBERTS, G.E., KAuFMAN, H., Table of taplace transforms, Philadelphia, W. B.
Saunders Co., (1966).

A. Aghili

B. Salkhordeh Moghaddam
Department of Mathematics
Faculty of Sciences

Namjoo St., Rasht

Iran

e-mail:
armanaghili@yahoo.com
salkhorde@yahoo.com



