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Abstract

In this paper, we obtain solutions to infinite family of Pell equations of
higher degree based on the more generalized Fibonacci and Lucas sequences
as well as their all subsequences of the form {u,} and {vk,} for odd k > 0.
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1. Introduction

The generalized Fibonacci and Lucas sequences are defined by

Upt1 = Auy + Buy— (1.1)

and
Upt1 = Avp + Bup—1, (1.2)

*Corresponding author

103



104 E. Kile, Y. T. Ulutas, I. Akkus, N. Omiir

where ug = 0, u; = 1 and vy = 2, v; = A, respectively.
For k > 0 and n > 1, the sequences {ug,} and {vg,} satisfy the recursions (see

[1]):
Uy, = Vplig(n—1) — (—B) " Uk(n—2) and vgn = vkVkm-1) — (=B) vgm_gy. (1.3)
The Binet formulae are
n __ Qn
y, = 2"
a—p3

where o, 3 = A+ A2+ 4B.
By the Binet formulae note that for a fixed k > 0,

and v, = a" + 8",

Uy, = (fl)lerlulm and Uoky, = VknUkn- (1.4)

A n xn quasi-cyclic matrix R (D;x1,x2,...¢,) (or shortly R) has the form (see
(2, 4, 5]):

T Dl‘n Dxn—l Dl‘g Daj‘g
To T Dx, .. Dzxy Duxg
R =
Tp_1 Ty Tp_z ... x1 Dx,
In Tpn—1 Tp—2 T2 I

The classical Pell equation 2% — dy? = £1 (d € Z) can be rewritten as

det(m dy)—il.
y X

By means of quasi-cyclic determinants, the equation

I D.I?n D-rn—l DZ‘3 DJ?Q
To T Dz, .. Dx4y Duzxs
det _ 4
Tpn_1 Tp_o Tpz ... 1 Dz,
In Ln—1 Tp—2 T2 X

is called Pell’s equation of degree n.

In [2], the author gave a method to generalize the classical Pell equation whose
degree is n = 2 to a Pell equation of degree n > 2 by some n X n quasi-cyclic
determinants. In particular, the author proved that for n > 2,

det (R (Ln;FQn_l,FQn_Q,...,Fn)) = 1, (15)

where L,, and F}, denote the nth Lucas and Fibonacci number, respectively. Further
it was showed that

det (R (Lu; Fan— 14k, Fon—atks oy Fuig)) = (=1)" " L, F* + FP_,,
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where k is an integer.

In [3], the author generalized the results given in [2] by giving a relationship
between certain Pell equations of degree n and general Fibonacci and Lucas se-
quences. For example, for K =1 in (1.3) and (1.4) and n > 1, we have

det (R (vp; Ugn—1, Un—2, -ony Uy)) = BH7D), (1.6)

where B is defined as before.
From [4, 5], the following two propositions are known:

Proposition 1. Forn > 0,

n—1 n
det (R) = H (Z xidilek(i1)> , (1.7)
k=0 \i=1

where d = /D, e = 2™/ and each factor Y"1 x;d" e~ of the RHS of (1.7)
is an eigenvalue of the matrix R.

Proposition 2. Let n and D be fized. Then the sum, differences, and product of
two quasi-cyclic matrices is also quasi-cyclic. The inverse of a quasi-cyclic matrix
s quasi-cyclic.

In this paper, we generalize the results of |2, 3] and so obtain solutions to infinite
family of Pell equations of higher degree based on more generalized Fibonacci and
Lucas sequences as well as their all subsequences of the form {ug,} and {vg,},
for odd k£ > 0.

2. Quasi-cyclic matrices via the generalized
Fibonacci and Lucas numbers

We obtain some results about infinite family of Pell equations of higher degree by
using certain quasi-cyclic determinants with the generalized Fibonacci and Lucas
numbers. We give some auxiliary results for further use and denote (—B)lc by b for
easy writing.

