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Abstract

In this paper, we study the behavior of dispersion of special types of
sequences which block sequence is dense.
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1. Introduction

Denote by N and R the set of all positive integers and positive real numbers,
respectively. Let X = {z; < 22 < z3 < ---} be an infinite subset of N. Denote
by R(X) = {;—; :4,j € N} the ratio set of X, and say that a set X is (R)-dense
if R(X) is (topologically) dense in the set RT. The concept of (R)-density was
introduced by T. Salét [7].

The following sequence of finite sequences derived from X

r1 Tp T2 T1 T2 T3 Ty X2 T
RENR N I T (1.1)
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is called the block sequence of the sequence X.
It is formed by the blocks X7, Xo,...,X,,... where

X:( ) n=1.2....

b
Tn Tn Tn
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is called the n-th block. This kind of block sequences was introduced by O. Strauch
and J. T. Toth [9].
For each n € N consider the step distribution function
#{i <n; 2t <a}

F(X,,z)= n ,
n

and define the set of distribution functions of the ratio block sequence
G(X,) = {kli)rr;o F(Xnk,a:)}.
The set of distribution functions of ratio block sequences was studied in [1, 2, 5, 6,

8, 12].
For every n € N let

r1 T2 —T1 Ti+1 — T4 Tp — Tp—1
D(X,) = maxq —, See ey ,
the maximum distance between two consecutive terms in the n-th block. We will

consider the quantity
D(X) =liminf D(X,,),
n—oo

(see [10]) called the dispersion of the block sequence (1.1) derived from X. Relations
between asymptotic density and dispersion were studied in [11].

The aim of this paper is to study the behavior of dispersion of the block sequence
derived from X under the assumption that X = (J 2 (¢, d,) NN is (R)-dense and
the limit lim ‘Z—" = s exists. In this case

n—oo n
o ifse (1,155,
D(X) <44, ifse<1+2‘/5,2>,

sSLif s € (2,00)
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(see [10, Theorem 10]). This upper bound for D(X) is the best possible if s > 2

(see [4]) and in the case 1+2\/g < s < 2 (see [3]). We prove that the above upper

bound for D(X) is also optimal in the remainding case 1 < s < %, ie. D(X)
can be any number in the interval (0

1
aﬁ>

2. Results

First, we show that there is a connection between the dispersion and the distribu-
tion functions of a ratio block sequence.

Theorem 2.1. Let X C N, and assume that the dispersion D(X) of the related
block sequence is positive. Let g € G(X,). Then g is constant on an interval of
length D(X).
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Proof. Let ¢ < D(X) be an arbitrary positive real number. By the definition
of dispersion it follows that for sufficiently large n the step distribution function
F(X,,z) is constant on some interval (£t, 2L of length D(X) —e. A simple

Tn’' Tp

compactness argument yields that there exist
e real numbers 7, ¢ € (0,1) such that 6 —y > D(X) — &,

e an increasing sequence (nj) and a sequence (my) of positive integers such
that my < ng,

lim 2me — v, lim Tmtl _ 5 and  lim F(X,,,x) =g(x) a.e. on (0,1).
k—oo Tp, k—oo  Tp, k—o00

Hence g is constant on the interval (y, §) of length D(X) —e. Since e can be chosen
arbitrary small, and the assertion of the theorem follows. O

The next lemma is useful for the determination of the value of the dispersion
D(X) (see [10, Theorem 1]).

Lemma 2.2. Let
o0
X = U (cn,dn) NN,
n=1

and forn € N let ¢, < d,, < cpy1 be positive integers. Then

i 7dii':1,...7
D(X) = lim inf 22tc1 ! nt

n—00 dn+1
For the proof of (R)-density we shall use the following lemma.

Lemma 2.3. Denote by (pn), (qn), (un), (vn), (wy) and (z,) be strictly increasing
sequences of positive integers satisfying

Dn < Gn <Up <V, and wp, <z, (n=1,273,...).

