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Abstract

The Jacobsthal recurrence relation is extended to higher order recurrence
relations and the basic list of identities provided by A. F. Horadam [10] is
expanded and extended to several identities for some of the higher order cases.
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1. Introduction

Horadam, in [10], exhibited a plethora of identities for the second order Jacobsthal
and Jacobsthal-Lucas numbers. He then went on to explore their relationships and
those of a variety of associated and representative sequences. The aim here is to
present some additional identities and analogous relationships for numbers arising
from some higher order Jacobsthal recurrence relations.

Obtaining properties by extending the Jacobsthal sequence to the third and
higher orders depends on the choice of initial conditions. For example, this was
done in [3] by taking all of the conditions to be zero, except the last, which was
assigned the value 1. The procedure here will be to extend by using other initial
values.
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2. The second order Jacobsthal case

The second-order recurrence relations for the Jacobsthal numbers,J,,, and for the
Jacobsthal-Lucas numbers, j,, and a few of their relationships are given here for
reference. Namely,

Recurrence relations

Jn+2 - Jn+1 +2Jn; JO :Ovjl = 1; n>0

Jnt2 = Jnt1 +2Jn, Jo=2,71=1, n>0

Table of values

n |[0]1]2]|3| 4|5 |6 7 8 9 10
Jp, 1011113 11 | 21| 43 | 8 | 171 | 341
Jn | 2|1 |5 | 7] 17|31 |65 | 127 | 257 | 511 | 1025

ot

Binet forms

In = and j, = 2" 4+ (—=1)"

Simson/Cassini/Catalan identities

‘ Jn+1 J’ﬂ — 9(_1)717127171

Jn Jnfl

(_1)n2n71’ ‘ j@+1 ]n
In In—1

Ordinary generating functions

Z T 1—xz— 222
ijx - —I2x2

Exponential generating functions

2x —x

> Z‘k (& — €

I
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— k! 3

= : wk 2z —x

Sy = e
k!

k=0

Although these are not given in [10] the exponential generating functions are
easily obtained using the Maclaurin series for the exponential function and can be
useful in establishing identities. For example, using the method provided in [2, 12,
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p. 232ff] the following can be obtained. Let A = e* and B = € 7% Where
a=2and = —1. Then

1 (a =Bz (a? —pB?)x? =, 2t
B_a—ﬁ[ T 2! +"l_,;)‘]’“k!'

Using the well known double sum identity

n

SN Fkyn)=>Y F(k,n—k

n=0 k=0 n=0 k=0

found in [2, 15, p. 56] AB can be written as

oo o0 anrk oo n nfk)+k
Ap-yt ,Z kk, >3 I =
n=0 n=0 k=0 n=0 k=0
-y ( (Z) Jk> o
n=0 \k=0 n.
In addition AB can also be written as

AB — e(a+1);ﬂ _ e(ﬁ-‘rl)w _ e(2+1)x _ e(—l—i—l)x _ eSw -1 _ 1 04 i 3n71ﬁ
a—p 2—(-1) 3 3 n!

n=1
and so it follows that N
n _ on—1
3 (k) Jp =31,
k=0
eaT _ Bx

Similarly with B = € 7% and A= e it follows that
o —

§< ) ) = (=3)"

and if B = e®*+6% then .
n .
> ( k) kgt = 2"y,
k=0
Other summation identities can be obtained in a similar fashion.

3. The third order Jacobsthal case

First we consider extending the Jacobsthal and Jacobsthal-Lucas numbers to the

third order, denoted as Jy ) and j( ) respectively, with the following initial condi-
tions:
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Recurrence relations
I8y = d8 + 38 + 209, 5P =000 =1,4Y =10 >0,

-(3 -(3 -(3 . -(3 (3 (3
dits = inta i + 230, 567 =20 = 1,4 =5 m = 0.

Table of values

n Jo0l1]2[ 314516 7 89 10
JPTol1[1l 25 9]18] 37| 73146 203
i Tol1 5101737 ] 74 145 | 293 | 586 | 1169

Note that we extend to 3" order using initial conditions {0, 1,1} in the spirit of
extending the Fibonacci initial conditions {0, 1} to Tribonacci {0, 1,1} and those
initial conditions for the Jacobsthal-Lucas numbers in a natural way from the
second order case.