Lemma 2.1. For positive integers k and n,
VgUk(2n—1) — VknUkn = DUi(2n—2),
b (Up(2n—1) = Vknlgn-1)) = b"ux,
uin — Uk(n+1)Uk(n—1) = b(n_l)ui.
Proof. The claimed identities follows from the Binet formulae. O

Theorem 2.2. Forn > 2,

det (R (vkn; Uk(2n—1)> Uk(2n—2)) +++» ukn)) = bn(n_l)ch (21)
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Proof. For n = 2,

Uk V2kU2E
U2k U3k

det (R (’ng; U3k, ’U,Qk)) = = ugk - v%u%k = bgui

For n > 2, consider the upper triangular matrix

1 —v b 0
1 — Uk
T =
b
1 —wvg
1

From a matrix multiplication and by Lemma 2.1, we get

uk(gn_l) —buk(Qn_Q) b"uk 0 N 0
Uk(an—2) —bupn-3 0  bug :
P . . 0 0
: : : : b uy,
uk(n+1) —bu;m 0 0 e 0
Ukn 7buk(n_1) 0 0 0
Then we write
det R = (det R) (det T') = det (RT)
b uy, 0 e 0
0 :
= (buin — buk(nJrl)uk(n,l)) det Uk
: . . 0
0 e 0 b uyg
= (buin — buk(n+1)uk(n_1)) (bnuk)niz
— bn(nfl)uz7
as claimed.
Corollary 2.3. Forn > 2,
n—1 n
j—1 j— n(n— 7
T { D2 s (90 ™" H070 | = 1D,
k=0 \j=1

2mi/n

where Vg, 1s the nth complex root of vi, and e =e

We shall need the following identities:
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1. —bug2n—3) + VkUgn—2) — Ukn—1) = 0, ey =bUkn + VkUp(ns1) — Uk(nt2) = 0,
2. Up(2n—1) = Vknlp(n—1) = b" Tuy,

3. Bt =y, B, and E? = vy, I, where

0 0 - 0 v
1 0 -~ 0 0
E,=| 0 1 -~ 0 0
0 0 -~ 1 0

Theorem 2.4. Forn > 3, the matriz R (’Ukn;Uk(Qn_l), Uk(2n—2)> ,ukn) 18 invert-
ible and its inverse matriz R~ is given by

1

i (=bl, +vE, — E2),  (24)

~1 , _
R (Vkn3 Up(2n—1)> Uk(2n—2)5 s Ukn) = —

where I, is the n X n identity matriz and the matriz E,, is defined as before.

Proof. Since det (R (Ukn;uk(gn,l),uk(gn,g), ...,u;m)) # 0 by Theorem 2.2, its in-
verse exists. It is easy to see that

R (V3 Up(2n—1)> Uk(2n—2)s s Ukn) = (W(2n—1)In + U(an—2)En + . + ukn EL 1)
Hence,

. ~1 )
R (Vkn; Uk(2n—1)> Uk(2n—2)» - Ukn) B (Vkn; Uk(2n—1)> Uk(2n—2)» -+ Ukn)

u;;n >( (=B)* I, + vp B, — Eﬁ)

= (ur@n—1)In + Ur@n—2)En + ... + UknErTle)(

-1
= (=bugn-1)In + (U2kn — UknVkn) En + (Uktkn — Uk(ns1)) Vinln) (ukbn>

-1
=-b n—1) — Vkn n— I, | ——
(Uk(2, 1) — VknUk(n 1)) <ukb">

=—-b (b(”*l)uk> I, <ukbl”) = I,

as claimed. O

3. The determinants of quasi-cyclic matrices

For all integer ¢, define the n x n quasi-cyclic matrix Ry, ,,+ as
Rint = R (Vkn; Uk(2n—141)> Wk(2n—2-4) s - Uk(nt1) ) -
By Theorem 2.2, we have

det (Rgn0) = b= a2,



108 E. Kile, Y. T. Ulutas, I. Akkus, N. Omiir

For det Ry 1, det Ry p.2,..., det Ry 1, det Ry, _o,..., We can obtain correspond-
ing results.

