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Abstract

We will present an estimation of the H ZT f mean as a approximation ver-
sions of the Totik type generalization(see [6]) of the result of G. H. Hardy, J.
E. Littlewood. Some results on the norm approximation will also given.
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1. Introduction

Let LP (1 < p < o0) [resp.C] be the class of all 2r—periodic real-valued func-
tions integrable in the Lebesgue sense with p—th power [continuous] over @ =
[—7, 7] and let X = XP where X? = LP when 1 < p < oo or X? = C when p = oo.
Let us define the norm of f € XP? as

1/p
Il = 1@l =§ (170 P de) 7 hen 1 <p < o,
sup,cq | f() | when p = o0.

Consider the trigonometric Fourier series

Sf(x) = ao(f) + ) (ar(f) coska + by(f) sinkz) = Y Cif(x)
= k=0

2
k=0
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and denote by S f, the partial sums of Sf. Let

H] £ (2) = {Tilzskyfmf(x)w} L @0
v=0

where 0< ko <ki<ka<..<k. (7).
The pointwise characteristic

1 h 1/p
Wy f(0)p 02%126{h/0 |<px(t)|pdt} ,

fla+t)+ f(z—1t)—=2f(2)

where ¢, (t)

constructed on the base of definition of Lebesgue points (L' — points) was firstly
used as a measure of approximation, by S.Aljanci¢, R.Bojanic and M.Tomié [1].
This characteristic was very often used, but it appears that such approximation
cannot be comparable with the norm approximation beside when X = C. In [5]
there was introduced the slight modified function:

w, (5 {/@ |pdt}

We can observe that for p € [1,00) and f € C

/p

and also, with p > p for f € XB by the Minkowski inequality
[w. f(O)pll .o Sw o f(0),

where wy f is the modulus of continuity of f in the space X = X?® defined by the
formula

wx f(0) == sup [If(-+h)=f0)llx-

0<|h|<6S

It is well-known that HZf (z) — means tend to 0 at the LP — points of f € LP
(1<p<o0). In [3] this fact was by G. H. Hardy, J. E. Littlewood proved as
a generalization of the Fejér classical result on the convergence of the (C,1) -
means of Fourier series. Here we present an estimation of the H}! [ () means as a
approximation version of the Totik type (see [6]) generalization of the result of G.
H. Hardy, J. E. Littlewood. We also give some corollaries on norm approximation.

By K we shall designate either an absolute constant or a constant depending
on the indicated parameters, not necessarily the same of each occurrence.
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2. Statement of the results

Theorem 2.1. If f € L? (1 <p < 2), then, for indices 0 < kg < k1 < ko < ... <
kT (2 T) ’

1/p
kr

q v ik L g (ondteEn)
ka-f(x)gQ{kZ_r k+1 }+6 (T—Fl)p_lkzzo (k+1)°7"

1,1 _
where 5—}—5—1.

Applying the inequality for the norm of the modulus of continuity of f we can
immediately derive from the above theorem the next one.

Theorem 2.2. If f € LP (1 < p < 2), then for indices 0 < ko < k1 < ko < ... <
kr (Z7),

1/p

q Er wro f(75) 1 - (wLpf(’“L“))p
Jt s, <2 {3° = E o f L ST

1,1 _
where 5+§_1'

Remark 2.3. In the special case k, = v for v = 0, 1,2, ..., 7, the first term in the
above estimates is superfluous.

Next, we consider a function w, of modulus of continuity type on the interval
[0,4+00), i.e. a nondecreasing continuous function having the following properties:
wy (0) =0, wy (01 4 02) < wy (01) +wy (d2) for any 0 < §p < dy < 61 + 02 and
let

1P (w,) = {g € LP :w,g (), < ws (5)}.
In this class we can derive the following

Theorem 2.4. Let f € LP (w,) (1<p<2) and 0< ko < ky < ky < ... <k,

P
(Zr). If w, satisfy , for some A > 1 the condition h;i?)lip (“;‘jafg‘;)) < Ar—1

then
kr+1

gr+1'

T
H} <K 1
@) < K (5 )10
11 _
where st = 1.
In the same way for subclass
LP (w)={g € LP :wrpf (§) Lw(d), with modulus of continuity w}

we can obtain
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Theorem 2.5. Let f € LP (w) (1<p<2) and 0< ko < k1 < ke < ... <k,
(Zr). If w satisfy , for some A > 1 and an integer s > 1, the condition
: . w(A9J) s

hni%:l_p o) < A®, then

)

T o k. +1
r+1 gr+1

22,1 Ol < 2

1,1 _
where 5+5_1

For the proof of Theorem 2.2 we will need the following lemma of N. K. Bari
and S. B. Stechkin [2].

Lemma 2.6. If a continuous and non-decreasing on [0,00) function w satisfies

conditions: w(0) = 0 and limsup wﬂfé‘;) < A® for some A > 1 and an integer
6—0+

s>1, then

T t
us/u ;Usg_l)dtéKw(u) for we (0,7,

where the constant K depend only on w and in other way the fulfillment of the

above inequality for all u € (0,7] imply the existence of a constant A > 1 for

which lim sup wugési) < A® with some integer s > 1.