Binet forms

Using standard techniques for solving recurrence relations, the auxiliary equa-

tion, and its roots are given by

22— —2—-2=0; x=2,and x =

—14+4V3
SR

Note that the latter two are the complex conjugate cube roots of unity. Call them
wy and ws, respectively. Thus the Binet formulas can be written as

2 3+ 2iv3 3—2iv3
g = 2o 3XAVB 0 322V
7 21 21
and 3 3
) 8., 3+2v3 ,  3-2iv3
]7(l3) = ?2 + 7 w1 7 Wy . (31)
Simson’s identities
3 3 3 (3 (3 (3
Jr(ggz J7(1—321 ?EL ) ) ]7(13)2 .]7(1-:1;1 Jr(é) )
J7(13) ‘]7(1?:)1 Jq(i)2 ]}(13) j,(LS,)l ]}@2

The identities above can be proved using mathematical induction. As an ex-
ample an inductive proof for the J, case is provided: For n = 2,3,4 and 5, the
determinants are routinely computed to be —2, —4, —8, —16, respectively. So we
surmise the general case to be as given in (3.2). Assuming the n'" case is true
and expanding that determinant by the 3"¢ column and expanding the (n + 1)**
determinant by the 1% column yields the following:

3 3 3 3 3 3
J{L?T;B J’%Q J’(’G))l J{L?T;Q J’gé))l J{(é))
Jnio Jpy1 In =2 Joi1  In Iy |+ O

3 3 3 3 3 3
g8 aP g, 7 a® g,
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where

s
G 50

n—1
3 3
Tody I
Jeh

3 3
72, I3,
() 53

n n—1

=8, +J%) — (I, + I

F (IO g

n

By expanding C it is easy to see that the expression is 0 and so the conjecture is
valid.
Ordinary generating functions

The ordinary generating functions are obtained by standard methods [12, p
237ff] as briefly illustrated here.

Let g(z) = > pe Jez® and h(z) = > 7 jrz®. Compute (1 —x— 22 —22%)g(x)
and (1 — 2 — 22 — 223)h(x) and apply the initial conditions for the third order
Jacobsthal and Jacobsthal-Lucas numbers, respectively, to obtain the following

generating functions.
o0
T
T gk = .
Z k 11—z —a2—223
k=0

Z x —I+21’2
I —x— 2 — 223"

Exponential generating functions
The exponential generating functions can be obtained from the Maclaurin series
for the exponential function as follows. Note that

1 (662 = (34 20v/3)e™ — (3 + 2iV/3)e" ) =

21
1 )
k_ogl(6<2’“>—<3+2zx/§> - 3+ 2ivB)ef) 5 Z%

oo

Also, since
(3+ 2i\/§)e“’1”” +(3+ 21’\/§)e“’2$ — e 30 ((3 + 21\[) o + 3+ 2@\[) 2 w)
—3 (60 L+4\f fx)

the exponential generating function for the 3¢ order Jacobsthal numbers becomes

> 1 3 3
ZJS’)% 6e%* 4+ e~ 37 [ 6cos V3 +4\/§sinQ .
P k! 21 2 2
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Similarly the exponential generating function for the 3"¢ order Jacobsthal-Lucas
numbers can be written as

0 k 1 3 3
j](f’)l; = <862”” e 3® <6 cos % +4v/3sin % .

k=0 g
4. Additional identities for third order Jacobsthal

numbers

Summation formulas

En:Jlgg):{Jﬁzl if n # 0 mod 3 zn: (3) {erll_Q if n Z 0 mod 3

o Jr(Lngl_l if n=0mod 3’ jn+1+1 if n=0mod 3"

Miscellaneous identities

3J,(L3) + ) = on+l, (4.1)
—3J®) =2 (4.2)

37(521 JFJ(B) = 3Jﬁ21~

N2
(37(;3)) _9 (tﬁ@) _ Qnﬂjf)s

+(3) _ 73

Jdn—1 = Japp1

Jam =it

J:gi)ﬂ ?Si)+3 1
]éi)—l - 4J?Ei)—1 =1
G — 4757 =2 .
]PE?—&-l - 4J§i)+1 =-3

Jo 4](3) _ )3 if n is even '
no2 6 if n is odd

Squaring both sides of (4.1) and (4.2) and subtracting the results, it follows that

ﬁ%@é(ﬁ@?ﬁ)-

Note that some observations on generating functions for the Jacobsthal poly-
nomials can be found in [7, 8]. Papers on generating functions for a variety of
sequential numbers are abundant. See, for example [1, 4, 5, 6, 9, 13, 14, 16].
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As an illustration of how ordinary generating functions can be used to derive
identities, we use the technique of Gould, see [4] and used for Fibonacci identities
in [2]. Making use of the properties of o and S for Fibonacci numbers as needed,
it follows that

SO kN @t =B
];) E Lk ;Jk 5
ax Bx
1—azr —a?2z2? — 20323 + 1— Bz — 222 — 23323
x — a3 — 224
1— o — 422 — 5x3 + 425 — 426”

8 A B
Similarly if we write (3.1) as jy(L ) = 72”+ 7w?+ 7w§ and make use of the fact that

Awy = —————, Bwy = T’wl = wz, and w% = Wi, Wiz = Wy = w:; =1

then the following generating function is obtained:

S0 = 155 e+ Ao+ B
k=0

_ 132 4 202% 4 472% — 162* + 825 — 402 — 3227
C7(1 =22 — 422 — 1623)(1 + o + 222 — 523 — 24 — 225 + 426)

5. Higher order Jacobsthal numbers

As seen in [3] one way to generalize the Jacobsthal recursion is as follows.