Define the n x n matrices g and hy , + as shown:

Upantt—1) —bUpnie—2) —b" T ugq_1) 0
Uk(2nti—2) —OUp(2n4i—3) b uge
9kt = . . 0 _anrluk:(t—l)
Uk (n+t+1) —buk(n+t) b upt
Up(nyt)  —bUk(ngi—1) 0 0
and
Upanti—1) D upe  —b" gy 0
Uk(2ntt—2) 0 b uke —b0" gy
. ; ; 0 b gy
kn,t=
0 —b" o)
Uk.(n_;’_t_;’_l) 0 0 bnuk‘t
Uk (n+t) 0 0

We give some auxiliary Lemmas before the proof of main Theorem.

Lemma 3.1. (The recurrence of det gi n.t)

n n2fn n— n—
det gi it = (—1) b H)ukuk(n_l)ukt 2 _p2 l)uk(t_l) det g n—14-  (3.1)
Proof. Clearly
det 9kt

Uk(2n4t—1) Uk@ntt—2) —OUke—1) 0 0

Uk(2ntt—2) Uk(2ntt—3) Ukt —bugi—1)
_ _bn(n72)+1 : : 0 Ut 0

0 —bug—1)

Uk (n+t+1) Uk(n+t) : Ukt
Uk (n+t) Uk (n+t—1) 0 0

By subtracting the second column of gy, ,, + from the first column by multiplying
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Vg gives us
det g n.t
bugenti—3) Uk@nti—2) —bur—1) 0 0
bug(entt—a) Uk(2ntt—3) Ukt —bug—1)
— _pnn=2)+1 : : 0 Ukt 0
0 —bug—1)
Uk(n+t—1) Uk (n+t) : Ukt
buk(n+t—2) Uk (n+t—1) 0 0

So on after n +t — 1 subtractions between the two columns, we get finally

det gx n.t
Ukn
Uk(n—1)
— _pn(n=2)+n+t :
U2k
Uk

we get

Uk (n—1)

Uk (n—2)

U1
Uo

—bug(i—1)

Ukt

0

0

0

*buk(t—l)

Ukt

0

0
*buk(t—l)

Ukt

0

Expanding the determinant above with respect to the first row and by ug = 0,

Uk(n—1) Ukt
det g nt = b(”z_"+t)uk(n_1) 0 .. —bupu-—y
Ukt
U 0 0

Uk(n—1) Uk(n—2) —Ouge-1) 0 0

Uk(n—2) Uk(n-3) Ut
+ bn27n+t+1uk(t_1) . . 0 g

: : . Ukt
U [ 0 0

=(-1)" b”Q*nthuk(n_l)ukuZtﬂ + b”2*n+t+1uk(t_1) (bnz;}ﬂw) det i n—1,t

27 — -
(71)71 b" "thuk(n_l)ukuzt 2_ b2n luk(t—l) det Jkn—1,t-

Thus we have the conclusion.
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Lemma 3.2. For odd k > 0,

(_l)kn
Uk

2 2 2 _
det grpi = [b" T g oy A O g yue — 0T gy ugnug; !
(3.2)
Proof. (Induction on n) When n = 2, we have

Uyt)  —bu(aty
U2+t)  —bu(e)

det gz, = =-b (u(3+t)u(1+t) - u%2+t)) ="

Substituting n = 2 in the RHS of (3.2), we get

[bSUkuit + b4ui(t—1)uk - bguk(tq)uzkukt}

I
S
w
/N

uit + bui(tfl) - uk(t,l)vkukt)