0—0+

3. Proofs of the results

We only prove Theorems 2.1 and 2.4.
Proof of Theorem 2.1. Let as usually

HY () = Liiz

v=0
< Akr + Bkr + Ckr,

1AZ%memm

™

q}l/q

sin (Zkut1)e

where Dy, (t) =

in £ )
2sin 3

T

s
l/0 0z (t) Dy, () dt

Q}l/q

v=0

1 T 1 ~ q 1/q
By, (7,0) = 7’—1—1;) ;/5 ¢z (t) Dy, (t)dt
and
1 1 [T a) '
Ckr(’Y):{T+1lZ_() 7T,/7 g (t) Dy, () dt } ,
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with 6 = T and v = 7.
Since k, < kr , for v =0,1,2,...,r ,we conclude that |Dyg, (¢)|

and |Dy, (t)] < Hence
k41 &
/ |<)0L | dt] } = wa((S)l

2|t\

1
Ak"(é)g{r—i—lz

and

By, @,(s)z{ril;[?/; |soxt<>|dtr}”q:2/; o= 0,

Integrating by parts, we obtain

B 00) = y{wsonis,+ [0

k..
%wzf(v)l = Lo+ 1/ wgf(r/u)

2 2 r+1 u

and by simple calculation we have

1 k+1 N
By, (v:0) < iwxf('Y) w:cf 1+* Z / Wa f W/u

k r+1
k
1 1 1 & k+1lwyf(n/k
< qwef()— guef g > MLl
k=r+1

kel k
< %wxf(V)l - %wzf(é)l + % (1 + Jlrl) Z W

k=r
kr—1

<k,

+1

Putting Dy, (t) = 1sin(kyt)cot £ + 3 cos(k,t) , by the Hausdorff-Young

2 2

inequality,

Cr, (7)

1 s
s 2(r+1)"/¢ {Z

v=0

Lo {Z

2+ 1)V |

1 s
— / @z (t) cot ! sin (k,t) dt
. 2

™

q}l/q
q}l/q

1 /7r g (t) cos (k,t) dt

™
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1 1/p
< 1/q {77 cot }
1 /p
YRR {2 / o (¢ m}
p ql/p
1/p
{M o] et
and by partial integratlon,
Ck,. (7)

1 [0 £ (£),)" "waf " ]
2(r+1)1/q{|: tp—1 |t 'y+p/7 7 dt]
+7r1/pwxf(7r)p}

1 ﬂ,lfp y i » r+1 wmf(ﬂ/u)p ;DE u:| 1/p
2(T+1)1/q{|: [wa f ()] er/l 7#/71 ud
+7r1/pw$f(7r)p}.

Therefore, analogously as before,
Ck,. (7)
/p
| ] s [ e, T
S Sernv { l”l P [waf (m),]" + prt p;/k Ty
+7r1/pwmf(7r)p}
1 "k 1 f /R, ]
1— P - x P
< 2(r+1)1/q {[77 Plwg f(m)p]” + pm pk:1 - e ]
+7Tl/pwzf(7r)p}
r 1/p
1 1-p [wmf(ﬂ—/k)l’]p 1/p
< 2(r + 1)1/q (1+p)m 2 B TR a— +7 wzf(ﬂ')p}
- 1/p
1 [wo f(m/ (k+1))p]"
K{(Hl)pl ’; TNt } .

Finally, since

T

1/p
P 1
Q,Ua,f(’y)l < wlf(’Y)P { (’f’ + 1)P poe (kj + 1)1—p}
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_r Sk
h (r+ 1)p71 k=1 (k+ 1)27p ’

our result follows. O

Proof of Theorem 2.4. Itisclear that if f € L? (w,) (1 < p < 2) then w, f(§)1<
We f(6)p < wy(6). Thus, by Theorem 2.1,

1/p
kr

H,‘jrf(x)<2{ “"Z(ff)}+ p1k25< ’““)

k=r

and, by the monotonicity of w, and simple inequality w,(7) < 2w, (%), we obtain

En ES
HEf(r) < 2{ ‘”(”}

— k+1
P 1/p
1 r wcc(kL)
+64 ———— | (wa(m)” + (*)
(r+1) 1 (k+1)
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Now, we observe that, by our assumption , the function (w,(u))?” u?>~? satisfy
the condition

(e (A (AT (w (A))F
P oo o)y

i.e. the condition of Lemma 2.6 with s = 1. Therefore

A s () ()

< APPAPTL = A

o
Hence
k.+1
HY < 2w (——)log
LF@) < 2wt log
_ o\ 1/
1645 (= Mw(—”)p G
r+1 el r+1
kr+1
< (2 651/1’) o(—)log "
(Jr w(r+1)og ro
and our result is proved. O
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