(k) k)
T = Z‘]mk 2

with n > 0 and initial conditions J* =0, for i = 0,1,...k — 2 and J"), = 1, has
characteristic equation (z —2)(z* "1+ 252+ ...+ 22+ x4+ 1) = 0 with eigenvalues
2and wj =e 5 for j=1,2,...,k —1, which yields the Binet form:

T R O |

IT;2 (2 —wj) Jmlma i
In this paper we generalize the Jacobsthal recursion as

k—1

k
it = D Talbny + 2010,
j=1

S
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with n > 0 and initial conditions Jék) =0 and Ji(k) =1fori=1,...k—1. For the
k" order Jacobsthal -Lucas numbers jy(lk) we use the same recursion with initial
conditions ]2( ) = jfk Yfor i =0...k— 1. With the change of initial conditions a
similar compact form for k" order Binet formulae appears to be unobtainable as
indicated in the examples below.
Ordinary generating function

A formula for the ordinary generating function for all generalized Fibonacci
numbers has been addressed in other papers. For example, that given in [11] for
the recurrence

an = bk—lan—l + bk—2an—2 +-+ bOan—k

with arbitrary constant coeflicients, b;, and with arbitrary initial conditions is

k—1 i i
a0 + X245 (o0 = Xjcg beoivga ) o
1= Y0 b

Here we exhibit (5.1) for the k*" order Jacobsthal case (which could also be obtained
by using the same procedure used in deriving the generating function for the 37¢
order case) namely

9(x) = (5.1)

00 k k k k k k _
ZJ.(k)ggi: Jé )+(J1( )_J(g ))x+"'+(‘]l£7)1_JIEJZ_"'QJO( ))Jfk !
! l—z—a®—.- — 2k
Examples

(1) The Fourth Order Jacobsthal and Jacobsthal-Lucas numbers
Recurrence relations

g

4 (4
IR AN (SN o N B (2
where n > 0 and Jé4) =0, J1(4) = J2(4) = J§4) =1.

4 4 4 4
]7(1424 = 17(113 + L(wzQ + 37(1421 + 25,

where n > 0 and j(() =9 3(4) 1 ](4) -5 ](4) —10.
Table of values

n JOol1]l2[ 34 1516] 7187 9 10
@D Tol1l1] 1] 3] 713]2 | 51 ]103] 205
35,4) ol1 51020 37] 77| 154 | 308 | 613 | 1229

Binet form
The auxiliary equation, and its roots are given by

et =gt 2?2 —2=0, 11 =2,20 = —1, 23 =i, 24 = —1,
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and the Binet formulas can be written as

1 1 1 1
4) _ n_ t Nemo L N YT YA
A 51 (2 2(1+82)z +2(3+2)( 1) 2(4 7i)(—1) )
and
- 104(1 = 30)2" — 15(11 + 30)i" — 6(6 + 174)(—1)" — 15(7 + 9i)(—i)"
In” = 4(16 — 631) '

Rewriting these in terms of the roots of unity, w; does not suggest a pattern when
compared with the 27 and 3"¢ order cases.
Simson’s identity

4 4 4 4 4 4 4 4
T g s 9 e g ey g
Jn+2 JnJrl Jn Jnfl =0 n+2 .n+1 ]n — 2n—2 35
JW ORI (ORI (O ) 4 (4) (4) :(4)
fE A i (A
Jn ) Jnfl Jn72 Jn73 In ) J7(1 1 7(1 2 j7(173
Summation formulas
n J(4 ifn=41mod4 , 2 ifn 0 i4
ifn mo
R .ijf@l 1 ifn=0mod4 .Y it J"“ , .
— (4) . —o n+1+1 ifn=0mod 4
k=0 Jog1+1 ifn=2mod4

Miscellaneous fourth order identities

]7(:21—&—1 if n =0mod 4

(4) =
+2 ifn=1mod4
6750 + j{ = § ns ‘
n In j(4) +1 ifn=2mod4

W4 ifn=3mod4

2 if n =0 mod 4
—5 ifn=1mod4
-1 ifn=2mod4"’
4 if n =3 mod 4

g =6 =

J,(:i)Q ifn=0mod 4
() e

Jn+2 ifn=2mod4
J%, —1 if n=3mod 4
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In this case the product of the Jacobsthal and Jacobsthal-Lucas functions is some-
what less appealing than in previous cases:

(jr(i;)-1+1)2*4 if n=0mod 4
24 W 51 — (3:121;-1 +2)? - 25 ?f n=1mod4 .