G Go) ) o) e G5)

converge to real numbers greater than 1, moreover

Further, let

. zZ. . (7
lim =2 > lim —2.

n—00 Wy, n—0o0 @y

Then the ratio set of

U (P> @n) U (tn, vi) U (wn, 2,)) NN

n

is dense on the interval
. Wp .. Zn
< lim —, lim —>

n—00 U, N0 Py
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The proof is elementary and we leave it to the reader. Let us suppose that
k € N is a constant. Note that the assertion of the lemma remains still true if one
removes k elements from the sets (uy,,v,) NN for all sufficiently large n.

The main result of this paper is the following.

Theorem 2.4. Let s € (1, 1J”/g) be an arbitrary real number. Then for any

2
a e (0 there is an (R)-dense set

)
X = U (cn,dn) NN,
n=1

where ¢, < d, < cpy1 are positive integers for that lim (Ci—” =s and D(X) = a.
n—oo v

n

Proof. Tt was shown in [4, Theorem 2| that the dispersion D(X) can take any

number in the interval (0, 3;21>. In what follows we suppose 53;21 < a< ﬁ

Let us consider the function f(z) = Z=1. Clearly, this function is continuous and

increasing on the interval (1, 00). Moreover

s—1

f(s) = = and f(s+1)=

s+1°
Thus, there exists a real number t € (s, s + 1) with the property

t—1
st

a. (2.1)

Write é in the form s*% where k is an integer and 0 < § < 1. The lower bound

k > 2 follows from the facts that s+1 < é and s+1 > s2 whenever 1 < s < 1+T\/g
Define the set X C N by

X = [j (A, UB,) NN,

where
n

k
An = U(am, bn,z> and Bn = U (Cn,j7 dn,j>-
i=1 j=1

Put a;; =1 and
bpi=1I[s.an;] for neN and i=1,2,...,k,

dp—1,n-1! forn>2 i=1

ani =S [2bp1]+1 forneN, i=2
bni—1+1  forneN, i=3,... k,
[t.bn k] +1 formeN, j=1
Cnj =
7 [t.dnj-1]+1 forneN, j=2,...,n,
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dnj=[scn;] for neN and j=1,2,...,n.

First we prove that D(X) = «. For sufficiently large n, by the definition of the set
X we have the inequalities

Qn41,1 — dn,n > Cpn — dn,n—l > Cpn—1— dn,n—Z >

(2.2)
> Cp,3 — dmg > Cp2 — dml > Cn1 — bn,Iw
further
an1 — dpn—1,n—1 < Cn1 — b (2.3)
and
an2 —bp1 < ap1 —dp—1n-1. (2.4)

Observe that inequality (2.3) holds if 1(¢ — 1) > 1. In virtue of (2.1) this is
equivalent with st > 1, which evidently holds. As

S s 1< —s—1
and s? — s — 1 is negative for s € (1, 1+2‘/5), inequality (2.4) follows.

Now we use Lemma 1. From the inequalities (2.2-2.4) one can see that it is
sufficient to study the quotients

) Gn,1 — dn—17n—1 b) Cn,1 — bn,k: C) Cn,k — dmk—l )

)
bn,k dn,k

In case a) we see

. . An,1 — dnfl,nfl . . Qn,1
liminf ———————— = liminf = q,
n—00 bn n=o0
in case b)
. . oCni1— bn,k .. tbn,k - bn,k t—1
lim inf = lim inf = = q,
n— oo n,1 n— o0 Stbn,k st

and the remaining case c) is analogous to case b).

It remains to prove that the set X is (R)-dence. Using Lemma 2 we show that
the ratio set of the set X is dense on the intervals

1
<17 a> (fOI‘ Pn =0an1,q9n = bn,hun = Wp = An2,VUn = Zn = bn,k)7

7 ,1—1 ()
<t S ) as t > (fOI‘ Pn = Qn1,qn = bn,laun = 0an,2,Un = bn,kywn = Cn,iy2n = dn,i)-

Hence,byéZs+landt<s+lwehave

1 > 1
1, 7> U <ti i1 iti> — (1, ’
< - l:L_Jl s as (1,0)

and therefore the (R)-density of the set X follows. O
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