= 0% (upy — U1y Uk(—1)) = b"2ug,

as claimed. We assume that the claim is true for n — 1. Now we prove that the
claim is true for n. By the induction hypothesis and (3.1), we write for odd integer
k,

detgk,n,t
k(n—1)
nin?—n n— n— -1
= (=)™ T g yunugy = 6 gy )Uk

—1 n+

n— n— 2 n TLQ*
Uk (rn—2) Uy L pn=17y (t—1)Uk — p 3

2
n“—3n+3
X [b L

3“k<t—1>Uk(n—1>UZ[2]
n—1
= (*1)]6(”71)“ anU’Z(t—l) + (*1)]6(”71) bnknﬂw—kt%+
K
n—2 kn pn® —ntt k(n—1) ;n2—n+1 Yk(t+1)Uk(t—1)
n— -1)""b — (-1 b b)) R )
+ Uy “Uk(n—1) [( ) up — (—1) " }
n—1
— (=1 DFL gy )R pn?—n1 YR Uk Ukn
(=D U1y + (—1) o
-2
+(—1)F" b**ﬂHM b

2
w uj, + uk(t+1)uk(t—1)]

n+

kn
-1 2_n n—
_ (=1 |:bn +1 1uk(t_1)uknukt 1

2 2
= " uk(n_l)uzt =+ bn uZ(til)Uk — bn
Thus the proof is complete. O

Lemma 3.3. Forn > 1,

det hppne = (—1)"+1 b"("_l)uk(n+t)u2;1.
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Proof. Expanding det hy, , + with respect to the last row gives us

det hy p ¢
Ug(antt—1) D upe  —b"Tlug_y) 0 0
Uk(2n+t—2) 0 b Uy —b" Mgy
= : : 0 b ut 0
0 T = gy
Uk(n+t+1) 0 ; ; R b ugt
Uk (n+t) 0 0 0

= Uk(n+t) (_1)n+1 (ank;t>n_1

= (- bn(n_l)uk(n+t)u2;17

as claimed. O
Lemma 3.4. Forn > 1 and k,t > 0,

Vkn = (VkUikn — 20Ug(n—1)) /Ui,

Uk(n+t) = (Uk(n+1)ukt - buknuk(t—l)) [k

Proof. The claims are obtained from the Binet formulae of {u,} and {v,}. O

Theorem 3.5. Forn > 2 and all integer t,
det Ry ¢ = b7~ ((—1)’“"—1 Venuly + (—1)*" b"ug(t,l)) : (3.3)
where k is an odd integer.
Proof. From the definitions of gy » + and hy ¢+, we see that
det Ry, .+ = det gi n,¢ + det by .

So the proof follows from Lemmas 3.2, 3.3 and 3.4. O

When t =n in (3.2) and (3.3), we have the following result.
Corollary 3.6. Forn > 1,

k 2
det 9knn = (_1) "on uZ(nfl)v

det Ry . = (—1)"" pn(n=1) (_Uk?nuZn + bn“ﬁ(nq)) -



112 E. Kile, Y. T. Ulutas, I. Akkus, N. Omiir

References

[1] Kiuic, E., StaNnicA, P., Factorizations and representations of second linear recur-
rences with indices in arithmetic progressions, Bul. Mez. Math. Soc., Vol. 15(1) (2009),
23-36.

[2] DazuENG, L., Fibonacci-Lucas quasi-cyclic matrices, The Fibonacci Quarterly, Vol.
40(2) (2002), 280-286.

[3] MaTyas, F., Second order linear recurrences and Pell’s equations of higher degree,
Acta Acad. Paed. Agriensis, Sectio Mathematicae, Vol. 29 (2002), 47-53.

[4] GuanexiNg, S., On eigenvalues of some cyclic matrices, Math. Application, Vol. 4(3)
(1991), 76-82.

[6] Taming, T., DAazHENG, L., Diophantine approximation circulant matrix and Pell
equation, J. Shaansi Normal Univ., Vol. 28(14) (2000), 6-11.