(pio+1)? =1 ifn=2mod4

(Y, —4)2 ~16 if n =3 mod 4

(2) The Fifth Order Jacobsthal and Jacobsthal-Lucas numbers
Recurrence relations

Tl = T84 T+ I + 10 279,

where n > 0 and J(5) =0, J(5 = J(5) = J:(5) = J(5) =1

5 5 5 5 5
Ji# -]72-‘24 + Jihz?, T(L-'22 + ]'EL"Zl +25),

5 _

where n > 0 and jO =2 3(5) =1 j(5) -5 j( - 10 j£5) —920.

Table of values

n 0123456 7 8] 9] 10
JP Vol 1114917 ]3] 65 | 132
i Tol1] 510204077 [ 157 | 314 | 628 | 1256

Binet form
The auxiliary equation, and its roots are given by

x5—x4—x3—x2—x—2:0,x1 =2,90 = Ww1,T3 = Wa, Ty = W3, L5 = Wy,

2mim

where for m =1,2,3,4, w,, = exp ( > The Binet formulas can be written as

—4 24 + 43w + 37w — 59w3 — 45wy

(5) — _—9n _ n
I 33 155 !
L 24 — 59wy + 43wy — 45wz + 37wy, 24+ 37wy — 45wy + 43w3 — S9ws
155 2 155 3
B 24 — 45wy — 59wso + 3Tws + 43wy n
155 4

and similarly

s 42 3(14 — 24wy — 12ws + 25ws — 3wy)
i = 52" r

" 33 155(&)1 — W2 — W3 — (U4>

3(14 4 25wy — 24wg — 3ws + 12wys) ,,  3(14 — 12wy — 3wy — 24ws + 25wy)
2

w3
155(W1 — W2 — W3 — (U4) 155((411 — W2 — W3 — UJ4)
3(14 — 3(4)1 + 25&)2 — 12&13 — 240.)4)

155(W1 — W2 — W3 — LU4)

n
Wy,
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Simson’s identity

n+3 n n—1
5 5 5 5 5 n—2
Jn+1 Jn Jn 1 Jn72 Jnf?)

(5) (5) (5) (5) (5) — 2n—3 . 34 . 19

5 5 (5 (5 5
]7(1_31 jr(L ) ]7(L_)1 ]7(1_)2 ]7(1_)3
i 7([21 j7(22 1({23 J’f{f4

Summation formulas

Jnﬂ ifn==+1mod5
iJ@_ JO 1 ifn=0mod5 Z ) JnH_g if n % 0 mod 5
= F J(+)1+1 ifn=2mod5 (= n+1+1 if n=0mod5

JO 42 ifn=3mod5

Miscellaneous fifth order identities

gn+l ifn=0mod5
2"+t 13 ifn=1mod5

GO 4670 = o+l 43 if p=2mod5. (5.2)
gn+1 ifn=3mod5

ontl 6 ifn=4mod5

on=1 —3(J%), —1) ifn=0mod5
— 3, +2) ifn=1mod5
D —6J =on1 - 37", 4+2) ifn=2mod5. (5.3)
270 — J,(i)d ifn=3mod5
on=1 —3(J%, —3) ifn=4mod5
If we let the right hand side of (5.2) be M and that of (5.3) N, then the following

are noted
5 _ MAN ;5 M-N

jn - 2 rYn 12
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and finally

M? + N?
()2 = 36(7%)) = MN and (i) +36(J)) = —— .

6. Concluding comments

The authors believe that most of these results are new but unfortunately, many
of them do not seem to fall into a convenient pattern for generalization to an n*”
order case. While investigating the Simson (Cassini/Catalan) identity for higher
order Jacobsthal numbers a general Simson identity for an arbitrary n'" order
recursive relation was discovered and proved. This generalized Simson identity
has resulted in a short paper that will be submitted to the Fibonacci Quarterly.
Certainly many more identities could be generated from those obtained here and
by investigating Jacobsthal and Jacobsthal-Lucas polynomials. For example, using
the methods presented in [1, 2, 6, 13, 16] a plethora of identities generated from
ordinary generating functions should be possible; and similarly using [2, 5, 12, 14],
identities obtained from the exponential generating functions should arise. Further
investigations for these and other methods useful in discovering identities for the
higher order Jacobsthal and Jacobsthal-Lucas numbers will be addressed in a future

paper.

Acknowledgments. The authors would like to thank the anonymous referee for
suggestions to improve the paper.
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